Forum Math. 23 (2011), 969-1028 Forum Mathematicum
DOI 10.1515/FORM.2011.035 © de Gruyter 2011

Statistics for low-lying zeros of
symmetric power L-functions in the level aspect

Guillaume Ricotta and Emmanuel Royer

Communicated by Peter Sarnak

Abstract. We study one-level and two-level densities for low-lying zeros of symmetric
power L-functions in the level aspect. This allows us to completely determine the sym-
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1 Introduction and statement of the results

1.1 Description of the families of L-functions studied

The purpose of this paper is to compute various statistics associated to low-lying
zeros of several families of symmetric power L-functions in the level aspect. First
of all, we give a short description of these families. To any primitive holomorphic
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cusp form f of prime level ¢, trivial nebentypus and even weight! k¥ > 2 (see Sec-
tion 2.1 for the automorphic background), say f € H/J(g), one can associate its
r-th symmetric power L-function denoted by L(Sym’ f,s) for any integer r > 1.
It is given by an explicit absolutely convergent Euler product of degree r 4+ 1 on
Res > 1 (see Section 2.1.4). The completed L-function is defined by

ASym'f,5) = (¢7)""? Loo(Sym’ £, $) L(Sym’ £, 5)

where Lo (Sym’ f, s) is a product of r + 1 explicit I'r-factors (see Section 2.1.4)
and ¢g” is the arithmetic conductor. We will need some control on the analytic
behavior of this function. Unfortunately, such information is not currently known
in all generality. We sum up our main assumption in the following statement.

Hypothesis Nice(r, f'). The function A (Sym’ f,s) is a completed L-function in
the sense that it satisfies the following nice analytic properties:
* it can be extended to an holomorphic function of order 1 on C,

* it satisfies a functional equation of the shape

ASym'f,s) = ¢ (Symrf) ASym’f,1—5)
where the sign ¢ (Sym’ f) = 1 of the functional equation is given by

. (Symrf) — {—H, if r is even, (1.1)

er(q) X e(k,r), otherwise,
with

i*, ifr=1 (mod 8),

ce.r) e (B G0t =1 ifr =3 (mod 8,
o —i%, ifr=5 (mod 8),
+1, ifr=7 (mod38),

and e (q) = £1 is defined in (2.15) and only depends on f and q.

Remark 1.1. Hypothesis Nice(r, ) is known for r = 1 (E. Hecke [11, 12, 13]),
r = 2 thanks to the work of S. Gelbart and H. Jacquet [9] and r = 3, 4 from the
works of H. Kim and F. Shahidi [24, 23, 22]. In addition, Rankin—Selberg theory
enabled H. Kim and F. Shahidi to prove the functional equation and the mero-

! In this paper, the weight k is a fixed even integer and the level ¢ goes to infinity among the
prime numbers.
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morphic continuation to C for k = 5,...,9 and the holomorphy in Res = 1 for
k =5,...,8. Note that the holomorphy at s = 1 is expected since a holomorphic
cusp form of prime level and trivial nebentypus is not of CM type. Very recently,
a proof of the non-vanishing and the holomorphy of L(Sym’f, s) on Res = 1 for
any primitive holomorphic cusp form f of prime level ¢, trivial nebentypus and
even weight f and any r = 1 has been announced by Barnet-Lamb, Geraghty,
Harris & Taylor [2, Theorem BJ%.

We aim at studying the low-lying zeros for the family of L-functions given by

7= U LGy’ f5): f € HE (@)

g prime

for any integer r = 1. Note that when r is even, the sign of the functional equation
of any L(Sym’ £, s) is constant of value +1 but when r is odd, this is definitely not
the case. As a consequence, it is very natural to understand the low-lying zeros for
the subfamilies given by

7f = | (LS f9): f € HE(@).e (Sym'f) = )

g prime

for any odd integer r = 1 and for ¢ = £1.

1.2 Symmetry type of these families

One of the purposes of this work is to determine the symmetry type of the fam-
ilies ¥ and ¥ for ¢ = %1 and for any integer » = 1 (see Section 4.1 for the
background on symmetry types). The following theorem is a quick summary of
the symmetry types obtained.

Theorem A. Let r = 1 be any integer and ¢ = +1. We assume that Hypothesis
Nice(r, f) holds for any prime number q and any primitive holomorphic cusp form
of level g and even weight k = 2. The symmetry group G(F;) of F is given by

Sp, ifriseven,

0O, otherwise.

G(f’{‘ r) = {
If r is odd, then the symmetry group G(FF) of ¥ is given by

G(Fe) = {SO(even), ife =+1,

SO(odd),  otherwise.

2 We refer the reader to Hypothesis Sym”( f) in Section 2 for additional comments.
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Remark 1.2.In this paper, when we say (for shortness) that a family ¥ of
L-functions has symmetry type G € {O, SO(even), SO(odd), Sp, U}, we actually
say that if ¥ has a symmetry type in {O, SO(even), SO(odd), Sp, U}, then it is G.
In other words, our aim is to describe the symmetry type of a family, assuming it
has one and that this one is among the classical compact groups.

Remark 1.3. Note that we do not assume any Generalised Riemann Hypothesis
for the symmetric power L-functions.

In order to prove Theorem A, we compute either the (signed) asymptotic
expectation of the one-level density or the (signed) asymptotic expectation of the
two-level density (it has been noticed by S.J. Miller [28] that this is sufficient to
distinguish the symmetry types). The results are given in the next two sections in
which ¢ = +£1, v will always be a positive real number, ®, ®; and P, will always
stand for even Schwartz functions whose Fourier transforms 6, C/}i and @ are
compactly supported in [—v, +v] and f will always be a primitive holomorphic
cusp form of prime level g and even weight k > 2 for which Hypothesis Nice(r, 1)
holds. We refer to Section 2.2 for the probabilistic background.

1.2.1 (Signed) asymptotic expectation of the one-level density
The one-level density (relatively to @) of Sym” /" is defined by

Dy g®@;r](f) = Z @(M (Rep—%—l—ilmp))

~ 2im
0, A(Sym’f,p)=0

where the sum is over the non-trivial zeros p of L(Sym’f,s) with multiplicities.
The asymptotic expectation of the one-level density is by definition
lim Y wg(f)D1g[®:rl(f)
g prime
g—+oo fEH(q)
where w4 (f) is the harmonic weight defined in (2.7) and similarly the signed
asymptotic expectation of the one-level density is by definition
lim 2 ) w,(f)D1g[®:r](f)
g prime

g—>+oo fE€H(q)
e(Sym’f)=¢

when r is odd.
Theorem B. Let r = 1 be any integer and ¢ = +1. We assume that Hypothe-

sis Nice(r, f) holds for any prime number q and any primitive holomorphic cusp
form of level q and even weight k = 2 and also that 0 is admissible (see Hypothe-



Low-lying zeros of symmetric power L-functions 973

sis Hy(0), page 989). Let

1 2
om0~ (1= 55 )

If v < vi,max (7, k, 6), then the asymptotic expectation of the one-level density is

_1\yr+1
d(0) + %@(O).

Let 3
v‘imax(r, Kk,0) = inf (vl,max(r,/c, 9), m) .
Ifrisoddand v < vi . (r.k,0), then the signed asymptotic expectation of the

one-level density is

. _1\yr+1
d(0) + %cb(()).

Remark 1.4. The first part of Theorem B reveals that the symmetry type of ¥ is

Sp, if r is even,
G(Fr) =40, ifr =1,
SO(even) or O or SO(odd), ifr = 3isodd.

We cannot decide between the three orthogonal groups when r > 3 is odd since
in this case Vi max (7, k, 0) < 1 but the computation of the two-level densities will
enable us to decide. Note also that we go beyond the support [—1, 1] whenr = 1 as
Iwaniec, Luo & Sarnak [20, Theorem 1.1] but without doing any subtle arithmetic
analysis of Kloosterman sums. Also, A. Giiloglu established in [10, Theorem 1.2]
some density result for the same family of L-functions but when the weight « goes
to infinity and the level g is fixed. It turns out that we recover the same constraint
on v when r is even but we get a better result when r is odd. This can be explained
by the fact that the analytic conductor of any L(Sym” £, s) with f in H(g), which
is of size
, K", if r is even,
1 k™1 otherwise,

is slightly larger in his case than in ours when r is odd.

Remark 1.5. The second part of Theorem B reveals that if r is odd and ¢ = +1,
then the symmetry type of ¥ is
G(FF) = SO(even) or O or SO(odd).

Here v is always strictly smaller than one and we are not able to recover the result
of [20, Theorem 1.1] without doing some arithmetic on Kloosterman sums.
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1.2.2 Sketch of the proof

We give here a sketch of the proof of the first part of Theorem B namely we
briefly explain how to determine the asymptotic expectation of the one-level den-
sity assuming that Hypothesis Nice(r, /') holds for any prime number ¢ and any
primitive holomorphic cusp form of level g and even weight x > 2 and also that
0 is admissible. The first step consists in transforming the sum over the zeros
of A(Sym”f,s), which occurs in Dy 4[®;r](f) into a sum over primes. This is
done via some Riemann’s explicit formula for symmetric power L-functions (see
Proposition 3.8), which leads to

(_1)r+1

Dy 4[®:7](f) = ®(0) + ®(0) + P)[®:7](f)

r—1
+ ) (=)™ P2[®:r.m](f) + o(1)
m=0

where
ey _ 2 mlogp~( logp
Pl = g g LA () ﬁq’(log<qr>)' 42
ptq

The terms PqZ[CD; r,m]( f) are also sums over primes, which look like qu [®;7](f).
They can be forgotten in first approximation. Indeed they can be thought as sums
over squares of primes hence are easier to deal with. The second step consists in
averaging over all the f in H}(¢). While doing this, the asymptotic expectation
of the one-level density

(_ 1)r+1

B(0) + ——2(0)
naturally appears and we need to show that
2 logp~( logp
S L. o Dr (7)) 228
log (¢7) ( ) v Ve

PEP “feH{(q)
ptq

is a remainder term provided that the support v of ® is small enough. We apply
some suitable trace formula (see Proposition 2.2) in order to express the previous
average of Hecke eigenvalues. We cannot directly apply Petersson’s trace formula
since there may be some old forms of level g especially when the weight « is large.
Nevertheless, these old forms are automatically of level 1 since g is prime and their
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contribution remains negligible. So, we have to bound

4mik S(1, p"ic) (4n«/p’)logp,\( log p )
_ E E Je— ®
log (¢") ¢ : ¢ Vp  \log(q")

peEP c=1
ptgdle

where S(1, p”; ¢) is a Kloosterman sum and which can be written as

4mik S(1,m:;c)
- E E am——————g(m; ¢)
log (qr) CZ‘I m=1 ¢
qlc

where

logm 1, if m = p” for some prime p # q,
am = ]l[l’qrzv](m)

ml/@n ¢

et = de (L) 8 (0205

We apply the large sieve inequality for Kloosterman sums given in Proposition 3.4.
It implies that if v < 2/72, then our quantity is bounded by

0, otherwise,

and

e q("z;l—f))(rzv—Z)-f-a +q %—G)rzv—(/c—%—zﬁ)-f-a‘

This is an admissible error term if v < vq max(7, k, 6). We focus on the fact that
we did not do any arithmetic analysis of Kloosterman sums to get this result.
Of course, the power of spectral theory of automorphic forms is hidden in the
large sieve inequalities for Kloosterman sums.

1.2.3 (Signed) asymptotic expectation of the two-level density
The two-level density of Sym’ f (relatively to ®; and ®,) is defined by

Dag[®1, @2ir)(f) = ) @ (ﬁj(cj,l)) o, (ﬁ}?) :
(j1,/2)€8(for)?
NF#EE)2

For more precision on the numbering of the zeros, we refer to Section 3.2. The
asymptotic expectation of the two-level density is by definition

lim qu(f)Dz,q[(Dl,CDZJ"](f)
q prime
qg——+o00 fEHE(q)
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and similarly the signed asymptotic expectation of the two-level density is by def-
inition

lim 2 qu(f)Dz,q[q)Lq’z;r](f)

g prime .
g—+oco feH{(q)
e(Sym’f)=¢

when r is odd and ¢ = £1.

Theorem C. Let r = 1 be any integer and ¢ = +1. We assume that Hypothesis

Nice(r, f) holds for any prime number q and any primitive holomorphic cusp form

of level q and even weight k = 2. If v < 1/r?, then the asymptotic expectation of

the two-level density is

(_l)r—H (_1)r+1
2 2

[6?1 0) + <1>1(0>] [@(0) i q’z(O)}

+2/ ] (1) B3 () du — 287 B3(0)
R

+ ((—1)’ + %) 1(0)®2(0).

Ifrisoddandv < 1/Q2r(r + 2)), then the signed asymptotic expectation of the
two-level density is

[q?l ©) + %qnm)] [@(O) + %%(O)}
12 /R 10|} (1) B3 () du — 287 B3(0) — D1 (0)D2(0)

+ 1i—13(e) @1 (0)P2(0).

Remark 1.6. We have just seen that the computation of the one-level density al-
ready reveals that the symmetry type of ¥, is Sp when r is even. The asymp-
totic expectation of the two-level density also coincides with the one of Sp (see
[21, Theorem A.D.2.2] or [28, Theorem 3.3]). When r > 3 is odd, the first part of
Theorem C together with a result of Katz & Sarnak (see [21, Theorem A.D.2.2] or
[28, Theorem 3.2]) imply that the symmetry type of ¥; is O.

Remark 1.7. The second part of Theorem C and a result of Katz & Sarnak (see
[21, Theorem A.D.2.2] or [28, Theorem 3.2]) imply that the symmetry type of ¥,°
is as in Theorem A for any odd integer r = 1 and ¢ = +1.
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In order to prove Theorem C, we need to determine the asymptotic variance of
the one-level density, which is defined by

g prime - ~
q—+oo fEH (q) g€H (q)

2
lim qu<f>(1>1,q[<1>;r]<f>— ) wq(g)Dl,q[qxr](g))

and the signed asymptotic variance of the one-level density, which is similarly
defined by

2
im 2 Yo Draleinl -2 T on@bigleie)

q prime " =
qg—+oco fEH{(q) gEH(q)

&(Sym’f)=¢ &(Sym"g)=¢

when r is odd and ¢ = £1.

Theorem D. Let r = 1 be any integer and ¢ = £1. We assume that Hypothesis
Nice(r, f) holds for any prime number q and any primitive holomorphic cusp form
of level g and even weight k = 2. If v < 1/r?, then the asymptotic variance of the
one-level density is

2/ |u|®? (u) du.
R

If ris odd and v < 1/Q2r(r + 2)), then the signed asymptotic variance of the
one-level density is

2/ |u|52(u) du.
R

1.3 Asymptotic moments of the one-level density

Last but not least, we compute the asymprotic m-th moment of the one-level den-
sity, which is defined by

in Y og(N(Dral@inl = Y wg)Digloine)

g prime " "
g—>+oo fEH(q) gEH (9)

for any integer m > 1.
Theorem E. Let r = 1 be any integer and ¢ = +£1. We assume that Hypothesis

Nice(r, f) holds for any prime number q and any primitive holomorphic cusp form
of level q and even weight k = 2. If mv < 4 /(r(r 4+ 2)), then the asymptotic
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m-th moment of the one-level density is

0, if m is odd,

m/2 '
(2/ |u|$2(u) du) X L, otherwise.
" 2772 (3)

Remark 1.8. This result seems to exhibit Gaussian behavior. If we were able to
increase the admissible value of mv, mock-Gaussian would probably appear (see
[14, 16, 17, 15] for instance).

Remark 1.9. In [15], Hughes & Miller evaluate the moments of the one-level den-
sity in the case r = 1 on a quite large support that allows to exhibit mock-Gaussian
behavior. They need to consider non-diagonal terms, which makes the combinato-
rial analysis difficult.

Remark 1.10. We compute the first asymptotic moments of the one-level density.
These computations allow to compute the asymptotic expectation of the first level-
densities [14, §1.2]. We will use the specific case of the asymptotic expectation of
the two-level density and the asymptotic variance in Section 5.1.

Let us sketch the proof of Theorem E by explaining the origin of the main term.
We have to evaluate

m\ (¢ _
3 (z) (a) E! (qu [®; ] P2[®; r]ﬁ) (1.3)
0<{<m

where qu [®; r] has been defined in (1.2),

S X () e (2

r
oyt P log(g™)
pta

PI[@:r)(f) =

log(q’)

The main term comes from the contribution £ = 0 in the sum (1.3). Using a
combinatorial lemma, we rewrite this main contribution as

)" &
D7 A (P5)" )
log (qr),;ael’x(r:n,s)ﬁ;is <H o

distinct

where P(m, s) is the set of surjective functions

o {l,...,a}—>{1,...,s}
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such that for any j € {1,...,s}, either 6(j) = 1 or there exists k < j such that
o(j)=o0(k)+ 1and
@) ._ w11
w; ~ =% i

for any j € {1,...,s}. We write (’p\,) stands for the increasing sequence

[ >
i=z1 s
Wy

of prime numbers different from ¢. Linearising each A (ﬁl’u) in terms of

Af (ﬁ{:) with j,, runs over integers in [0, rw,ﬁg)] and using a trace formula to prove

that the only o € P(m, s) leading to a principal contribution satisfy @ ;0) = 2 for
any j € {1,...,s}, we have to estimate

—_yym M 5 1092 (D) ~ loe D;
1 (m) : Z Z l—[ OgA(.qu)qﬂ (IOngru ) (1.4)
0g ((] )s=1 oeP(m,s) [1yeensig u=1 Piy 0g (C] )

. (o) _~ distinct
\J e{l,...,s},wj =2

This sum vanishes if m is odd since
S
(o) _
Z wj =m
Jj=1

and it remains to prove the formula for m even. In this case, and since we already
computed the moment for m = 2, we deduce from (1.4) that the main contribution
is
hy plis. .12 . (0) _ :
ED (P ®;r]?) x#{o € P(m.m/2): @@ =2 (vj)}

and we conclude by computing

#({0 e P(m.m/2): @ =2 (Vj)}) - W/Zl—('m)v
)|

Proving that the other terms lead to error terms is done by implementing similar
ideas, but requires — especially for the double products (namely terms implying
both qu and qu) — much more combinatorial technicalities.

1.4 Organisation of the paper

Section 2 contains the automorphic and probabilistic background, which is needed
to be able to read this paper. In particular, we give here the accurate definition of
symmetric power L-functions and the properties of Chebyshev polynomials use-
ful in Section 6. In Section 3 we describe the main technical ingredients of this
work namely large sieve inequalities for Kloosterman sums and Riemann’s ex-
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plicit formula for symmetric power L-functions. In Section 4, some standard facts
about symmetry groups are given and the computation of the (signed) asymptotic
expectation of the one-level density is done. The computations of the (signed)
asymptotic expectation, covariance and variance of the two-level density are done
in Section 5 whereas the computation of the asymptotic moments of the one-level
density is provided in Section 6. Some well-known facts about Kloosterman sums
are recalled in Appendix A.

Notation. We write J” for the set of prime numbers and the main parameter in
this paper is a prime number g, whose name is the level, which goes to infinity
among J#. Thus, if f and g are some C-valued functions of the real variable, then
the notations f(q) <4 g(q) or f(g) = O4(g(q)) mean that | f(q)| is smaller
than a “constant”, which only depends on A times g(g), at least for ¢ a large
enough prime number, and similarly, f(¢) = o(1) means that f(g) — O as
q goes to infinity among the prime numbers. We will denote by ¢ an absolute
positive constant whose definition may vary from one line to the next one. The
characteristic function of a set S will be denoted 1. Finally, 7(£) stands for the
number of divisors of £ and £ | ¢°° means that the integer £ has the same prime
divisors than q.

2 Automorphic and probabilistic background

2.1 Automorphic background

2.1.1 Overview of holomorphic cusp forms

In this section, we recall general facts about holomorphic cusp forms. A reference

is [18].

Generalities. We write I9(g) for the congruence subgroup of level g, which acts
on the upper-half plane #. A holomorphic function f: # — C, which satisfies

b b
Y (‘c’ d) € lo(q),Vze ¥, f (Zzzid) = (cz + ) f(2)

and vanishes at the cusps of 1(q) is a holomorphic cusp form of level g, even
weight k = 2. We denote by S, (¢g) this space of holomorphic cusp forms, which
is equipped with the Petersson inner product

——dx dy

i fa)g = /F e ROHE)
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The Fourier expansion at the cusp oo of any such holomorphic cusp form f is
given by
VzeXH, [f(z)= Z Wf(n)n("_l)/ze(nz)

n=1

where e(z) = exp (2iwz) for any complex number z. The Hecke operators act
on S, (q) by

1 az+b
o= ¥ f( - )

ad={ 0<b<d
(a,9)=1
forany z € . If f is an eigenvector of Ty, we write Az (£) for the corresponding
eigenvalue. One can prove that Ty is hermitian if £ > 1 is any integer coprime
with ¢, and
Ty oT,= ) Tyuja (2.1)
d|(£1.£2)
d,9)=1
for any integers £1,¢, = 1. By Atkin—Lehner theory [1], we get a splitting of
Sk (q) into S2(q) @ Sg(q) where

Se(q) = Vectc { f(qz) : f € Sk(1)} ® Sk (1),
S2(q) = (S2(g)) ¢

where “0” stands for “old” and “n” for “new”. Note that S¢(q) = {0} if k < 12 or
k = 14. These two spaces are Ty-invariant for any integer £ = 1 coprime with g.
A primitive cusp form f € S7(q) is an eigenfunction of any operator T for any
integer £ > 1 coprime with ¢, which is new and arithmetically normalised, namely
V(1) = 1. Such an element f is automatically an eigenfunction of the other
Hecke operators and satisfies /¢ (£) = Ay ({) for any integer £ = 1. Moreover, if
p is a prime number, define ar (p), Br(p) as the complex roots of the quadratic
equation

X% —2p(p)X +e4(p) =0 (2.2)

where g4 denotes the trivial Dirichlet character of modulus g. Then it follows from
the work of Eichler, Shimura, Igusa and Deligne that

lar (P = 1Br ()| =1
for any prime number p and so

Ve=1, |Ar(0)] < T(0). (2.3)
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The set of primitive cusp forms is denoted by H,(¢). It is an orthogonal basis of
S2(q). Let f be a holomorphic cusp form with Hecke eigenvalues (47 (£)) Ca)=1"
The composition property (2.1) entails that for any integer £; = 1 and for any
integer £, = 1 coprime with ¢ the following multiplicative relations hold:

Yr)Ar(l) = Y Y (Cily /d?), (24)
d|(£y,£2)
d.q)=1

Yrlily) = Y ud)Wy (L1/d) Ay (L2/d) 2.5)
d|(£1,£2)
d,q)=1

and these relations hold for any integers £1, ¢, = 1 if f is primitive. The adjoint-
ness relation is

Ap(D) =Ap(),  Yr(l) =y (D) (2.6)
for any integer £ = 1 coprime with ¢ and this remains true for any integer £ > 1 if
f is primitive.

Trace formulas. We need two definitions. The harmonic weight associated to

any f in S, (q) is defined by
F'k-1)

wg(f) = 2.7
! (4m)= 1S fg
For any natural integer m and n, the A;-symbol is given by
S(m,n; 4/
Aq(m.n) = Spp +21i* Y Stm.mic), (”—m") 2.8)
cz=1 ¢
qlc

where S(m,n;c) is a Kloosterman sum defined in Appendix A.3 and J,— is a
Bessel function of first kind defined in Appendix A.2. The following proposition
is the Petersson trace formula.

Proposition 2.1. If H,(q) is any orthogonal basis of S, (q), then
Y wg(N)Yrm)Ys(n) = Ag(m,n) (2.9)

SeH(q)

for any integers m and n.

H. Iwaniec, W. Luo and P. Sarnak proved in [20] a useful variation of the
Petersson trace formula, which is an average over only primitive cusp forms. This
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1s more convenient when there are some old forms, which is the case for instance
when the weight « is large. Let v be the arithmetic function defined by

v =n]](+1/p)
pln

for any integer n > 1.

Proposition 2.2 (H. Iwaniec, W. Luo & P. Sarnak (2001)). If (n.¢?) | g and
q + m, then

D wg(HAp(m)Ag(n) = Ag(m,n) — Z A1 (me*,n
. qv((n ),
feH (@)
(2.10)
Remark 2.3. The first term in (2.10) is exactly the term which appears in (2.9)
whereas the second term in (2.10) will be usually very small as an old form comes

from a form of level 1! Thus, everything will work in practice as if there were no
old forms in Sk (g).

2.1.2 Chebyshev polynomials and Hecke eigenvalues
Let p # g be a prime number and f € H;(g). The multiplicativity relation (2.4)

leads to :
A "N — .
2 (e 1= As(p)t +12

r=0
It follows that
Ar(p") = Xr (Ar(p) @2.11)
where the polynomials X, are defined by their generating series
X, (x)t"

; 1—xt 412

They are also defined by
i 1)6
X, (2cos ) = S0+ Db

sin (0)
These polynomials are known as the Chebyshev polynomials of the second kind.

Each X, has degree r, is even if r is even and odd otherwise. The family {X; };>0
is a basis for Q[X], orthonormal with respect to the inner product

2 2
(P.Q)sri= 1 [ PO 1~ ar
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where “ST” stands for Sato—Tate. In particular, for any integer 7w = 0 we have

rw

X7 =Y x(@.r.j)X; (2.12)
j=0

with

sin® ((r + 1)0)sin ((j + 1)6)
sin® ! (0)

2 s
X(w.r.j) = (X7, Xj)gr = ;/0 do. (2.13)

The following relations are useful in this paper:

1, ifj=0and w = 2,
x(w,r,j) =10, ifjisoddandr iseven, (2.14)
0, ifj=0,w=1andr = 1.

2.1.3 Overview of L-functions associated to primitive cusp forms

Let f bein H(q). We define

L(ﬁs):zz:%:n(l_af(p)) (1_;3;(57)) |

s
n=1 PEP p

which is an absolutely convergent and non-vanishing Dirichlet series and Euler
product on Re s > 1, and also

Loo(fis) =Tr(s+ K —-1)/2)Tr(s+ (xk +1)/2)

where Tr(s) := 7 /2T (s/2) as usual. The function

A(f$) = q*"*Loo(f,)L(f, 5)

is a completed L-function in the sense that it satisfies the following nice analytic
properties:

« the function A( £, s) can be extended to a holomorphic function of order 1 on C,

« the function A(f, s) satisfies a functional equation of the shape

A(fos) =i"ep(@A(f 1 =)

where
er(q) = —/qArr(q) = £1. (2.15)
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2.1.4 Overview of symmetric power L-functions

Let f be in H}(q). For any natural integer r > 1, the symmetric r-th power
associated to f is given by the following Euler product of degree r + 1:

L(Sym'f,s) == 1_[ L,(Sym' f,s)
PEP
where .
r ; i\ —
ar(p) Br(p)™
L,(Sym' f,s) == l_[ (1 - %
i=0 P

for any prime number p. Let us remark that the local factors of this Euler product
may be written as

r 2i—r -1
Lysym’fs) =[] (1 - M)

s
i=0 p

for any prime number p # ¢ and

r\ —1 r -1
o= (-4 - (40

since af(p) + Br(p) = Ar(p) and ay(p)Br(p) = &4(p) for any prime number
p according to (2.2). On Res > 1, this Euler product is absolutely convergent

and non-vanishing. We also define a local factor at co (see [5, (3.16) and (3.17)]),
which is given by a product of r + 1 Gamma factors namely

LoSyn'fis):= []  (Trls+@a+Dk—1)/2)
0<a<(r—-1)/2

xTR(s + 1 + Qa4+ 1)k — 1)/2))
if r 1s odd and
Loo(Sym'f.s) :=TR(s + ter) [] Tr(s+alk—1))IR(s+1+a(k—1))
1<a<r/2

if r is even where
)L, ifr(k—1)/2is odd,
Hier = 0, otherwise.

All the local data appearing in these local factors are encapsulated in the following
completed L-function:

ASym'f.5) = (¢")""? Loo(Sym” £ 5) L(Sym’f..5).



986 G. Ricotta and E. Royer

Here, ¢" is called the arithmetic conductor of A(Sym” £, 5) and somehow measures
the size of this function. We will need some control on the analytic behavior of
this function. Unfortunately, such information is not currently known in all gener-
ality. Our main assumption is given in Hypothesis Nice(r, /), page 970. Indeed,
much more is expected to hold (confer the detailed discussion in [5]) namely the
following assumption, which lies in the spirit of Langlands’ program, is strongly
believed to be true.

Hypothesis Sym”( f). There exists an automorphic cuspidal self-dual representa-
tion, denoted by Sym” y = ®;)E!/’U{oo} Sym” s, of GL, 41 (Ag) whose local
factors L (Symrnf,p, s) agree with the local factors L, (Sym' f,s) for any p in
P U {oo}.

Note that the local factors and the arithmetic conductor in the definition of
A (Sym' f, 5) and also the sign of its functional equation, which all appear without
any explanations so far, come from the explicit computations, which have been
done via the local Langlands correspondence by J. Cogdell and P. Michel in [5].

Hypothesis Nice(r, f) is obviously a weak consequence of Hypothesis Sym’( 1)
and the fact that there is no CM forms of prime level and trivial nebentypus. For
instance, the cuspidality condition in Hypothesis Sym’( /) entails the fact that
A (Sym’f, s) is of order 1, which is crucial for us to state a suitable explicit for-
mula. Nevertheless, one should keep in mind that it could happen that one knows
the expected analytic properties of a general L-function whereas the modularity of
this L-function remains an open question.

It turns out that Barnet-Lamb, Geraghty, Harris & Taylor [2] have recently
announced a proof for the potential automorphy? of L(Sym’ f,s), which means
that there exists such an automorphic cuspidal self-dual representation but over a
Galois totally real extension of Q.

Some additional comments are given in Remark 1.1, page 970.

2.2 Probabilistic background

The set H, (¢) can be seen as a probability space if
¢ the measurable sets are all its subsets,
o the harmonic probability measure is defined by
)= 3"1= 3 wg(f)
feA feA
for any subset A of H.}(q).

3 This result implies the Sato—Tate conjecture.
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Indeed, there is a slight abuse here since we only know that

li h(H* =1 2.16
Jim, 1tg (H{ (@) (2.16)

q—+00

(see Remark 3.12), which means that ;1,2 is an “asymptotic” probability measure.
If X, is a measurable complex-valued function on H,(¢), then it is very natural
to compute its expectation defined by

H*:lq1 (Xq) = Zh Xq(f),

feH(q)

its variance defined by

Vo (Xq) = Ej (X, —E} (X))

and its m-th moments given by
My (Xq) = Ej (Xg —Ej (X,))")

for any integer m > 1. If X := (Xq)q cp 1s a sequence of such measurable
complex-valued functions, then we may legitimately wonder if the associated com-
plex sequences

(B7 (X0)yep > (V¢ (Xd))yer:  (Mgm (Xa)) yepr

converge as ¢ goes to infinity among the primes. If yes, the following general
notations will be used for their limits:

El (X). VL (X), M., (X)

for any natural integer m. In addition, these potential limits are called asymp-
totic expectation, asymptotic variance and asymptotic m-th moments of X for any
natural integer m > 1.

For the end of this section, we assume that r is odd. We remark that the sign
of the functional equations of any L(Sym’ f, s) when ¢ goes to infinity among the
prime numbers and f ranges over H(g) is not constant as it depends on &7 (q).
Let

HZ(q) = {f € H{(q) : e(Sym"f) = &}



988 G. Ricotta and E. Royer

where ¢ = £1. If f € HI1(g), then Sym”f is said to be even whereas it is said
to be odd if f € H_'(q). It is well known that
1
; h * . — —
lim g ({f € Hi @) 1er @ = ¢}) = 5.
q—>+o0

Since &(Sym’ f') is £4(f) up to a sign depending only on « and r (by Hypothesis
Nice(r, f)), it follows that

1

li h(HE(g)) = - 217
lim tg (@) = 3 (2.17)
q—>+o0

For X, as previous, we can compute its signed expectation defined by

h
h, —
ER (Xg) =2 > Xq(f).
feHi(q)
its signed variance defined by

Vo (Xg) = B (X —EY* (X,))°)

and its signed m-th moments given by
MYS, (Xq) = ER* ((Xg —E§* (X))

for any natural integer m = 1. In case of existence, we write EL (X), Vhe (X) and
M*;jm (X) for the limits, which are called signed asymptotic expectation, signed
asymptotic variance and signed asymptotic moments. The signed expectation and
the expectation are linked through the formula

h 1+ ¢&xe(Sym”
By (X =2 ), 2D %)
feH (q)
—ER(X) —exee. )V Y Ar@Xe(f) 2.18)
q\1q , F\4)Axq(J ). .
FEH @)

3 Main technical ingredients of this work

3.1 Large sieve inequalities for Kloosterman sums

One of the main ingredients of this work is some large sieve inequalities for
Kloosterman sums, which were established by J.-M. Deshouillers & H. Iwaniec
in [6] and then refined by V. Blomer, G. Harcos & P. Michel in [3]. The proof
of these large sieve inequalities relies on the spectral theory of automorphic forms
on GL, (AQ). In particular, the authors have to understand the size of the Fourier
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coefficients of these automorphic cusp forms. We have already seen that the size
of the Fourier coefficients of holomorphic cusp forms is well understood (2.3)
but we only have partial results on the size of the Fourier coefficients of Maal}
cusp forms, which do not come from holomorphic forms. We introduce the fol-
lowing hypothesis, which measures the approximation towards the Ramanujan—
Petersson—Selberg conjecture.

Hypothesis Hy(0). If 7 := ®;efi’u{oo} 7p is any automorphic cuspidal form on
GL2(Aq) with local Hecke parameters a,(rl)( D), ozj(rz) (p) at any prime number p
and ;L,(Tl)(oo), [L,(TZ)(OO) at infinity, then

vie{l2y e (p)l < p?

for any prime number p for which mp, is unramified and

Vjed{l,2), ‘Re (Mg)(oo))‘ <0
provided m« is unramified.
Definition 3.1. We say that 6 is admissible if Hypothesis H, () is satisfied.

Remark 3.2. The smallest admissible value of 6 is currently 6y = % thanks to the
works of H. Kim, F. Shahidi and P. Sarnak [23, 22]. The Ramanujan—Petersson—
Selberg conjecture asserts that O is admissible.

Definition 3.3. Given 7:R3> — R™ and (M, N,C) € (R \ {0})3, we say that
a smooth function #: R3 — R3 satisfies the property P(T; M, N, C) if for any
nonnegative integers i, j, k there exists a real number K > 0 such that

M N C
V(xl,X2,X3) € |:7,2M:| X |:?,2Ni| X [S,ZC] y

8i+j+kh

Bxi axé 8x§

i J. Kk
X1X5 X3

/_MN i+j+k
(xl,xz,xg)SKT(M,N,C)(l-i— C ) .

With this definition in mind, we are able to write the following proposition,
which is special case of a large sieve inequality adapted from the one of Deshouil-
lers & Iwaniec [6, Theorem 9] by Blomer, Harcos & Michel [3, Theorem 4].

Proposition 3.4. Let g be some positive integer. Let M,N,C = 1 and g be
a smooth function satisfying property P(1; M, N, C). Consider two sequences
of complex numbers (am)mem/2,2m] and (bp)nein/2,2N1- If 0 is admissible
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and MN <« C2, then

3 Y b D g e

czlm=1n=1

e NS, s i G.1)
<o (GMNC)* (—) (1+7) (1+;) lal 5],

MN
We shall use a test function. For any v > 0 let us define §,(R) as the space of
even Schwartz function ® whose Fourier transform

B(E) = Flx > D)(E) = /R ®(x)e(—xk) dx
is compactly supported in [—v, +v]. Thanks to the Fourier inversion formula
O(x) = /R B(E)e(x€) dx = F[§ > B(E)](—x). (3:2)

such a function ® can be extended to an entire even function which satisfies

forany e > 0.

exp (v|Ims|)
Vs e C, ®&(s) <, W (3.3)

for any integer n > 0. The version of the large sieve inequality we shall use several
times in this paper is then the following.

Corollary 3.5. Let g be some prime number, k1, ky > 0 be some integers, a1, an, v
be some positive real numbers and ® € §,(R). Let h be some smooth function
satisfying property P(T; M, N,C) forany 1 < M < qkl‘“", 1<N < qk2°‘2"
and C = q. Let
(ap) pep and (bp) pes
p<q1V p<q¥2V

be sequences of complex numbers. If 0 is admissible and v < 2 /(kia1 + kaan),
then

S(PYpRey o a
Z Z Z ambpth (Pl P2 ’C)

cz1l p1eP preP
~( logp1 \ = ( logp>
x ®
log(q®1) log(q%2)

ale pita pata
0
f M N\ [ C?
< X (0 5) 1+ 3) (o) TOLNCOlal 01,

1<M<gvark
1SN <gvo2k2

C=zq/2 (3.4)

Sl
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where § indicates that the sum is on powers of V2. The constant implied by the
symbol < depends at most on ¢, k1, ko, a1, oz and v.

Proof. Define (am),, n- @n)neN and g(m,n;c) by

am =a,,1/k ]lfl-’kl (m)]l[l,qvalkl](m), (35)
b = b1/ Ly (Mg vy (), (3.6)
o ~ logm ~ logn

gm,n;c) = h(m,n,c)® (log(q"‘lkl)) d (log(q“ZkZ)) . (3.7)

Using a smooth partition of unity, as detailed in Section A.1, we need to evaluate

Zﬁ T(M,N,C) Z Z Za\mgn S(m,n;c) gM,N,C(mJl;C)_ (3.8)

c T(M,N,C
1SM <qvo1k1 cz1lm=1n=1 ( ’ )
1$N$q\)0{2k2 q‘C

C=q/2

Since v < 2 /(a1ky 4+ azky), the first summation is restricted to MN <« C?
hence, using Proposition 3.4, the quantity in (3.8) is

¢ M N[ c2
< lalalblbg® Y T(M,N,C)(1+\/;)(1+ 3)(%)

1<M<gvark
1SN<q"*2k2
C=q/2

3.2 Riemann’s explicit formula for symmetric power L-functions

In this section, we give an analog of Riemann—von Mangoldt’s explicit formula for
symmetric power L-functions. Before that, let us recall some preliminary facts on
zeros of symmetric power L-functions, which can be found in Section 5.3 of [19].
Letr = 1 and f € HJ(g) for which Hypothesis Nice(r, f) holds. All the zeros
of A(Sym’f, s) are in the critical strip {s € C : 0 < Res < 1}. The multiset of
the zeros of A(Sym” £, s) counted with multiplicities is given by

(o =0 12 < et

where
Z, if Sym” f is odd,

8(fin)= {Z \ {0}, if Sym”f is even,
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and

,3(',/,) Repj(flr)’ y;jr) Imp(J)

for any j € &(f,r). We enumerate the zeros such that
(i) the sequence j y}j ) is increasing,

(ii) we have j = 0 if and only if )/J(/ ) =0,

(])_1 ()

(iii) we have p Py

Note that if ,oj(pj ) is a zero of A(Sym’f,s), then p(j )1 — (jr) and 1 — ,oj(! ) are

also zeros of A(Sym’ £, s). In addition, remember that if Sym” f" is odd, then the
functional equation of L(Sym’ f, s) evaluated at the critical point s = 1/2 provides

a trivial zero denoted by p]([0) It can be shown [19, Theorem 5.8] that the number

of zeros A(Sym’ f, s) satisfying |)/(])| <Tis

2 )r+1
as T = 1 goes to infinity. We state now the Generalised Riemann Hypothesis,

which is the main conjecture about the horizontal distribution of the zeros of
A(Sym"f, s) in the critical strip.

r+1
—1 (L) + 0 (log(¢T)) (3.9)

Hypothesis GRH(r). For any prime number q and any f in H}(q), all the zeros
of A(Sym” £, 5) lie on the critical line {s € C : Res = 1/2}, namely ﬁ () = =1/2

forany j € §(f,r).
Remark 3.6. We do not use this hypothesis in our proofs.

Under Hypothesis GRH(r) it can be shown that the number of zeros of the
G )|

function A(Symf, s) satisfying |y;’| < 11is given by

1 r
- log (q )(1 + 0(1))

as g goes to infinity. Thus, the spacing between two consecutive zeros with imag-
inary part in [0, 1] is roughly of size
2
log (¢")
We aim at studying the local distribution of the zeros of A(Sym’f, s) in a neigh-

borhood of the real axis of size 1/1logg” since in such a neighborhood, we expect
to catch only a few zeros (but without being able to say that we catch only one®).

(3.10)

4 We refer to Miller [27] and Omar [29] for works related to the “first” zero.
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Hence, we normalise the zeros by defining

~(j) . log(g") y 1o
p(]) — ﬁ(,Jr)__+ly(,Jr‘) _

for 2im 2

Note that
~(—=j) _ =)
Prr ™ = =Py

Definition 3.7. Consider f € H(gq) for which Hypothesis Nice(r, f) holds and
let ® € 8, (R). The one-level density (relatively to ®) of Sym” f is

Digl®irl())= Y. @(3%). G.11)

JEE(fir)

To study D1,4[®;r](f) for any ® € &, (R), we transform this sum over zeros
into a sum over primes in the next proposition. In other words, we establish an
explicit formula for symmetric power L-functions. Since the proof is classical,
we refer to [20, §4] or [10, §2.2], where one can find a method that has just to be
adapted to our setting.

Proposition 3.8. Let r > 1, f € HJ}(q) satisfying Hypothesis Nice(r, ) and let
® € §,(R). We have

D14[®;r](f) = E[®;r] + Py [®:r](f)

r—1
+ > (=D P2®:r.ml(f) + O (1og1(q’))

m=0
where

E[®;r] == ®(0) + b

. 2 ~logp~( logp
PISI = oy 2 ()7 *(en):

(0).,

Pta
P2[®;r,m](f) = 2 » (pz(’_’")) log p & ( 2log p )
- log (¢") ot p log (")
ptq

for any integer m € {0, ...,r —1}.
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3.3 Contribution of the old forms

In this short section, we prove the following useful lemmas.

Lemma 3.9. Let py1, pa # q be some prime numbers and ay, az, a be some non-
negative integers. Then

pit, 1
) Ay( ple pzq)<< e
Llq>

the implied constant depending only on ay and a,.

Proof. Using Proposition 2.1 and the fact that H(1) = H} (1), we write

h
A@py p2a®) = Y A pHAs(p52q%) (3.12)
feH: (1)
h
< Y @O (5 - Ar (@] (3.13)
feHZ(1)

By Deligne’s bound (2.3) we have

A (@2pIO1 - 1A, (P37 < (@ pT)T(p3?) < (a1 + Diaz + DT(?). (3.14)

By the multiplicativity relation (2.4) and the value of the sign of the functional
equation (2.15), we have

1
2@ < 75 (3.15)

We obtain the result according to the estimates (3.15), (3.14) and equation (3.13)
and by using (2.16) and

Z T(£?) _1+1/q

= 1.
¢ -1z :

L]g>®

Lemma 3.10. Let m,n = 1 be some coprime integers. Then
1/4
mn mn
() log (—2) , ifmn > qz,
q q

(mn)(lc—l)/Z - (mn)1/4
qK—l/Z =~ q ’

Ag(m,n) —8(m,n) K

ifmn < qz.

Proof. This is a direct consequence of the Weil-Estermann bound (A.6) and Lem-
ma A.l. o
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Corollary 3.11. For any prime number ¢, we have

Nz Z Ar(q) << —
feH{ (q)
where «
——1, ifkc <100rk =14,
Se =142
2 otherwise.

Proof. Let X = {k € 2N : 2 <k < 14, k # 12}. By Proposition 2.2, we have

h 8 ¢ X Al(ﬁz q)
Ar(q) = Ag(l.q
fe%;(q) ! qv(q) ZZ

The term 6(k ¢ K) comes from Proposition 2.1 and the fact that there are no cusp
forms of weight k € KX and level 1. Lemma 3.10 gives

(3.16)

1
Ag(1q) € I (3.17)
and Lemma 3.9 gives
A1(£2,q) 1
Y — K —. (3.18)
12
s Vi
Since v(g) > ¢, the result follows from the estimates (3.17) and (3.18) and the
equation (3.16). O

Remark 3.12. In a very similar fashion, one can prove that

wy (HX (@) =EX(D)=1+0 (q%) (3.19)

where

1
k——, ifk <10orkx = 14,
)/K = 2
1, otherwise.

Corollary 3.11, (3.19) and (2.18) imply
1
ER(1) =140 (—) (3.20)
qﬁl{

where p
——1, ifx <10o0ork = 14,
B = 2
1 otherwise.
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A direct consequence of Lemma 3.9 is the following one.

Lemma 3.13. Let a1, a2, B1, B2, Y1, Y2, W be some nonnegative real numbers. Let
®q and ©;, be in 8, (R). Then

10gp1 10gP2A( log p1 )A( log p> ) A (2 pl', p52q™)
(] (]
2 2 Pyt Py log (¢71) ) *\log (¢72) 2 ¢

PIEP Pr€P Llg>
pitq patq
« gPvwiate
with § given in Table 1.
o % 10, 1] [1, +o0]
10.1] | 11 —a1) + B2(1 —az) | Ba(l —a2)
[1, +oo] P11 —a1) 0

Table 1. Values of 6.

4 Linear statistics for low-lying zeros

4.1 Density results for families of L-functions

We briefly recall some well-known features that can be found in [20]. Let ¥ be a
family of L-functions indexed by the arithmetic conductor, namely

F=J) 7
0=1
where the arithmetic conductor of any L-function in ¥ (Q) is of order Q in the
logarithmic scale. It is expected that there is a symmetry group G(¥) of matrices
of large rank endowed with a probability measure, which can be associated to ¥
such that the low-lying zeros of the L-functions in &, namely the non-trivial zeros
of height less than 1/1log Q, are distributed like the eigenvalues of the matrices
in G(F). In other words, there should exist a symmetry group G(¥) such that for
any v > 0 and any ® € §,(R),

. 1 log O
in s L X (2 (b i)
Q—+o0 F(Q) 2eFl0)  0<ho<l 2im

yr€R

L(r,Bx+iy=)=0

_ /R D)WL (G(F))(x) dx 4.1)
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where W1 (G(F)) is the one-level density of the eigenvalues of G(¥). In this case,
F is said to be of symmetry type G(F). Proving a density result for ¥ is proving
(4.1) for some v > 0. For instance, the following densities are determined in [21]:

W1(SO(even))(x) = 1 + sin (27x)

’

2w x
Wi(O)(x) =1+ %50(?6)7

sin (27 x)

W1(SO(edd))(x) = 1 — ——— + do(x),
Wisp)(x) = 1 - ST
2w x

where § is the Dirac distribution at 0. According to Plancherel formula

/ S(0)W (G(F))(x) dx = / B0 W 1(G(F)) (x) dx
R R
and one can check that

W1 (SO(evem) (x) = Bo(x) + 27().

W1(0)(x) = 8o(x) + %

W1(SO(0dd)) (x) = Bo(x) — 37(x) + 1.

~ 1
W1(Sp)(x) = do(x) — En(X)
where
1, if|x| <1,
n(x) = % if x = £1,
0, otherwise.

As a consequence, if one can only prove a density result for v < 1, the three or-
thogonal densities are indistinguishable although they are distinguishable from Sp.
Thus, the analytic challenge is to pass the natural barrier v = 1.

4.2 Asymptotic expectation of the one-level density

The aim of this part is to prove a density result for the family

Fri= (J ALSym'fos) : f € HE(@)}

qeP
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for any r = 1. This requires proving the existence and computing the asymptotic
expectation EN_ (D1[®; r]) of D1[®;r] := (Dl,q[cb;r])qegj for any r > 1 and
for @ in &, (R) with v > 0 as large as possible in order to be able to distinguish
between the three orthogonal densities if r is small enough. Recall that E[®; 7]
has been defined in Proposition 3.8.

Theorem 4.1. Let r = 1 and ® € 8,(R). We assume that Hypothesis Nice(r, f)
holds for any prime number q and any f € HJ(q) and also that 0 is admissible.

Let 1 )
(ke 0) = (1— ——) =
V1max (72 . 6) ( 2(K—29)) r2

Ifv < Ul,max(r7 K, 0), then

EL (D1[®;7]) = E[®;7].

Remark 4.2. We remark that

16 2 82
Vl,max(rvKa 90) = (1 - 32K _ 7) r_2 2 5’7},2 ’ (4‘2)
1 2 3
V1,max (7, £,0) = (1 — ﬂ) 2 = 52 4.3)

and thus vy max (1, k, 6g) > 1 whereas vy max(r, &, 6p) < 1 for any r = 2.

Remark 4.3. Note that
R (_1)r+1
E[®;r] = / P(x) (50(X) + —) dx.
R 2
Thus, this theorem reveals that the symmetry type of ¥, is
Sp, if r is even,
G(F;) =140, ifr =1,

SO(even) or O or SO(odd), ifr = 3isodd.

Some additional comments are given in Remark 1.4 on page 973.

Proof of Theorem 4.1. The proof is detailed and will be a model for the next den-
sity results. According to Proposition 3.8 and (3.19), we have

Eg (D1,4[®@:r]) = E[®: 7] + Eg (qu[<I>;r])

r—1 1
m mh 2 .
+ mzzjo(—n EY (PZ[®:r.m]) + O (log (qr)) . 44



Low-lying zeros of symmetric power L-functions 999

The first term in (4.4) is the main term given in the theorem. We now estimate the
second term of (4.4) via the trace formula given in Proposition 2.2:

Ej (P} [®;7]) = Py e [®: 7] + Py g ®; 7] 4.5)
where
2 logp~( logp

P el ®; 7] = ——— Ag(p", 1) q)( ’

g-ne log (¢™) I;, 1 JP log (¢")

pta
logp log p
P! L [®:r] = Z Z Ar(pT €3, 1) ( .
g,old r
qlog glog(q") gt be? VP \log(q")
Pta

Let us estimate the new part, which can be written as

2(2wi") log p S(p", L;c)
qu newl @171 = — Z Z (_54+p]1[1,q’”](l7) - .

log (¢") =1 per NI
ql|c
Ar/pT\ ~f 1
X Je—1 TVP ) [ 2EL ).
¢ log (¢7)
Thanks to (A.3), the function
4
h(m;c) = Je—1 ( ”ﬂ)
c
satisfies Hypothesis P(T'; M, 1, C') with
1/2—« k—1
VM VM
TM,1,C) =1+ — —_— .
(M.1.0) ( + 5 .
Hence, if v < 2/r2, then Corollary 3.5 leads to
k—1-26
# M Vi
qunew[q);r] <L qs Z (1 + 7) ( C ) (4 6)
1$M$q”r2
C=q/2
Kk—1 K
# MT—G M§—9
&
Leqt Y (qk_l_zg + qx—g—ze) 4.7)

1sM<qvr?
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thanks to (A.2). Summing over M via (A.1) leads to

[(D r] L q( > 9)(r v— 2)+8+q( 9)r2v—(lc—%—29)+8’ (48)

q new

which is an admissible error term if v < v max (7, k, 0). According to Lemma 3.13
(with ap = +00) we have

P oal®:r] e g2 71T (4.9)

which is an admissible error term if v < 2/r. According to the estimates (4.8) and
(4.9), we obtain from equation (4.5)

1
Ej (P, [®:r]) < & (4.10)
for some §; > 0 (depending on v and r) when v < Vi mu (7, k,6). We now
estimate the third term of (4.4). If 0 < m < r — 1, then the trace formula given in
Proposition 2.2 implies that

EY (P2[®@:r.m]) = P2 [®:r.m] + P2 y[®:r,m] 4.11)
where
2 _ log p ~ ( log (pz)
W Psrom] = A pz(r m),l <D( ,
P ~log (¢") 2, a ) p log (¢7)
DEJ
ptq

Z ZA 2(r—m)€2,1)105%[7&3(10%@2))

;
Pt p \log(g")
ptq

P2 [®;r,m] =
g0l q log qlog(q")

Let us estimate the new part, which can be written as

S (p2(r—m), 1; C)

ke |
qnew[q), ’ ]:_2(27Tl )ZZ(OgPSqu [ rzv](p)) p

log(¢") 5 yep
qlc

1 (471\/p2(’_m))6( log p )
. )

X Je—
N logq"/?

4nd 1
h(d,C) = JK_1( - ) X dl/(4(r—m))

The function




Low-lying zeros of symmetric power L-functions 1001

satisfies Hypothesis P(T'; M, 1, C') with

M\ SMN\<TT 1
T(M1,C) =1+ 2= .
C c MU GGr—m))

Hence, if v < 2/r2, then Corollary 3.5 leads to

" 1 'M Kk—1-260 M
2 . €
IP)tI,Ilew[q>a rom] Lg g Z (M)1/(4r—4m) ( C ) (1 + ?)

M$qu(r—m)
C=q/2

This is smaller than the bound given in (4.6) and hence is an admissible error term
if v < Vi max(r. k, 0). According to Lemma 3.13, we have

P2 al®:r] <o g7 Fe (4.12)

We obtain |
Eg (qu[q); T, m]) < qu (4.13)
for some 6 > 0 (depending on v and r) when v < v1 max (7, «, 8). Finally, substi-
tuting (4.13) and (4.10) in (4.4), we get
1
Eg (Dl,q[cb; r]) = E[®;r]+ O (—) . (4.14)

logq
O

4.3 Signed asymptotic expectation of the one-level density

In this part, we prove some density results for subfamilies of %, where the sign of
the functional equation is constant. The two subfamilies are defined by

FE o= J{LSym'f.s): f € HE(q)}

qeP
Indeed, we compute the asymptotic expectation ER (D1[D; r]).

Theorem 4.4. Let r = 1 be an odd integer, ¢ = +1 and ® € §,(R). We assume
that Hypothesis Nice(r, ) holds for any prime number q and any f € H}(q) and
also that 0 is admissible. Let

. 3
V] max (7 k6, 0) == inf (vl,max(r,/c, 9), m) .

Ifv < vimax(r,/c, 0), then
ENE (D1[®;r]) = E[®;r].

Some comments are given in Remark 1.5 on page 973.
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Proof of Theorem 4.4. By (2.18), we have

EDe (D1,4[®:r]) = Eb (D1,4[®:7]) — e x (k. 1) JGE} (A.(q) D1,4[®;7]) .
(4.15)
The first term is the main term of the theorem thanks to Theorem 4.1. According to
Proposition 3.8 and Corollary 3.11, the second term (without the epsilon factors)
is given by

VAEq (*.(q) P/ [®@:7])

r—1
+ V49 Z (=)™ Eb (A.(q) P2[®;r,m]) + O (

m=0

. (4.16
log(q’)) @10

Let us focus on the first term in (4.16); the same discussion holds for the second
term with even better results on v. We have

VIEG (A (@) P [D:7]) = TP e [P: 7] + /G Py g D: 7] 4.17)

where

2 logp~( logp
n W[CD ] TN A prq7 1 ® ( ,
Pane ~log(q") p;, a ) VP \log(q")
rta
logp log p
P! [®:r] = A1(p"€*.q ( .
a0l qv(g)log(q") log (q") “Z;o 2 ﬁ log (¢")
q PEP
ptq
Lemma 3.13 implies
VAP g ;1] < T2, (4.18)

which is an admissible error term if v < 4/r. The new part is given by

2(2wi*) logp S (p" q,l )
P e[ ®i7] = —

onew log (¢") ; g

alegtp

] (471«/19’61) a(log(p))
! c log (¢")

and can be written as

2(2mi*) - S(m,l,c) 4 Jm\ ~ (log(m/q)
¥y an e () (30

log(q") &4 & log (¢™)
qlc
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where
~ 0, ifg 4 morm # p"q for some p # ¢ in P
Am = M1g' 4] bgTIf’ if m = p”q for some p # g in P

Thus, if v < 1/r2, then we obtain

k—1-26
P ooy [®:ir.m] <e ¢° Zﬁ (g) (1 + \/g)

M$ql+vr
C=q/2

as in the proof of Corollary 3.5. Summing over C via (A.2) gives

k—1 K

" M —f M3

q new[<I> rom] L q Z (qk—1_20 + K—;—ZQ) .
ngl-ﬁ—rzv q

Summing over M via (A.1) leads to
qnew[q> . m] e q(——O)r v—(55+ 0)+e+q O)r v— ( 9)+8 (4.19)

. . . 1 1
which is an admissible error term if v < = (1 — m) O

5 Quadratic statistics for low-lying zeros

5.1 Asymptotic expectation of the two-level density and asymptotic
variance

Definition 5.1.Let /' € HJ(q) and ®;, O in 8,(R). The two-level density
(relatively to ®; and ®;) of Sym’ f is

D3 q[®1, ®2:r](f) = > (Pj(vjrl)) (’,5}]3)) :
(j1,72)€€(f,r)?
N1#x )2

Remark 5.2. In this definition, it is important to note that the condition j; # j»

does not imply that p}/ Do A(”). It only implies this if the zeros are simple.

Recall however that some L- functlons of elliptic curves (hence of modular forms)
have multiple zeros at the critical point [26, 4].

The following lemma is an immediate consequence of Definition 5.1.

Lemma 5.3. Let f € H}(q) and ®1, O in §,(R).Then
D3 q[®1, @2:r](f) = D1,g[@1:r](f)D1,g[P2:7](f) — 2D1,4[P1P2: r](f)
+ ]lHK—l(q)(f) x ©1(0)P2(0).
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We first evaluate the product of one-level statistics on average.

Lemma 5.4. Let r = 1. Let ®; and ®; in §,(R). We assume that Hypothesis
Nice(r, ') holds for any prime number q and any f € HJ)(q) and also that 0 is
admissible. If v < 1/ r2, then

El (D1[®1:7]D1[®2:1]) = E[®1:r]E[®a: 7] + 2/R|u|q?1(u>@<u)du.
Remark 5.5. Since Theorem 4.1 implies that
EL (D1[®1;7]D1[®2;7]) — E[®1; 7] E[®2; 7]
= Eb, (D1[®1: r]D1[®2:r]) — EL, (D1[@1: r]) Eb, (D1 [@2:7])
Lemma 5.4 reveals that the term
Ch (D1 [®1: F], D1 [a: 7)) = 2 /R 20| ) B (1)

measures the dependence between Di[®y;r] and D1[®P5;r]. This term is the
asymptotic covariance of D1[®1;r]and D1[®5; r]. In particular, taking ®; = &5,
we obtain the asymptotic variance.

Theorem 5.6. Let ® € 8,(R). If v < 1/r?, then the asymptotic variance of the
random variable D1 4[®;r] is

U (Dr[0ir]) =2 [ [ul® ) .
R
Proof of Lemma 5.4. From Proposition 3.8, we obtain

Eg(D1,4[®1:7]D1,4[®2:7])
= E[®1:r]E[®2:r] + C)

r—1
+ > Y (—)™MEL (P @i r] P2 v m))
(i,j)€{1,2y> m=0
i#j
r—1 r—1
+ Y Y (=M EL (P2[®y:rmy ] P2 @i my))

m1=0m>=0

1
o (10g (q’)) oD
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with

Cp:=Ep (P)[®1:r]P, [®2:r]).
The error term is evaluated by use of Theorem 4.1 and equations (2.16), (4.10) and
(4.13). We first compute Cg. Using Proposition 2.2, we compute (Cg = E"—4E°

with
1 1 —~ (1
N : Z Z 0gp1 Ogl)zq) (logp:)
log? (q ) e paeh NIz 0g(¢q")
p1ta p2tq |
T 0g P2 ror
o, [ =2 ) A ,
) 2(10g (61’)) 1. 72)
and
1 1 —~ (1
o — og p1 ngz@l( ogprl)
qlog G") S Tp e VP1 VP2 log (¢")
pP1ta p2tq

& ( log p2 ) Z Al(ﬁszapﬁ)'

log (¢7)

£]q>
By definition of the A-symbol, we write E™ = Elg‘ + 10:§é;r) E with
4 log? p [~ —~ log p
E} = Z <<D1<D2> T
P 2 r
log™(q") ,= P log (¢")
rta

and

_ Z Z Z log p1 logpz&;1 ( log p1 )@( log p> )
r r
1 ek ey VP1 VP2 log (¢") log (¢")
qlc pitq patq

c Cc

S(py. pyic) (477\/1){195)
et LEwihsdy SENY Iuich B4 Lo I

We remove the condition p } ¢ from El‘; at an admissible cost and obtain, after
integration by parts,

—~ o~ 1
E’ = 2/ |u| D1 (u)Po(u)du + O (—) . (5.2)
P R log? (¢")
Using Corollary 3.5, we get

1
El<« —— 5.3
° 7 log? (¢") i
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when v < 1/r2. Finally, using Lemma 3.13, we see that E° is an admissible error
term for v < 1/r so that equations (5.2) and (5.3) lead to

Ch = 2/ Ju|®1 () P2 () du + O ( (5.4)
R

=)
log?(¢") /)

Let {i, j} = {1,2}. We prove next that each Eg (qu [®;; r]PqZ[CDj; r,m]) is an
error term when v < 1/r2. Using Proposition 2.2 and Lemma 3.13 we have

Eg(qu[CDi;r]PZ[CDj;r m])

Z Z Z log py logpza(logpl )q;( log p> )
log (qr) 21 prep poep VP P2 log (¢47)) ' \log (¢"/?)
qlc pitqg patq

/ 2r—2
S(P1 2r 2m7c)JK_l<4JT p"pzr m) +0( 1 )2.

c c log (¢7)

We use Corollary 3.5 to conclude that

1
E} (P, [®i:r]P][®):r.m]) < ogq (5.5)

when v < 1/r2. Finally, IEh ( 2[dyq; 7, ml]P [Do; 7, mp )1s shown to be an error
term in the same way. |

Using Lemmas 5.3 and 5.4, Theorem 4.1, Hypothesis Nice(r, f) and Remark
3.12, we prove the following theorem.

Theorem 5.7. Let r = 1. Let &1 and ©, in 8,(R). We assume that Hypothesis
Nice(r, f) holds for any prime number q and any f € H}(q) and also that 0 is
admissible. If v < va max (7, k, 6), then

(_1)r+1

(_1)r+1
2 2

ED, (Da[®y, ®s: ) = [cﬁ ) + <I>1<0>} [@(O) ; <I>z(0)]

+2/ | B (1) B3 () du — 28, B3(0)
R

+ (o 20) 010000,

Some comments are given in Remark 1.6 on page 976.
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5.2 Signed asymptotic expectation of the two-level density and signed
asymptotic variance

In this part, r is odd.

Lemma 5.8. Let 1, P, € 8,(R) and r = 1 be an odd integer. If v < 1/(2r2),
then

B (D1[@4ir1D1[0i7]) = E[@1irIE(@2ir] + 2 [ 10 @200 .
Remark 5.9. By Theorem 4.4 and Lemma 5.8 we have

ERE (D1 [®@1: ] D1[®2: 7)) — E[@1: F]E[®2;7]
= E&F (D1[®@1:7]D1[®2: r]) — EXE (D1[@1:7]) ELE (D1[®2: 7)) .
Thus,
€A (D1[@ir]. Da[@air) =2 [ Jul1 03

is the signed asymptotic covariance of D1[®1;r] and D1[®>;r]. In particular,
taking ®; = ®,, we obtain the signed asymptotic variance.

Theorem 5.10. Let ® € 8,(R) and r = 1 be an odd integer. If v < 1/(2r?), then
the signed asymptotic variance of D1[®; r] is

Ve (D [@;r]) = 2/ |u| D (u) du.
R

Proof of Lemma 5.8. From Proposition 3.8 and (3.20), we obtain

Ey® (D1,4[®15r]1D1,4[®2;7])
= E[®1:r]E[®a:r] + C)*

r—1
+ D Y ()™ EY (P @i r] PZ[®): v m))
(i,j)€{1,2)> m=0
i#j

r—1 r—1

+ Y Y (MM ERE (P2[@y: 1, my ] P2 ®2: ., my))

m1=0m>=0

1
0 6
(log (61’)) -0
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with
Cp® = Eb? (P [®1:r] P} [@2:7]) .

Assume that v < 1/ r2. Equations (2.18), (5.4) and Proposition 2.2 lead to
(Cg’s = 2/ |u|<f>\1(u)<5;(u) du — e x ek, r)(G" — 4G°) (5.7)
R

with

1 1 (1
Gno— 4 Z Z og p1 ogpzq)l( ngrl)
log (q’) NIZERNI 2 log (¢")

P1EP preP
ritqg p2ta |
= og p2
) (—) Ag (P19 P2
log(qr) ‘I( 1 2)

and
log p1 log p2 ~ ( log p1 )
G° = ®q
Nz} log Jalog (q") Z Z NIZENIZ) log (¢")

D1EP preP
pP1tq p2tag 5

5, (loer2 3 Ag (27, phq)

g/~ €

Lemma 3.10 implies that if v < 1/(2r2), then

qu[r(lc—l)-l—l]/z

G" K q(/c——l)/z’ (5.8)
hence G" is an error term when v < 1/(2r?). Lemma 3.13 implies
GO & q—3/2+vr+s’ (59)

which is an error term. The estimates (5.8), (5.9) and the equation (5.7) imply that
che = 2/ u| D1 (1) D2 (u) du (5.10)
R

for v < 1/(2r(r + 2)). Next, we prove that each Ef* (P} [®i:r]PF[®):r,m]) is
an error term when v < 1/(2r2). From equations (2.18) and (5.5), we obtain

E”(P [®;:r]P [dDJ,rm])

1

=—exe(k,r)J/q Z Af(Q)Pc}[qu;r]qu[q)j;r’m]+0(10 ))'
feH(q) o

5.1
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We use Proposition 2.2 and Lemmas 3.13 and 3.10 to get

Vi S ap(@ P r1P2(®, ]

fEH(q)
qu(2r—m+2)/4—1/4 q(vr—l)/2+e
< 5 + (5.12)
log” g logq
It follows from (5.12) and (5.11) that
EY (P} [®i:r]P2[®):r.m]) =0 (5.13)

forv < 1/Q2r(r + 1)). In the same way, we have, for v in the previous range,
EYE (P2[®@1:r.my| P2 [®2;r,my]) = 0. (5.14)

According to the estimates (5.10), (5.13), (5.14), the equation (5.6) entails the
desired result. O

Using Lemmas 5.3 and 5.8, Theorem 4.4, Hypothesis Nice(r, /) and (3.20), we
prove the following theorem.

Theorem 5.11. Let f € H}(q), ®1, $2 be in 8,(R) and r = 1 be an odd integer.
Ifv <1/Qr(r + 1)), then

o~ 1 ~ 1
LS (D211, @2:7)) = [ 10) + 3010)| [ 8200+ 50200
+2 [ i1 00 @3 0) du — 281820
R
— @1 (0)P2(0) + Ii—13(6)P1(0)P2(0).
Remark 5.12. Remark 4.3 together with Theorem 5.11 and a result of Katz &

Sarnak (see [21, Theorem A.D.2.2] or [28, Theorem 3.2]) imply that the symmetry
type of #F is as in Table 2.

4 even odd
)
-1 SO(odd)
1 Sp | SO(even)

Table 2. Symmetry type of F,°.
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6 First asymptotic moments of the one-level density

In this section, we compute the asymptotic m-th moment of the one level density,
namely

Moo (Drglir]) = o My m (D1.4[®: 7))

q—+o00

where
M (D1,gl®:r) = B ((D1,g[®:r] = Ef(D1,4[0:r])")

for m small enough (regarding to the size of the support of ®). The end of this
section is devoted to the proof of Theorem E. Note that we can assume that m = 3
since the work has already been done for m = 1 and m = 2. Thanks to equa-
tion (4.14) and Proposition 3.8, we have

M, (D1,g[®@:r]) = Eb (P} [®:r] + PZ[®:r] + Ry))

where Ry is a function on H . (g) satisfying

win=o,()

forany f in H}(q) and

1 1
PO =~ Z(— VX (20 EL S (ig‘)é”))

pPEP
pta

r logp (210g p )
= D7) Ar(p*) :
log(q’) Z( ) IE log(q")

pta (6.1)

log(q

We follow [15, Appendix B] in order to remove properly the error term. It gives

Mg (D1,q[®;r]) = i (’Z) ED (qu [®; 1™ P2[®; r]f) ) (é) .

Thus, an asymptotic formula for Ml},m (Dl,q [D; r]) directly follows from the next
proposition.
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Proposition 6.1. Let r = 1 be any integer. We assume that Hypothesis Nice(r, )
holds for any prime number q and any primitive holomorphic cusp form of level q
and even weight k. Let @ = 0 and £ = 0 be any integers.

o If{ > 1and v < 4/r?, then

Eh (P2@:ir)Y) =0 (loglgq) .

e lfl<f<m—1landmv < 4/(r(r + 2)), then

1
h 1 am—L p21a. 10
ED (Pq [ r]" "t P2[®; 1] ) -0 (k)gq).

e Ift{=1and v <4/(r(r + 2)), then
.14
E} (Pjl®:r)t)

) (L) : if a is odd,

log? (q)

_ 2
2 4! 1 .
(2/R|u|CI> (u) du) X 2@/2(%)! + 0 (10g2 (q)) , otherwise.

6.1 On a useful combinatorial identity

In order to use the multiplicative properties of Hecke eigenvalues in the proof of
Proposition 6.1, we want to reorder some sums over many primes to sums over
distinct primes. We follow the work of Hughes & Rudnick [16, §7] (see also [14]
and the work of Soshnikov [30]) to achieve this. Let P (c, s) be the set of surjective
functions

o {l,...,a}—>{1,...,s}

such that for any j € {1,...,«a}, either 6(j) = 1 or there exists k < j such that
0(j) = o(k) + 1. This can be viewed as the number of partitions of a set of «
elements into s nonempty subsets. By definition, the cardinality of P(«, s) is the
Stirling number of second kind [31, §1.4]. Forany j € {1,...,s}, let

o @ =# (0 {)).
Note that

N
w}c) >1 foranyl <j <s and Z wj(a) = a. (6.2)
j=1

The following lemma is Lemma 7.3 of [16, §7].
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Lemma 6.2. If g is any function of m variables, then

m
Z g(xj-l,...,xj'm)=z Z Z g('xia(l)""’xia(m))'

Tlseeesjm s=1g€e€P(m,s) l']',.-'.,l.s
distinct

6.2 Proof of the first bullet of Proposition 6.1
By Definition (6.1), we have

(_2)£ —(7 .ee /
By (Pl0)) = o 2D (iU
og” (q") 1<), e <1

L
« Z HIngia(zlogpi)
s\it D log(¢")
D1, Pe€P \i=1
qtpi.--pe

L
x E (]_[ A (pffi)). (6.3)

i=1

Writing {p; }i>1 for the increasing sequence of prime numbers except g, we have

¢ ¢
log pi ~ (2log p; 2ji
2 (l_[ pi q)(log(q’)))E}q](HAf(pij))

Pl De€EP \i=1 i=1
qtpi--pe

- D > ¢
log pi, ~ ( 2log p; Y
=) (H ?i/@(log(qr;))EgQL‘[le (,,I_KM)). 60

015005l =1

Using Lemma 6.2, we rewrite the right sum in (6.4) as

¢ ¢ -~ ~ ¢
1_[logpk(,(l.)a 2108 Pkyiy Eh ]_[A (AZjl- )
IDDIEDY Pho log(g") a 7 \Poa
s=1oceP,s)ky,...ks \i=1 o) i=1

distinct

K S o~ o~ w(o)
_ log pr,, =~ (21og pi, "
B Z Z Z (1_[ ( Dky, qD( log(q") )) )

s=loeP(L,s) ky,....ks \u=1
L@@
ng( [T * (ﬁi;) ) (6.5)

distinct
Isuss
1<j<r

where
o =#l<i<t:o()=uji=j)

u,j
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forany 1 <u < sandany 1 < j < r. Now, we show that

5z, ()

S=10ePls) ki ks \u=1 * Pku log(q")

distinct

. (0] _
ng< I1 )‘f(ﬁif,)wu") < log™(q). (6.6)
1<u<s

1<j<r

Fors < £ and 0 € P({,s), we use (2.3) together with (3.19) to obtain that the
left-hand side of the previous equation is bounded by

—1 s ~ —~ w_(a)
log Pk, |~ (210g Pk, "
DD H( cD( log(g") )D ‘ ©D
(o)

s=1oeP(s) ky,kyu=1 ~ Phu
distinct

Since s < £, equation (6.2) implies that @, ’ > 1 for some 1 < u < 5. These

values lead to convergent, hence bounded, sums. Let

d@ :=#{1$u$s:w,$")=I}G{O,...,E—l},

then
(o)

> oy oy (e

~ (2logp D
e (o))
S=1oePl,s) ki, ksu=1 - Pku 0g(q")

distinct
d© ~
()
log(q")

-1 .

logp »

<X ¥ ¥ (%™

s=1oeP(,s) ky,....kq u=1 u
distinct

< log" ! (9).
We have altogether

_2)4 ) .
Eh pZ[qJ;,.]e — ( (_1)£r—(11+--~+15)
! ( ! ) log* (4") 1$j1;je$r

{ ~ N

log P, = (210g Pk

X Z (l_[ ( = u @ . u
ki,....ke \u=1 P, 1Og(q )
distinct

L
h ~2ju 1
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since the only element of P({,{) is the identity function. By Lemmas 3.9 and
3.10, we have

(Af(l_[ Azju)) <« - 1_[ p]u/ g/ﬁku,

hence the first term in the right-hand side of (6.8) is bounded by a negative power
of ¢ when Lvr? < 4.
6.3 Proof of the third bullet of Proposition 6.1
By Proposition 3.8, we have
P A o & log pi ~ (log pi
Ef (P [®:r]%) = — > (]_[ o q>(k)gqr))

r
log” (¢ )pl,...,pgej’ =
P1>spetd

Using Lemma 6.2, we rewrite equation (6.9) as

Ef (P [®:r]%)

= (=2)* Z Z Z (H(logplomq) (10g’ﬁg(,(j)))>
I /
log (qr) s=1loeP(,s)i1,....is \j=1 Pisijy IOg (qr)

distinct
x Eqy (1_[ Ar(P plom )

=

> (logp Piu (logpzu)) )
log (qr) SZI GGPZ(K s) 11;ls<1:[ ( “ logq”

distinct

5 ©)
x Ep (]_[ A (P ) (6.10)
u=1

It follows from (2.11) and (2.12) that

(o)
(o) ry

Af (/ﬁ;-u)wu — Z x(wlsa)7 r, ]M)A’f (?ZJ:)
Ju=0
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Since u # v implies that p;, # Pi,, equation (6.10) becomes

h 1 Y
Eb (P} ®:r]Y)
¢ @
(_2) ( log Diy = log ,p\iu
=—7 Z > 2 (ITl=%=*°
log (qr) s=1geP(,s)i1,....ig \u=1 Diy log (qr)
distinct

x Yy (ﬁ x(w(, }’]u)) ]Eh</\f<]_[”")). (6.11)

JlseeesJs u=1 u=1
0$j1¢$rwisa

Using Proposition 2.2 and Lemmas 3.10 and 3.9, we get

) . S
Eq (lf(l_[ 5{5)) =[] 8u0+0 ( ]_[ Pl 10gﬁm) ,

u=1 u=1
hence
E} (P [®:r]") = TP +O(TE) (6.12)
with
I log i, )\
nglu 0og Piy, (0)
e U5 5w T1(ea(20) st
log (q’)s oeres) it \ VP, \log(@")
dlstmct
(6.13)
and
. -
Z > H(A(r /41002 5 5(10gpiu)D .
qlog (qr)S loeP(,s)i,....is u=1 log(qr)
distinct
(6.14)
We have
1 1 ¢
- (r=2)/41,02 ola [ 1082 Lrv(r+2)/4—1
= —F P log p’ﬂb( ) <q
qlog" (¢") (p;a log (¢")
pta

(6.15)
so that TE is an error term when

Lrv(r +2) < 4. (6.16)
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We assume from now on that this condition is satisfied. According to (2.14) (recall
that r = 1), we rewrite (6.13) as

(o)

( 2) 1 iy ’\ 1 Aiu “u o
3 x % I(HEe(i) e

10g (qr)s LgeP=2(L,s) i1,msis =1 plu

distinct

(6.17)
where

P2(0,5) = {0 e P(l.s):Yuell,... sy o> 2}.

Moreover, if for at least one o and at least one u (say ug) we have w( o) > > 3, then

R w&a)
Z l_[ logplu logpiu x(w_(o’) r 0)
log(q") v

l u=1 plu
dlstmct
< ( Z 10g3(P)) ﬁ( Z logz(pu))
3/2
pPEP p/ u=1 \ p,eP Pu
p<q’’ UFUO  p,<q"
< (logq)* 2. (6.18)

But, from (6.2) and the fact that each w}a) > 2, we deduce

S
sSijg)zﬁ,

Jj=1
hence (log ¢)%*~2 « (log ¢)*~2. This fact and the estimate (6.18) combined with
(6.17) imply that

(o)

2y >y (5228 )) s

r
log (q )s LoeP2(L,s)i1,--is =1
distinct

1
0 6.19
(log2 (q)) (©.19)

where

P2(L,s) = {o e P(L.s):Yuell,... s) oo = 2}.
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From (6.19), (6.15) and (6.12), we deduce

Z Z Z l—[ log? (qu)A (log@u)

Z
(qr)s 10‘€P2(£S)ll, Ligu=1 plu 10g(qr)

distinct
1
()
log®(q)

since x(2,r,0) = 1 according to (2.14). Note in particular that according to (6.2)
the previous sum is zero if £ is odd. Thus we can assume now that £ is even and
get

Ej (P, [®:r]%)

_7)¢ & -~
(P [ ]) ( 2) Z Z l_[ logp(qu) (IOngu)

Z r
€@ oEP2(L,L/2) i15:msie/2 U=1 log(q")
distinct
1
0 2 : (6.20)
log” (¢)
However, summing over all the possible (i1, ..., ig/2) instead of the one with dis-

tinct indices reintroduces convergent sums that enter the error term because of the
1/ logg (¢") factor. It follows that (6.20) becomes

2 £/2

log” (q") S P log (¢7)

1
of——). (6.21)
(log2 (61))

Taking £ = 2 (we already proved that the second moment is finite, see Section 5.1),
we get

1
BR[0T = BR[04 7072+ 0 (1)

according to (6.21). We conclude by noticing

o
24/2 (g)!

(see [32, Example 5.2.6 and Exercise 5.43]).

#P2(0,£)2) =
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6.4 Proof of the second bullet of Proposition 6.1

We mix the two techniques, which have been used to prove the first and third bul-
lets of Proposition 6.1. We get following the same lines and thanks to Lemma 6.2

Eb(P)[®: ™t P2 [®: 1Y)
ﬂ _1\r=Gi+-+jeo)
o @ 2 D

1<ji1,...je<r

(Gl) (0.,2)
+
Z Z Z 1—[ log™™ v (piy,)
X
((r 1)/2+w(0 ,2)
s=1ogeP(m,s)i1,....is =1

distinct

(o.,1) (0.2)
8 a(logﬁiu)w“ a(2log?iu)w“
log(q™) log(gq”™)

N s Az (@2
s ([ 60 L)
u=1

where

wOV =#{ie{l,....m—L}:0()=u},

@l =#{ie{l,....a}):o(m—L+i)=u},

2 . . .
‘LU,EU])—#{IE{I ay:om—L+i)=wuand j; = j}
forany 1 <u <s,any 1 < j <randany o € P(m,s). Note that these numbers

satisfy
N

3 (w,ﬁ“’l) n w;"’z)) —m (6.22)
u=1
and
,
Z L(lajz) L(lzr,2) (6‘23)
j=1

forany 1 < u < r and any 0 € P(m, s) by definition. They also satisfy

Vo e P(m.s),Yue{l,....s}, o) +o0? =1 (6.24)



Low-lying zeros of symmetric power L-functions 1019

since any o € P(m,s) is surjective and

Vo € P(m.s).Vi € {1.2}.3uig €{l.....5}, @) =1 (6.25)
since £ = 1 and m — £ = 1. The strategy is to estimate individually each term of
the o-sum. Thus, we fix some integers ji,..., jg in {1,...,r}, some integer s in
{1,...,r} and some map o in P(m,s).

First case. Yu € {1,...,s}, w(c’l)/Z + w&"’z) <1

(©2) _ 1 for some 1 < u < s, then there exists a

(sz) =1 and w( g - 0 for any

Let us remark that if @,
unique 1 < j;, < r depending on o such that @

1 <j # ji, <raccording to (6.23). Thus,

li[(kf(/ﬁ;u)wu, ﬁ(/\f(?if ) M))

Jj=1

(o.1)

1<u<s
(@ w,7?)=(2,0)

xxf( | A N (R

1<sus<s 1<sus<s

(0.1)

(@D, o )=(2,0) (@7, @7 P)=(1,0)
; (0.2)
Az'liu wu,_/iu
x [ Pi,
Isus<s

(@7 w7 ?)=(0,1)

where the two integers appearing in the right-hand side of the previous equality
are different according to (6.25). Consequently, Proposition 2.2 and Lemmas 3.10
and 3.9 enable us to assert that

Eg(ﬁ (Af(’ﬁ{u)w”(’m i (*f(ptzuj) M)))

u=1 j=1
<! I log pi, I1 log i,
—r @Dy —rw @D/,
1 1<uss P 1<uss prree
@ o )=2,0 " (@ o )=1,0 "
% 1—[ log pi,,
—rw TP 2
1<u<s u

iy

(@ w7 ?)=(0.1)
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Note that, in this first case, the right hand term is
S o~
1—[ log i,
u=1 A—r(w(a Va2 /2)’

hence the contribution of these ¢’s to ]Eg (qu [®; r]m—* qu[@; r]e) is bounded by

m—{ 14
q° 1 1 vr/4[(m—0)(r+2)+Lr]—1+¢
;( Z 1/2—r/4) < Z pl—r/Z) <4q :
P P

<qvr V4 $qu/z

This is an admissible error term as long as vr/4[{(m — £)(r + 2) + £r] < 1.

Second case. Jus € {1,...,s}, w(" 1)/2 +w (02) > 1
According to (2.11) and (2 12),ifl<u<s and 1</ <r, then

o) rw_;ol)
A BT = Y (@O kA (BE)
ky.1=0
and o
(oz) u.J
Af(/ﬁi]) _ Z x(w(a2) 2.2k . Z)Af(,\zkujz)
ku.j,z—O

since x(w(a 2) 2j, ku,j2) = 0if ky ;2 is odd (see (2.14)). Then, one may remark

that
/\2k 2 26
[T 2@, Z ve,Ar(P")
1<j<r £y, =0

for some integers yg, and where Ky = ) ;< <, ku,j2 forany 1 <u < s. All
these facts lead to

ED (P} [®; r1"~E P2 ®; r]Y)

— M Z (_1)J'1+'"+jz

logm (qr) 1<j1,....ja<r

1 (01)+w(02)( ‘ )
E T (e

s=1ogeP(m,s)i1,...,is u=1
distinct

" gD oD
6(10gpiu) " 5(210gpiu) "
log(q™) log(gq™)
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o<k <rm; ™V oskl,l,zswf‘_’fz’ 0<ky, ,2<rw“’~2) 0sti<K

(0.2) (0.2) 0<£SsKy

0<ks, 1$rw 0<k\ 1, 2<w ¥ 0<ksg, r2$rw'

y li[ (x (wlga,l)’r, ku,l) ve, IL[ (x( @2 2j, 2k, 2)))
u=1 /

Jj=1

)]

Proposition 2.2 and Lemmas 3.10 and 3.9 enable us to assert that

SRUEIRUES)

U1 ko1 /atlu/2
= l_[ Sk 120, + O (5 []2: VL2106 B,
u=1

u=1

and we can write

Eb (qu [®; r]" ¢ P2[; r]‘f) — TP +O(TE) (6.26)

with

—2)"™(~1)*" N
TP := % Z (_1)/1+~~+Ja

log™ (¢") L~

1<j1,....Je<r
a+m—{ oDy oD
log™ (Piu)
YUY % n( SRS,
s=1 o€P(m,s)i1,..,isU

distinct

(o.1) =N (0.2)
a(logpiu)w“ qA)(ZIngiu)w”
log(q") log(q")
D S >
USTRES w7 0<ky ro<rw (% o<l <r min (w” " /2,0{?)
0<ks12<w<"2’ 0<ks 2 <rw G 0<be<r min (@D /2,0?)

x ]_[ (x (w;"’l),r, 2&,) ye, ]L[ (x( ©2) i 2 ,2))) (6.27)
u=1 j

Jj=1
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and

q log qlog™ (¢")

Z > o> H(logw‘g"‘“w(”z“wpm)

s=1geP(m,s)i1,....is u=1
distinct

A(r/2—l)( 0.0 5 1 g0 2)) ‘a (log/ﬁlu)

bu log(q")
wl(lU.Z))

w_l(la 1)

~ (2log pi
x ‘(D ( Og Pm )

log(q")
which is bounded by O, (q”“’r2/4_1+5) for any ¢ > 0 and is an admissible error
term if mv < 4/r2. Estimating TP is possible since we can assume that o satisfies

the following additional property. If w(a 2 = 0 for some 1 < u < s, then
w,ﬁ"’” > 1. Let us assume on the contrary that w(a’l) < 1, which implies

@Y = 1 according to (6.24). Then,
x (wlg"’l),r, 2&,) =x(1,r0)=0

since £, = 0 and according to (2.14). Thus, the contribution of the ¢’s which do
not satisfy this last property vanishes. As a consequence, the sum over the distinct
i1,...,Is is bounded by

log” (71,) ‘5 (1og Py )‘2
2 1 ( Diu log(g™)

11’ alS I1<u<s

distinet (z(1 7 ©2y—(3 o

% l—[ (log/\(?iu)

1<us<s Piy
(@, @ "?)=(0,1)
(o.1) (0.2) e (o,1)
5 I log™u T (B, s (log Di )‘w
1<u<s ﬁ;v;“’”/ﬂw;w log(q")

Ly

,\ (0.2)
) )
log(gq”™)

which is itself bounded by O (log* (¢)) where the exponent is given by

oV 24w TP >1

Ay = 2#{1 <u<s: wé"’z) = 0 and wlga’l)/Z—{— w&o,z) < 1}

—I—#{l su<s:owl@? =1and w{®V/2 + wl*? < 1} <m.
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The last inequality follows from (see (6.22) and the additional property of o)

m=As + > (wlgc,l) n w&a,Z)) .

1<u<s
oD 24wl P >

Thus, the contribution of the TP term of these o”’s to ]Elq1 (qu [®; r]m_g qu[CD; r]z)
is bounded by O (log_1 (q)).

A Analytic and arithmetic toolbox
A.1 On smooth dyadic partitions of unity
Let ¥: R4+ — R be any smooth function satisfying

0, f0<x <1,

V) = {1, ifx > /2,

and x/ ¢ () (x) & 1 for any real number x = 0 and any integer j > 0. If
p: R4 — R is the function defined by

¥ (x), if0<x < V2,

11—y (%) , otherwise,

then p is a smooth function compactly supported in [1, 2] satisfying

p(x) = {

o X
x7 p9 (x) <1 and Zp( a):l
acZ ﬁ

for any real number x = 0 and any integer j = 0.

1- 1+
j —/—\\
1 /2 1 /2 2

(a) Graph of . (b) Graph of p.
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If F: R’i — R is a function of n = 1 real variables, then we can decompose it

F = Z Z FA],..-,An

a\€Z an€l

in

where 4; = ﬁai and

n
Fap,a,(X1,...,x) = l_[ pa; (xi)F(x1,...,Xn)

i=1

with pg, (x;) := p(x; /A;) a smooth function compactly supported in [A4;,24;]
satisfying xi] pfljl_ )(x,-) & 1 for any real number x; = 0 and any integer j = 0.

Let us introduce the following notation for summation over powers of +/2:

Yo=Y r(27).

A<M<B neN
A<2"/2<B

We will use such smooth dyadic partitions of unity several times in this paper. We
will also need the two following natural estimates:

Zﬁ MY < MY (A.1)
M<M,
for any o, M7 > 0 and
g1 1
2 e g (A2
M=Mj 0

for any o, My > 0.

A.2 On Bessel functions

The Bessel function of the first kind and order an integer ¥ = 1 is defined by

VzeC., J(z)=)_

n=0

(—1)" K+2n
nl(k + n)! (%) ’

It satisfies (see [25, Lemma C.2])

x V. 1 x \*
) . A
(l—i-x) 1) ey (1+x) (A3)
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for any real number x, any integer j = 0 and any integer « = 1. The next useful
lemma follows immediately.

Lemma A.1. Let X > Oand k = 1, then

t(d) X XY210gX, ifX >1,
Yo —=l5 ) < :
S Vd d X~ ifo<X<l

A.3 Basic facts on Kloosterman sums

For any integer m,n, ¢ = 1, the Kloosterman sum is defined by

mx + nx
S(m,n;c) = Z e (;)
c
x mod (¢)
(x,c)=1
where X stands for the inverse of x modulo ¢. We recall some basic facts on these
sums. The Chinese Remainder Theorem implies the following multiplicativity
relation:
S(m,n;qr) = S(qu,n;r)S(mFZ,n;q), (A4)

valid when (¢q,r) = 1. Here, g (resp. 7) is the inverse of ¢ (resp. r) modulo r
(resp. q). If p and g are two prime numbers, y = 1 and r > 1, then from (A.4)
and [7, (2.312)] we obtain

=S (p¥q,L;r), if(q,r) =1,
S Y , 1; r) = A.S
(p 454 ) {0, otherwise. (A-5)

The Weil-Estermann inequality [8] is

[S(m,n;c)| < +/(m,n,c)t(c)/c. (A.6)
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