Journal of Number Theory 130 (2010) 2773-2802

Contents lists available at ScienceDirect =

Journal of Number Theory

www.elsevier.com/locate/jnt

JOURNAL OF

Twisted moments of automorphic L-functions

Yuk-Kam Lau?, Emmanuel Royer P-¢* Jie Wud

@ Department of Mathematics, The University of Hong Kong, Pokfulam Road, Hong Kong

b Clermont Université, Université Blaise Pascal, Laboratoire de mathématiques, BP 10448, F-63000 Clermont-Ferrand, France
¢ Université Blaise Pascal, Laboratoire de mathématiques, Les Cézeaux, BP 80026, F-63177 Aubiére Cedex, France

d Institut Elie Cartan Nancy (IECN), Nancy-Université CNRS INRIA, BP 239, F-54506 Vandceuvre-lés-Nancy, France

ARTICLE INFO ABSTRACT

Article history: We study the moments of the symmetric power L-functions of
Received 30 November 2009 primitive forms at the edge of the critical strip twisted by the

Communicated by Wenzhi Luo

square of the value of the standard L-function at the center of the

Keywords: critical strip. We give a precise expansion of the moments as the
Modular forms order goes to infinity.
Symmetric square © 2010 Elsevier Inc. All rights reserved.
L-function
Center of the critical strip
Edge of the critical strip
Moments
Contents
T INtrodUCtiON . . . . ..ttt e e e 2774
2. Preliminary results . . . ... oot e e e 2779
21, Combinatorial Tesults . . ... ...t e 2780
2.2, Analytical Tesults . . .. ..o 2780
3. Evaluation of the moments . . . . .. .. ... . . 2783
31. Momentsintheall level case .. ........ ... ... . . . 2783
3.2.  Moments for levels without small prime factors. ............... ... ... . 2788
4. Behavior for the asymptotic real MOMEeNtS . . . . . ..ottt et e 2791
4. Behavior of the main term . .. ... ... ..ttt ittt ettt 2791
4.2.  Behavior of the constant term. ... ... ...ttt ittt ettt e et 2797

* Corresponding author at: Université Blaise Pascal, Laboratoire de mathématiques, Les Cézeaux, BP 80026, F-63177 Aubiére

Cedex, France.
E-mail addresses: yklau@maths.hku.hk (Y.-K. Lau), emmanuel.royer@math.univ-bpclermont.fr (E. Royer),
wujie@iecn.u-nancy.fr (J. Wu).

0022-314X/$ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2010.04.009



http://dx.doi.org/10.1016/j.jnt.2010.04.009
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
mailto:yklau@maths.hku.hk
mailto:emmanuel.royer@math.univ-bpclermont.fr
mailto:wujie@iecn.u-nancy.fr
http://dx.doi.org/10.1016/j.jnt.2010.04.009

2774 Y.-K. Lau et al. / Journal of Number Theory 130 (2010) 2773-2802

ACKNOWIEdgMENtS . . . .ottt e e e 2802
R OIENICES . . . ottt e 2802

1. Introduction

Let p be a representation on SU(2). For any g € SU(2) we define the polynomial
-1
D(X, p,g) =det(I - Xp(g)) - (1)
Endowing SU(2) with its Haar measure, Cogdell & Michel remarked that
z z* 2, % 2 3
/ DX,p, g dg=1+ > FrSc(p)“ + 3 FrSc(p) | X* 4+ 0,(X°)
Su@)

[CMO04, (2.26)] for any complex number z, where FrScp is the Frobenius-Schur indicator of p. The
coefficient of X? is then

0 if p is not self-dual,

Z(Z - 1) ep s . . . .. 2

— ifid appears once in the irreducible decomposition of Sym~ p,
1

2(227—’_) if id appears once in the irreducible decomposition of A2 p.

For p = St (the standard representation of SU(2)), this coefficient is Z(ZZ—_” In particular, the Euler
product (indexed over the set &2 of all prime numbers)

1_[ D(p~1/2,st,g)"dg
PEZsy(2)

converges only for z € {0, 1}.

Let k > 2 be a (fixed) even integer. For any squarefree integer N such that the set of primitive
forms of weight k over I'p(N) is not empty, we denote by Hj(N) this set. To any f € H;(N) we
associate an L-function defined by the Euler product

L(s. f)= [ det(1 — XSt(gs(p)p~) "
pe?

where for any prime number p, the matrix

_(ar(p) 0
gf(P)—( 0 ﬂf(p)>

is made up of the local parameters in p associated to f. For any prime p not dividing N, this ma-
trix belongs to SU(2) and for the w(N) prime numbers dividing N we have o (p) = £p~"/? and
Bf(p) =0. Hence it tempts naturally to model the moments of L-functions for the primitive forms in
Hy (N) (over the discrete harmonic measure) with Euler product of polynomial of type (1) with g in
SU(2) endowed with its Haar measure.



Y.-K. Lau et al. / Journal of Number Theory 130 (2010) 2773-2802 2775

As in [CM04], denote by Zh the harmonic average. It is apparent that

0
tim Y L(%vf> =11 /D(P‘”{St,g)odg

fFEeHE(N) pe‘@SU(Z)

and it follows from [RWO07, Theorem A and Proposition B] that

, ho (1 .\ _ 1
i X (pe) =TT [ o' as

feH,’:(N) pe'@SU(Z)

The generalization to high power moments sounds problematic, and in fact, there is a convergence
problem on the right side. For z =2, the lack of convergence of the product in the representation side
comes from the term 1/p so a natural remedy is natural to consider the normalized form

[ (- Lo

PEPsy(2)

To fix ideas, we assume temporarily N to be prime. It turns out that the remedy is appropriate; in
fact,

h 1 2 1 -1/2 2
> L<§,f) ~[]‘[(1—5) / D(p~'2,st, g) dg}logN (N — +00)

feHE(N) pe sU(2)

~e 7 [] D(p~'72,st,g)*dg (N — +00),
PSNgy(2)

where y is the Euler constant. In other words, we may model L(1/2, f)? by the product over prime
numbers p < N of the random variables g — D(p~'/2, St, g)? with a correction factor e~ .

Our result is actually more precise and we compute all the complex moments of L(1,Sym™ f)
twisted by L(1/2, f)? without too heavy restriction on the level N. To give our results, we need a few
notation.

For any integer m > 1, the mth symmetric power L-function of f € H{(N) is

L(s,Sym™ f) = 1_[ det(I — Symm,o(gf(p))p_s)_].
pe?

If me {1,2,4} it is known to have all the required properties to be an L-function in the sense of
[IKO4, §5.1] and to have no Landau-Siegel zero [G]78,Kim03,KS02]. For other values of m, we impose
two standard hypothesis — Hypothesis Sym* f and LSZX f in [CM04]. Therefore, our results are uncon-
ditional for m € {1, 2, 4} and rest on the standard conjectures for all other cases. We write, ¥ for the
gamma factor of L(s, f) which depends only on the weight of f. Explicitly it is given by

&) =T £+k—1 r £+I<+1
Vool$) = 2 4 2 4 )
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Let
FZ(W,S; X) — (-l _X]+2W) / D(X1/2+W,St, g)zD(X1+S,Symm,g)zdg
SU(2)

and

(14 X2H2w)(1 = X2+2w)=2(1 _ x1+m/2+s)-2 if2|m,

1+wy—=2 1 _ yl4+m/24+s\—z _yl+wy=2 1+m/24s\—z .
a+x "= a-x ) J2r(1 X~ a+X ) if24+m.

C*(w,s; X)=[

The function C#(w,s; X) will be used as a correction factor to F(w, s; X). Moreover we define

1 1 1
AZ’Z(—,I;St,Symm;N): I1 FZ<O,O; —) [ CZ<0,0; —>
2 peZ p pe? P
PIN pIN

and
1 d 1 1
B**( =, 1;St,Sym™; N | = — F*(w,0; — c*(w,0;= ).
(2 / ) dW|w:0< [ (W p> [ ( p))

pe? pe?
piN pIN

Finally denote by ¢(n) (resp. (n)) the Euler function (resp. Mébius) and by log; the k-fold iterated
logarithm.
Below are our main results.

Theorem A. Let m € {1, 2, 4}. There exists two positive real numbers c,, and &p, such that for any sufficiently
large squarefree N,

2
N ho(1
o L(E,f> L(1, Sym™ f)*
YUV vy

1
= AZ’Z(E, 1; St, Sym™; N) logN

1 Vi (1 logp
2A2,z Z 1:St.Sym™: N LA
+ <2, ; St, Sym™; ><y+yoo<2>+§v:

p—1

1 log N
+B%Z( =, 1;5t, Sym™: N | + Om( exp( —5m g
2 logy, N

uniformly in

log N

zZ|l<ep———m.
12 " log, Nlogs N
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This theorem is proved in Section 3.1. The dependence on the level can be easily depicted when
N has no small prime factors. Consider the set of numbers

N (h)={N €Z-o: w(N)>=1and P~(N) > h(N)}

for some function h where P~ (N) is the smallest prime factor of N with the convention P~ (1) = +o0.
We write

1 1
A“(E, 1; St, Symm> = A“(E, 1; St, Sym™; 1)

= 1 ! D ! St 2D 1S m Zd
_1_[ _E W7 , 8 57 ym-, g g

pe? SU(2)

and

1 1
B“(—, 1; St, Symm> = B“(E, 1; St, Sym™, 1)

2
d 1 1 2
- = 1— —— D(—— . Stg
AW jw=o 1_[< 1+2w) / ( 124w >0 )
" per P SUQ) P

l z
X D(E Sym™, g) dg.

Corollary B. Let m € {1, 2, 4}. There exists a positive real number cp, such that for any sufficiently large square-
free N € A (log?),

2
h 1 1
E L(E f) L(1,Sym™ f)z =(1 +Om(1))A2’Z<§, 1; St, Sym’") logN
feH;(N)
uniformly in
log N

2] < o

log, N logz N

This is shown in Section 3.2.
It is interesting to evaluate the asymptotic behavior of the main term

1
A“(E, 1; St, Symm>

and the constant term BZ’Z(%, 1; St, Sym™) as the exponent z — +o¢ in real numbers.
Let X, be the Chebyshev polynomial of second kind whose restriction on [—2, 2] is defined by

sin((m + 1)0)

Xm((2cos0) = Sind
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They come up naturally in theory of modular forms since, if { xsymm: m € Z>0} is the set of irreducible

characters of SU(2), then

XSym™ (&) = Xm(tr g).

Let us introduce some auxiliary functions.

T
2
gm(t) :=log / etxm(trg)dg:10g<; / gl Xm(2cos0) sin29d9) (t >0),
0

SU2)
~ gm(t) ifo<t <1,
Em(t) == .

gn(®) —(m+ Dt ift>1,

and

Jsu) €™ @ trgdg B o etXm@cos9) cos g sin? 6 do

hn(t) := : = t>0),
m(®) szU(Z) etxm(tre) dg foﬂ etXm(2¢0s6) sin2 9 do ( )
~ hm (t if0<t <1,
ORI
hm() —1 ift >1.

Theorem C. Let | > 1 and m > 1 be two fixed integers. Then we have

1
10gA2’z<§, 1; St, Symm>

J
1
_z:(m +1)logyz+ (m+ 1y + Z (logz)l O((logz)!ﬂ )]

uniformly for z > 3, where y is the Euler constant and

+oo
t )
aj:= / g";Z( )(logt)J_ldt.
0

The implied constant depends on | and m only.
Theorem C is proved in Section 4.1.

Theorem D. We have

1 22(1
B> 7 1;St, Sym™ ) <« A 7 1; St, Sym™ ) log z

uniformly for z > 3 if m is even; and

1 1 fions
32-Z<5, 1; St, Symm> = A“(E, 1; St, Sym’”){bm +0(eVIer)/z

3)

(5)
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uniformly for z > 3 if m is odd, where

+oo,E ()
mt
bm :=—4<2+/ 372 dt)sﬁO.

0

The implied constants depend on m only.

Section 4.2 is devoted to its proof.
It is surprising that the asymptotic behavior of log BZ’Z(%, 1; St, Sym™) changes dramatically ac-
cording as the parity of m.

2. Preliminary results

z,v

For every g € SU(2), define Asym

m(g) by the expansion

+00
D(X,Sym™, g)" = a5 m(@)X".
v=0

We have from [RWO07, (46) and (36)],

mv

z,v _ z,v
XSYmm (&)= Z MSymm,Sym” Xsym® €9}
u=0

with

Hgymm symit = / Mgymm (8) Xsyme (8) dg. (6)
SUQ2)

One should remark Mgil‘;nm sym' = 0 for n > mv. Recall that {xsymm: m € Zxo} is explicitly defined by
the generating series

1

mZNXSymm(g)T = d—ahd—ah =D(T,St, g) (7

where o and @ are the eigenvalues of g. It follows from the study of Cogdell & Michel [CM04] (see
also [RWO07, Egs. (38), (39) and (52)]) that

Homm syms = 81, 0), (8)

Womm symu = 28(u,m), 9)

Zv |<<(m+1)IZI+V—1>.

|MSym’” ,SymY v
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2.1. Combinatorial results

The aim of this short section is to prove the two following useful equalities:

T(p") 7,(p") , 1
Z p(+wu Z —p(1+m/2+s)v =C*|lw,s; E , (11)
u>0 v2>0
u=mv (mod 2)
T(p") Mgy 1
Sym™ Sym" .
Zp(1/2+w)u Z p+s)v =F (W’S’ E) (12)
u=>0 v=0

Thanks to (10) and the binomial theorem, the series in (12) is absolutely convergent for fis > —1/2
and Rw > —1/2.
Equality (11) follows directly from the following expressions:

2X
D W DX = =7
u>0 1 -X9)
u odd

and

v=0
v=r (mod 2)

for any r € {0, 1}.
From (6) we deduce

zZ,v
T(p") H‘Symm,Sym” _ D

Z p(1/2+w)u Z p(1+s)v -

uz=0 v>=0

SU2)

14+ X2
u+1X4=
L; ( X2)2
u even

A-X7*+D'a+Xx)7*

Z <v+j_1)x":

2

V4
©+1) Xsymu (8)
—— Sym™, g> Y s dg

(1/24+w)u
u>1 p

Let g € SU(2) and let o, @ be its eigenvalues. We use (7) to get

d

DU Dsyme (T = o =

u>1
This gives (12).
2.2. Analytical results
Lemma 2.1. Let m >

(a) Foro >3/4andr > 1/3, we have

Iy v

pIN u>0 v=0
u=mv (mod 2)

where

da T
aT)(1—aT)

= (1-T?)D(T,St, g).

1and zym = (m+ 1) min{n € Zxo: n > |z|}.

TP clizisia)
p(a+m/2)v =
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1 ifr>1/2,
Sr(N) = | logs(N) ifr=1/2,
(logN)'=2"/logy N ifr <1/2,

and the constant ¢ > 0 does not depend on o.
(b) Foro > 1andr > 1/3 we have

1 Z r(p ) 3 '“Svm 53’“‘“' < exp(co (zm +3)),

PN u=0 v>0

where ¢, > 0 is a constant depending on o.
(c) Foro €[3/4,1]andr € [1/3, 1] we have

'c(p) Ium ol
[1Y X =

ptN u=0 v>0

(Zm +3)71+1/O‘ _
(1—o0)log(zm +3)

< exp <C(zm + 3)[ +logy(zm + 3)])

where ¢ > 0 is a constant not depending on o.

Proof. (a) Let

7(p") T2/ (p¥)
Am(p) = Z pur Z p(0+m/2)v :
uz=0 v=0
u=mv (mod 2)

If m is even then by (13),
1\7? 1\
An(p) = Z Z ( ><1 _7) (I_Tm/2> . (13)
ueven v p p
If m is odd, then we get
ZOEDDIED D IED D DED D DD P B
uevenveven yoddvodd uevenveven uevenvyodd Ueven v

In both cases, we are led to the bound in the right side of (13). Since 0 +m/2 >5/4 and r > 1/3,
this yields

[]An(p) < exp( <|2|+Z 2r>) <exp(c[lzl + Sr(N)]).
pIN pIN

(b) The proof is similar to [RW07, p. 728]. We separate the product into two parts according to
p° <zm+3 or p? >z, + 3. Using (9) and (10), we have

[ o<en( ¥ (a2

pP° >zm+3 p%>zm+3 v>2

( ) Zv
Z : p Symm,Sym”|>) (14)

ov
p u=0
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and
u+1 Zm+v—1\ 1
()
v22 u>0 v>2
with
-1\ 1 1 -1 1
S () et Dy (k)
v>2 v>2
so that

-2 2 —Zm—2 -2 2
205 (5) (%) () (5)
= p p° p 21 p

since p® > zy + 3. Reporting (15) in (14) leads to

[T <exp(c@n+3)"7).

p% >zm+3

Now we deal with p? < zp + 3. Using (8)-(10), we have

t(P ) |'“Sym Sym"l r(p ) (Zm+v—1
Z Z +Z (rv < v )

u=>0 v=0 v>2 u=0

The right-hand side, denoted by R, satisfies

for some absolute constant ¢ > 0. Since o and o +r are greater than 1 it follows that

1—[ < exp(co (zm +1)).

p? <zm+3

(15)

(16)
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(c) As for establishing (15) we have an absolute constant ¢ such that

Zm (zZm + 1)? (zm +3)1/°
1_[ gexp( Z pg+rm+c 2 < exp clog(zTB). (17)

p° >zm+3 p°>zm+3

From (16) we have

11
I <eXp<6(zm+1) > p—J+W)

p? <zZm+3 p% <zm+3
and using
1 yi=7 -1
N lo -
Z v < g2y—i_(l—cr)logy

p<y

valid uniformly for 1/2 <o <1 and y > e [TWO03, Lemma 3.2] we get

(-o0)/o _
[l < exp(c(zm + 3)[(2,,1 ) L log, (zm + 3)]). (18)
PO <zm+3 (1 —o0)log(zm + 3)

The result is a consequence of (17) and (18). O
3. Evaluation of the moments
3.1. Moments in the all level case
We fix G any function which is holomorphic and bounded in some sufficiently wide vertical strip
IMs| « 1, even and normalized by G(0) = 1. (Note G'(0) =0.)
Let ze C and x > 1. Define

+00 32
ASYmm f(n) e /X

0= 3 2 19

n=1
for all f € H;;(N). We prove the following lemma.

Lemma 3.1. For all x, zand N we have

2 _
W1 7(q) e /X
E L(z»f) wgymmf(x)=2§ TZVN<%> } T2(NN)
feHE(N) g1 n>1
k
2vp(n) ) W [ omy TONAN)
X w18 n ——— + O(Em)
<p|n A N T
where
2
1 VYoo (1/24+wW)\"G(w) _
v = N1 42 0 wd 20
N() szc 1+ W)( Ve(1/2) vt AL (20)

()]
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and

T(N)?logNlog, N
ke = T8 P08 M/ tog 1 (2 -+ 1)1

Proof. Let L(s, f B f) = L(s, f)%. This is an L-function in the sense of [IK04, §5.1]. In particular the
gamma factor is Y0 (s)?, the sign of the functional equation is 1, the conductor is N? and the n-th

Dirichlet coefficient is

rmpm =Y 1NOr@T@),
(q.r)eZéO
qré=n

where 1™ (r) is the characteristic function of integers coprime with N. Therefore we can apply [IK04,

Theorem 5.3] to obtain

1\ - M@T@, (g
(37) 2225 (3)

g1

where

1™ u o(1/2 24
VN(y)zz (r)/(yrz) G(m(M) dau

r Yeo(1/2) ) u

3)
R ——— yoo(l/2+u)>2d_u
_/y e (1+2u)G(u)<7yoo(1/2) o

3

We have to evaluate

h
T= " A@iymm ;0.
feH;(v)

Similarly to [RW07, Lemma 12] we have

_ Tz(nw) (N) [,,(N) z,vp(n)
T = \/m D(nr[(]qu)a(q |n m) pllq_(!v) MSyl’l’plm,Symvp(q)

T(N)%log, N

From (19), (21) and (22) we deduce

heo1 0\,
> Uy f) G0 =P+E

feHEN)

where P is the announced principal term and

7(q) log(NNq) T(m+1)|z] (n)).

(21)

(22)
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T(N)?logy N — 7(9)? q T(m+l)\z\(”) logn __u/x

We proved in [RWO07, Proof of Lemma 16] that the summation over n is

> < x4 (logx)™ ! (zm +m+ DL, (24)

n

Moreover, by (20) and since

7(q)* log(Nq) [ (N)__]é (s)

- ¢ £2s)

we get, after having moved the integration line in Vy from (2) to (7/10) and crossed a pole at
w = 3/4 the majoration

2log(N
Zif(q) 105( q)V ( ><< N3/41ogN. (25)
q q'/ N

The announced error term is a consequence of (23) with (24) and (25). O
We study the principal term exhibited in Lemma 3.1 in the following lemma.

Lemma 3.2. For any squarefree integer N, any z € C and any x € R such that

1
log N <logx < ' log N

100m
we have
T(Q) ( >Ze”/" ( z,vp(n) (N) | (N)m O(nyan)
Z —Tz(nN) 1_[ Mg im sumvp@ )5(d | )7/;
b 1 it Sym™,Sym"P @ anN
_em 1 Yoo (1 log p
—,1;St, S ;N || =logN = =
N ym™ > og -f—)/-l—yOo 3 +Zp_1
pIN
1 2,z 1 m
+EB’ 5,1;St,5ym ; N) + O(Err)
where
Err =ex (c[lo N logN + (zm + 3) log(z +3)D
= exXp 22 108(Zm + 3) m g(Zm .

Proof. We write X for the sum to be evaluated:

2
M (1)
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with

qW+1/2q 1/2 erlnm/2 Sym™,Sym"p@ "
plg™

7(q) T ("N) zvp()
Hy(w.5)=) Z : (@™ ™M) O(mRan) [T wg
q
writing a =n™, b=ny, c=q™ and d =qy we have H%(w,s) = AB where

7z(b) 7(d) m
A= Z b1+zm/2+s Z qw+1 O(db™)

b|N®® d|N%®
T(pY) 72(p") Z 1
= l—[ Z pu(wF1) Z pG+1+m/2)v =Cw,s E
pIN u>0 v=0

u=mv (mod 2)

by (11) and
7(C) z vp(a)
B= Z as+1 cwH1/2 Sym’" Sym'p©
(a,N)=1 clam plc
z,v

_ 1—[ Z T(pY) Z MSymm,Sym“

- p(1/2+w)u p(1+s)v
ptN u=>0 v>0

1
= Fz<w,s; —)
D

by (12). (Recall that HSym’" symt vanishes when u > mv.)
In (26) we shift the w-contour to iw = —1/6 encountering a simple pole at 0 and obtain

Y=P+ L / X (s)C(s)x°ds (27)
2mi
(e8]

with

_ 9Ny 1 logp )/éo(l/z) p
N zm/[( logN +y 4275 yoo(l/Z))H”(O’s)

o) PIN

10

- H%(w, s) [T (s)x* ds.
2 0w |(0,s) e )] ©

We bound | X~ | as follows. We use Lemma 2.1 choosing 0 =2 and r =5/6 in (a), r=1/3 in (b) to
get

log N)1/3
|Z7(s)| « N"Cexp|c M—i—zm
log, N

hence

log N)1/3
Y =P+ 0{xN"V0exp|c u—i—zm )
log, N



Y.-K. Lau et al. / Journal of Number Theory 130 (2010) 2773-2802 2787

We now treat the integral in the defining expression for P. For this, we replace the segment
[1 - ilog2 x, 1+ ilog2 x] by the union of the three segments [1 — ilog2 X, —0 — ilog2 x], [0 —
ilog®x, —o +ilog?x], [—o + ilog®x, 1 + ilog®x] with o = 1/log(|z| + 3). We shall show that the
residue Res of the pole of I at 0 provides the main contribution whereas the integral on the new
contour enters the error term.

We write
P —Res=Ao+ A1+ Ax+ Bo+B1+ B> (28)
where

@(N) (logN logp Y% (1Y) ,2 @(N) 3 z
Res — ——+ —\| =) |H5x(0,0) + — — H ,S)s
S=TN 2 +V+%V:p—l+yoo 2 n0.0)+ 2N 9w |0,0) N(w.s)

(N) [logN I N 1

% 0g ogp Voo z s
Ap = 2 g4I _) ) — H% 0,9 ds,
0="y ( > +y+Xij_l+yoo<2>>2m / ¥(0,9I ()X ds

Pl liilogzx

N 1 1+ioco 3
B YN 1 / = HE(w,s)[(5)xds,

2N 2mi aW |(0,s)

1:|:i10g2x

and A; (resp. B1) has the same integrand as A (resp. Bg) but the contour is [1 —ilog2 X, —0 —ilog2 X]
and A, (resp. By) has the same integrand as Ag (resp. Bg) but the contour is [—o — ilog®x, —o +
ilog? x].

From Lemma 2.1(a) and (b) and the Stirling formula [IK04, (5.113)] we have

@(N)log N e log? x+¢(zm+3)

Ao K N (29)
From Lemma 2.1(a) and (c) and the Stirling formula we have
A< ""(1\’)1;055Neflog2 X+¢(zm+3) logy (Zm+3) (30)
and
4, « N 1ogN exp<_1°i>ec<zm+3> logy (zn+3) (31)
N log(zm + 3)

The contribution of Bg, B1 and B, are easily seen to be dominated by the ones of Ag, A7 and A,
thanks to Cauchy integral formula. Reporting (29)-(31) in (28) and the result in (27) we obtain that
X is the announced principal term (the residue Res) up to an error term

log N
- 3)1 3)+log, N ).
<<eXp<C< 02z +3) + (zm + 3) log(zm + 3) + log; ))

This completes the proof. O
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We have now the ingredients to prove Theorem A. As in [RWO07, p. 743] we have

no/1\? h 1\
Z L(f’f> L(1,Sym™ f)z= Z L(i’f> a)gymmf(x) + O (Err)
feHz(N) feHg(N)

where

1 2
Err — x—l/logz NeD\z\ logz N log4N +eD|z|log2 N—3log®N + N—1/4 lOgD|z| N

< exp| D|z|logy N O{logN
p &2 log, N

by setting x = N%. We have also used
2

1
Zh L(E’f) < logN

feH; ()

(32)

which follows from (21) and Petersson trace formula [ILS00, Corollary 2.10] or [RW07, Lemma 10].

Reporting Lemmas 3.2, 3.1 in (32) and assuming

log N
log, Nlogz N

Izl <e
for € > 0 small enough (regarding to o) we obtain the theorem.
3.2. Moments for levels without small prime factors

Corollary B is a consequence of the following lemma.

Lemma 3.3. We have

N 1 1
MA“ =, 1;St, Sym™, N | = A%#( =, 1; St, Sym™ | [1 + om(1)]
N 2 2
and
N 1 1
PN p2z(1 4 se symm N) = B22( 2 1: 5t sym™ [1+0m(D)]
N 2 2
2,z 1 m
+ A® E,l;St,Sym om(1)
uniformly for
N e 4 (log?),
log N
|z] €m &

log, Nlogs N

(33)
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Proof. To prove the first equality, we write

N 1 1 E{(N
MA“(—,l;St, Symm,N) =A2’z(—,1;5t, Symm> 1(V) (34)
N 2 2 E>(N)
with
2 1
ExNy=]]c*(0.0;-),
pIN P
_ 2 _
ExNy=]] | D(p"2st.g)"D(p~".Sym™, g)*dg.
PINgy(2)
First, we deal with E{(N). For m even we have
w(N) (Iz| + DHw(N)
Ei(N)=(1+0 140 —————+
1 < * (P*(N)Z))( - ( P—(N)+m2 ))
B (12| + Dw(N)
=1+0 < pf(N)min(Z,ler/Z))
as soon as the function inside the error term is bounded. If m is odd then
1 1 2 1 z (Iz] + 1)?
z R — — J—
¢ (O’O’ p) B 2(1 i O(zﬂ))(l e O( p>tm
1 2 1 z (Iz| + 1)?
#3050 () (1~ 5+ o (B
(2] + 1)?
=1+ O( p2tm/2
so that
(Il + D*&(N)
From (35) we deduce that
E1(N)=14o0n(1) (36)
if N and z satisfy (33).
To study E>(N) we define
_ 2 _
e(z,p)= / D(p~"/2,st,g)"D(p~", Sym™, g)dg
SUR)
+00 +o0 min(mvy,vy)
_ _ —vy/2 zZ,v 2,v
- Zop " Zop 2 2(:) I'LSyr;lm,Sym” u’St,Szym” (37)
V1= V= u=|
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by orthogonality. Using (8) and (9) we compute the contribution of v; =1 and v, =2 to (37) and
with (10) we obtain

=X 340 7] & 1
}e(z,p)—1|<z< Vo > V272 ?Z( ™ ) V2/2

V=2 Vo=m
*f m+1)zl+v1 -1\ 1 *Z“’ 3+,
+ ” I U2/2
V=2 V=0
1 |z| 1z|(]z] + 1)
Lm E + pl+m/2 p2 :

It follows that

_ w(N) 2| (Izl+ D*Y\\ _
E;(N)=1+ O(P_(N) <1 + = (N2 + = )) =1+o0n(1) (38)

if N and z satisfy (33). The first result of the lemma follows from (34), (36) and (38).
We consider now BZ’Z(%, 1; St, Sym™, N). We begin in considering

1 1
FRrw,00= ] FZ<W,O; —) I CZ(W,O; —)
pe? P pe? 4
piN PIN

with enough uniformity in some fixed neighborhood of w to be authorized to apply Cauchy integral
formula. We write F} (w, 0) = FZ(w,0)Qn(w) with

Qnw) = QP w)/Q P (w)

and

Z z 1
Q' w =T]c (w 0, —> QY w)=[]F <w,0, E).

pIN pIN

As for E{(N) and E;(N) we compute

w(N) 1
Q=1+ OS(P—<N>1—€ (] - P—<N>m/2+8>> 59
and
o(N) Iz| (z| + 1)?
o) o @ =1+ OS(P—(N)l—Zf (1 I P—(N)“z’f)) (40)

the constant implied by the error term being independent of w such that iw > —e. It follows in
particular that

Qn(O) =T4om(1) (41)
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if N and z satisfy (33). Denote C(0, ¢) the circle of center 0 and radius &. We have

L Ewo=-2 Fw,000 +F0,0) / wm @)
dwiw=o N7 T dwiw=o 1N B o N w2
C(0,¢)
and from the uniformity in w in (39) and (40) we deduce
dw
/ QN(W)W=0(1)- (43)

C(0,¢)
Reporting (41) and (43) in (42) we obtain the second result of the lemma. O
4. Behavior for the asymptotic real moments
4.1. Behavior of the main term

The aim of this section is to prove Theorem C. In fact we shall establish a more general result (see
Proposition 4.1 below). Write

m
Dm(0,0) := D(t, Sym™, g) = [ [ (1 — e™2%¢) ", (44)
j=0
and
/g
6.z 142w) e 2 1/2+w 145\Z i 2
FriZ(w,s;t):=(1—t ;/Dl ot ) Dm(0,t'7°)"sin® 0 do
0
so that

FZ(w,s;t) = F2%(w, s; ).

Proposition 4.1. Let | > 1, £ > 0 and m > 1 be three fixed integers. Then we have

0,z l 1
> logFl; (0 0; p)_z[(m+1)logzz+(m+l)y+z(logz)j O((logz)Hl)}

Py

3/2

uniformly for y > z°/< > 10, where y is the Euler constant and a; is defined as in Theorem C.

Since
2.2 1 m 2,z 1
A“%( =,1;St, Sym™ | = | | Fpe10,0; — |,
2 p
pe?

Theorem C is an immediate consequence of Proposition 4.1 by taking £ =2 and making y — +oc.
In order to prove this proposition, we first establish some preliminary lemmas.
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Lemma 4.2. Let gy, (t) and gy, (t) be defined as in (2) and (3). Then

~ t? fo<t<1,
gm(t) K { f
log(2t) ift>1
and
N,(t)<<{t ifo<t<1,
Em t=1 ift>1.
Proof. When t > 0, we can write
ot Xm(2cos6) _ i 1 (tsin((m+1DO)\"
n! sinf '

From this we deduce, for 0 <t < 1,

_ Xy T rsin(m+ Do)\,
gm(t):log<1+nX;—!;/< Sing ) sin“ 6 do
= 0

=log(1+t*+0(%)) <
and
gt <t.
Let Cp, be the maximum of 2X;,(x) in [—2, 2]. Then, since X;;(2) =m+ 1, we have
0<m+1—X;(2cosh) < Cpr(1 —cosh)
for every 0 € [0, w]. Thus for t > 1, we have by (3) and (5),

o eXm@cosm 41 — X (2 cos ) sin® 6 do
f(;[ etXm(2c0s6) sin2 @ d@

() =— <m [m ().

Now (54) of Lemma 4.6 below implies g/, (t) < t=1 for t > 1. From this we immediately deduce

En(t) <log2t) fort >1. O

Lemma 4.3. Let m > 1 be a fixed integer. Then we have
s b/
/ elXm(2¢0s0) ¢o59 sin? 6 do <« t/ elXm(2c0s0) in2 g dg
0 0

and

SHRS

S RN
O\tl

T
etXm(z cos ) COSZ 0 sin2 0do = { +0 (t)} / eme(Z cosf) Sil’lz 0do
0

uniformly for t > 0. The implied constants depend on m only.

(45)

(46)
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Proof. First we note that these estimates are trivial for t > 1, so we suppose that 0 <t < 1. In view
of the following relations:

T 0 if nis odd,
2 .
;[cos”@sinzedez 1 ifn=0,

: 22 itn=2r

(withn!l:=n-(m—2)---) and etXm0s?) — 1 4 0 (¢), it follows that
b T v
[ elXm(2c0s0) o509 sin? 0 do < t/ |cos 6| sin® 6 d6 « t/ etXm(2cost) in2 g dg.
0 0 0
Similarly

1
elXm(2¢0s0) ¢452 9 5in2 9 dg = 2t 0(t)

RN
O\N

which implies (46). O

Lemma 4.4. Let £ > 0 and m > 1 be two fixed integers. Suppose z > 4 is real. Then we have

1 1
logFﬁf(0,0; E) =—(m+ 1)zlog<1 - E) + 0(logz) (47)

uniformly for 2 < p < «/z; and

1 z z
ogri (0.0 7) = (3) +0(57) )

uniformly for p > /z > 2. The implied constants depend on £ and m only.
Proof. We have
m i(m—2j)6 m+1 . oy
e (=1 i(vm—2j1——2j,)8
N(-55—)=2 G ¥ emmmn
v
j=0 b =0 P ogji<iZjogm

Since the left-hand side is real and

Z ei(vm—zjlf...fzj‘,)é) — l (U — 0’ m + l),

0< i1 <<ju<m

it follows that, with notation j, = (j1,..., j,) and ZJT’: =vm—2j1—---—2jy,
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m i(m—2i m+1 v
1_[<1 - ﬂ) _ Z =D Z cos(ZJT':@)

Jj=0 p p 0<j1<<jy<m
m+1 m ( )v 1
< ) +Y —— > {1-cos(¢0)}
v=1 0<ji<-<jy<m

m+1 (_1)\;71 o
( ) 27 Z 2sin(¢]76/2).

Vv
=t P o<
Introducing the notation
- 1 —(m+1) m (_])\)71
Dm(e,p—1);:1+<1 _7) —— Y. 2si’(gle)2),
0 ji<<jy<m

we can write

m i(m—2j)0 m+1
1—[ e 1 ~
: p b

and

' 1 1 —(m+1)z+L(6—1)/2 »
F J(o, 0: —) = (1 —_ —) EC7(p)

with
2 b
)= 2 [ 04(0.07%) Balo.p ) Fsino s
0

Observing the nonnegativity of the integrand, we infer that for some suitably small positive con-
stant 4,

8/p/z
s 2 1\* b2\ 7
F,,;(p)?;l—E 1+ » 0-do
0

for p < z. On the other hand, it is obvious that
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~ 1y —1 v
Dm(6.p7") |<1 and EL%(p) <1

uniformly for p < +/z. By combining these estimates, we find that

1 1\ ~MHDz+HEE=1)/2 5
log an’z(O, 0; E) = log(l - 5) +log Fi*(p)

-1
=(m+ l)zlog(l - %) + 0(log2)

for p < Vz

Next we prove (48). In view of (44) and (9), it is easy to see that

D (6, p~")" = &/ Xncost) {1 +0 (é)} (p>V7), (49)

where the implied constant depends on m at most. Thus for p > \/z, we can write

; 1 z 1 Z(Z—l)/2~K
Z . _ Z
i (‘“” E)‘{”O(?)}(l_ﬁ) Fi (P)

with

b

~ 2

Fr(p) = ;/D1(«9,p‘”z)le(z/p)x'“(zcos") sin 6 d6.
0

Since

Di(6,p7 ) =1+

20c0s0  2(L+1)¢cos?6 — ¢ (1) (50)

pl/2 D p3/2

where the implied constant depends on ¢ at most, (45) and (46) of Lemma 4.3 allow us to deduce
that

T

~ L -1 z 2 .

Fhi(p) = :1 + (2p ) + O( 3/2>};/e(z/p)x”1(2“’59) sin® 6 do.
0

Inserting it into the preceding relation, we easily obtain (48). O

Now we are ready to prove Proposition 4.1. From (47) and (48), we deduce that for y > z3/2,

ZlogF“(O 0; l) =m+Dz Y log(l —l> > s < ) <ﬂ>
"\ p " logz )

Py p<VZ VZ<p<y



2796 Y.-K. Lau et al. / Journal of Number Theory 130 (2010) 2773-2802
In view of (2), (3) and the following estimate
-1
1 z z
5 fmeval(1-2) ]}«
Jiep<z p b g
the last asymptotic formula can be written as
-1 3/4
1 1 ~ [z z

> 1ogF,$f<o, 0; —) =(m+ 1)zZlog<1 - —) + > gm<—> +0 <E> (51)

p<y p p<z p VZ<p<y p g
By the prime number theorem, it follows that

y
2 all)-ful)em e @
N

Vz<p<y N

where

y

R] ::/§m<§>do(ue*2 lOng)'

N/

In view of Lemma 4.2, a simple partial integration gives us

Ry « ze Vlo8z,

In order to evaluate the last integral of (52), we use the change of variables t = z/u to write

Vo NS ;
/gm(Z/U) du:z/ Em(t) dt
logu t2log(z/t)
vz z/y
vz
_ gm(t)
== | Siogeam o+ O
1/V2
where
1/4z
. |Zim (0)] 172
Ryi=z / t2log(z/t) dr < logz
z/y

by using Lemma 4.2. On the other hand, we have
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NS vz N
/ Em(t) _ 1 / Zm(0)
t2log(z/t)  logz t2(1 — (logt)/logz)
1/4/z 1/4/z
N (
_ 1 8m(t) j—1 1
_Z Tog2) / 3 (logt)! =" dr + Oj(i(logzﬂ“)'
=1 142

Extending the interval of integration [1/4/Z,+/z] to (0,00) and bounding the contributions of
(0,1/+/z] and [+/z, o0) by using Lemma 4.2, we have

i © (logz)J
1/vz
Combining these estimates, we find that
O PR
VZ<p<y p pu (logz)i (log2)/+1 ) |

Now the desired result follows from (51), (53) and the prime number theorem in the form
-1
1 —24/logz

Zlog 1—— =logyz+y +0(e )-
p<z b
This completes the proof. O
4.2. Behavior of the constant term

The aim of this section is to prove Theorem D. We shall prove a slightly more general result, i.e.
Proposition 4.5. Clearly Theorem D is its simple consequence with the choice of ¢ = 2.

Let £ >0 and m > 1 be two fixed integers. Define

T
2
B (W) = Bm(w, 2z, p) := ;/Dl(e,p*“/“W))‘Dm(e,p*l)zsinzede
0

so that
FiZ(w,0;p7 1) = (1 — p~ 2w D 2R (.

Proposition 4.5. Let £ > 0. We have

d ‘7 1
E aw logF;“| w,0; — ) «logz
pay SV Iw=0 P

uniformly for y > z > 10 if m is even; and
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d : )
2 Ao logF’fiZ(W’ * 5) = Vz{bem+ 0 (e VIoB2))

p<y
uniformly for y > ze2v1°8Z > 10 if m is odd, where

+oo~h o
. m t
bem :=—-2¢ (2 + / 372 dt).

0

The implied constant depends on £ and m only.
We need preliminary lemmas.

Lemma 4.6. Let hy, (t) and Hm (t) be defined as in (4) and (5). Then

E(t)<<it yost<t E’(t)<<{] yose<t, (54)
" =1 ifr>1, m =1 ife>1.
Further if m is even, then
hn@®) =0 (t=0). (55)
Proof. Eq. (55) follows from
/2
hm () = / etXm2c0s9) co59 sin?0 dd  (m even)
- /2

by parity. The estimates of (54) with 0 <t <1 are equivalent to (45). Next we prove ﬁm(t) <t~ for
t>1,ie.

o etXm@cost) (1 — cos@) sin® 0 dg < 1

—. 56
o etXm(@cosd) sin? g do t (56)
From the power series expansion, we have
mm+1)(m+2
Xm(2€0s6) = (m+1) — %92 + 0m(6%),
and hence there exists § =8, € (0,71 /(3(m + 1))) such that for all 0 <0 <3,
m+2)3 1
(m+1)—%02<Xm(2c059)<(m+1)—692. (57)

Since 6 > Xp(2cos6) is continuous on the compact [8, 2] where its values are strictly less than m+1,
there exists oy € (0, m + 1) such that

|Xm(2cos0)| <om (§<60 <m/2). (58)
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We give a lower bound to the denominator of the fraction in (56). As the integrand is nonnegative,
we infer from (57) that

T )
/etXm(Z cosf) SiI‘l2 0do > /etxm(z cosf) sin2 0do
0 0

(m+1)t

(59)

$
(m+1)t —cmt6? 2
>e fe 0°do >n I?’T
0

where the implied constant in 3>, depends on m only. For the numerator in the left-hand side of (56),
we write

. /2
/ X 26050) (1 _ cos)sin? 0 do — / elXm(2c0s0) (1 _ cos6)sin? 0 do
J 0
/2
4 / e tXm(2c0s0) (1 4 cos0)sin® 6 do.
0

Since X (2cosf) >0 for 6 € [0, w /(2(m + 1))], we deduce with (58) that

72 7T/(2(m+1)) /2
/ e Xm@c0sf) (1 4 cosh)sin®6 do < / do + / e do < e,
) 0 7 /@(m1)

which is negligible in comparison with (59). Splitting at # = § and applying (57) and (58), we have

/2 s /2
elXm(2c0s0) (1 _ cos0)sin? 9 do « eI / e~ s 9440 4 / e¥mt dg
0 0 3

< t—5/2e(m+1)t + eamt'

The desired estimate in (56) follows with (59) and the fact o, <m + 1.
A direct differentiation shows that

[ etXm@cosx, (2 cos0)sin? @ dg [ eXm<0s0) (1 — cosh) sin® 6 do

h(t) =
m () (féT etXm(2¢0s6) sin2 g do)2

o etXm@eos) x, (2 cos6)(1 — cosB) sin 6 df
- fé’ etXm(2c0s6) sinZ 9 do

t=1).

Using the nonnegativity, we see that

4 4
/ elXm@cost) x (3 cos0)sin® 6 do < / elXm(2cos) in2 g dg,
0 0
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and

b/

b g
/etXm(2COS9)Xm (2cos0)(1 — cosH)sin® 6 do <« / etXm(2c0s0) (1 _ cos6) sin® 0 db.
0

0
Therefore (56) implies h/,(t) < t~! fort>1. O

Lemma 4.7. Let £ > 0 and m > 1 be two fixed integers. Then we have

B;,(0) logp
Bm(0)  pl/2
uniformly for all p and z > 1; and
B/ (O lo z lo lo zlo
n©® __,loep, (z\_,,_,lepr ¢p , zlogp
B (0) p”2 p p p*  p?
uniformly for p > z%/3. The implied constants depend on £ and m only.
Proof. We have
2 r 6 1
_ ¢+1 [ €OS _ .
B;n(O):—ze;/m(e,p 1/2) <W_ E)(logp)Dm(Q,p 1)?sin 6 do
0
hence
l b/
B/, (0) < ﬂ/nm(e,p”)zsinzede.
pl/2
0

This implies (60), since

o o)

In view of (50), it follows that

2
_1/2\6+1 cosd 1) cosé 2({+1)cos°6—1 1
D1(6.p™%) <p1/2 T p) T pi2 + ) +0 p32 )

SRR

T
/Dm %sin% 6 do.
0

By using it, (49) and (46) of Lemma 4.3, we can deduce, for p > /Z,

logp 2
B, (0) = 2@%—/ e@/P)Xm(2¢056) 05 0 in2 0 do

0

p3/2

b
3 {5(5 B 1)logP N O<logP Zlng)}E/e(z/p)xm(zcose) sin20 do.
p T )

(60)

(61)

(62)

(63)
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Under the same condition, thanks to (49) and (45), we have

/g
1 2
Bm(0) = {1 + o( 53 2)}—/e<Z/P>Xm<2C°59> sin® 6 do.
p p?)lm )

Combining these, we obtain (61). O
Lemma 4.8. Let £ > 0 and m = 0 (mod 2) be two fixed integers. Then we have

B/ (0 lo
m( )<< g P

(64)
Bm(0) p
uniformly for all p and z > 1, and
B/ (0 1 1 1
m0) e —1) ng+o ogp  zlogp (65)
Bn(0) p P2 p

uniformly for p > z%/3. The implied constants depend on £ and m only.

Proof. Eq. (64) follows from (62) and (63) since, by parity consideration we have

/(cosQ)Dm(Q, p~')’sin*6do =0

Eq. (65) is an immediate consequence of (61) since hpy(t) =0 when m is even. O

Now we are ready to prove Proposition 4.5. If m is even, we apply Lemma 4.8 to

d logp B, (0)
— log F&#( w, 0; o0 —1 m
aw o 08 Fm (W ) 2 UE=D o Z : Bn(0)

py

and obtain

1
lo FZZ w, 0;
ZdW|w =0 & ( p)

Py
logp m(0)
-T2 T g
= - B (0)
| 1 | |
+ > fee-1 %8P %8P} 1o EJFM < logz.
-1 p p3/2 p?
z<p<y

When m is odd, by using (60) of Lemma 4.7 for p < z2/3 and (61) for z%/3 < p < y, we obtain

1 log p z
log F&#(w,0; — ) = —2¢ —Zhal =)+ 0(z'31
ZdW|w o %8 Tm ( p) 2 pl/2 m<p)+ (27" log2)

Py 223 <p<y
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so that

d 1
— logF,ff(w,O; —>
; dw jw=0 p

log p logp~ [z 13
:_24{ZW+ > pl/zhm<p>}+0(z/logz). (66)

p<z 223 <py

p<

By using the prime number theorem, it follows by integration by parts that

Z lo]gp’i{m z _ / hm(z/u)d +O(\/—€ 4/logz)
p1/2 D ul/2
223 <p<y 213

—f/ ";/(Z)dt+o(fe Viogz)

with the help of Lemma 4.6, provided y > ze?v1°8Z_ Combining these yields

3 fﬁf}(z) f/h'g/(zt)dt+0(ﬁe_\/@). (67)

223 <py
Now the required result is a simple consequence of (66) and (67) and the prime number theorem.
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