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Abstract. We consider a Lévy process X; and the solution Y; of a stochastic differential
equation driven by X;; we suppose that X; has infinitely many small jumps, but its Lévy
measure may be very singular (for instance it may have a countable support). We obtain
sufficient conditions ensuring the existence of a smooth density for Y;; these conditions are
similar to those of the classical Malliavin calculus for continuous diffusions. More generally,
we study the smoothness of the law of variables F' defined on a Poisson probability space;
the basic tool is a duality formula from which we estimate the characteristic function of F.
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0. Introduction

Suppose that we are given a continuous diffusion process Y;; it can be represented as
a functional of a Wiener process. The aim of Malliavin’s calculus introduced in [8] is to
prove, by means of probabilistic methods, the existence of a smooth density for Y;. The
basic tool is an integration by parts formula on the Wiener space which enables to prove,
under some conditions on the diffusion, that for any smooth function g,

IE[¢'(V2)]] < Csupg(y)|

for a C which does not depend on g; this implies that the law of Y; is absolutely continuous.
Moreover, by iteration, the integration by parts formula shows that expectations of further
derivatives of g are also dominated by the supremum of g, and the following basic result
enables to conclude about the existence of a smooth density.

Proposition 0.1. Let F be a R? valued variable; suppose that for any real-valued (O
function ¢ defined on R® and any k € IN¢,

olklg
]E{ kq Ka
oyt ... 0y,
for a C), which does not depend on g. Then the law of F' has a Cy° density.

(£)| < Cusuwlats)

By choosing g(y) = exp(iw.y) for w € RY, Proposition 0.1 is a consequence of the
following result which is proved by means of the inversion formula for the Fourier transform.
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Proposition 0.2. Let F be a R? valued variable with characteristic function ¢, and let
k be a non-negative integer; if

/ ]| b(aw) o < oo,

then the law of F has a Cf density.

It should be noticed that the integration by parts formula on the Wiener space is
obtained by applying small perturbations on the Wiener process in the direction of the
Cameron-Martin space, so that these perturbations involve absolutely continuous changes
of probability.

Now consider the case where Y; is a diffusion with jumps; more precisely, let u be a
measure on IR which integrates the function |z|?A1, let AT(dt,dx),t € Ry, z € IR™, be a
space-time Poisson measure with intensity measure A~ (dt, dz) = dt u(dx), let A = AT =\~
let y € R™, and consider the Lévy process

¢ t
X =xt +/ / x dA(s, ) +/ / rd\t (s, ) (0.1)
0 J{lz|<1} 0 J{lz|>1}

without Brownian part and with Lévy measure . We suppose that Y; is the solution of a
stochastic differential equation (SDE) driven by X;. The analogue of Malliavin’s calculus
for this framework was introduced in [2], and many papers were devoted to this subject
afterwards. In order to prove an integration by parts formula in this case, one has to
choose the type of small perturbations which should act on the Poisson measure A™; in the
literature, these perturbations consist in moving the points of the support of A\*, either
in the time, or in the space directions; in both cases, assumptions ensuring the existence
of a smooth density can be obtained for some functionals of A™. However, these results
suffer some limitation. The technique of moving in the time direction (see [3]) has the
advantage of being applicable without small jumps, for instance when X; is a standard
Poisson process; it can be used to study some diffusions Y;, but not X; itself (this is not
surprising since the standard Poisson process is integer-valued). On the other hand, since
the move should be small and should induce an absolutely continuous change of law, the
technique of moving in the space directions considered in [2], [1], [6], [7] imposes regularity
conditions on the measure u, which exclude for instance the case where the measure has
a countable support. The aim of this work is to derive the existence of a smooth density
for Y; in a framework which makes possible countably supported measures p; we will first
obtain a result for a general class of functionals F' of the Poisson measure A", then will
apply it to the case F' =Y;.

For instance, let us consider the particular case where F' = X; is the Lévy process
itself; the absolute continuity of the law of X; was studied a long time ago (see [14], [13]
and references therein), and it appears that the main problems concern the case where p
is singular. As it has been explained above, if for instance p has a countable support, then
the classical technique of Malliavin’s calculus cannot be applied. Nevertheless, one must
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notice that the characteristic function of X; is given by the Lévy-Khintchine formula, so
with Proposition 0.2, one can obtain conditions on g which are sufficient for the existence
of a density and for its smoothness; these conditions state that p should have enough mass
near 0, so that X; has many small jumps; then, even if p is singular, the accumulation
of small jumps forces X; to have a smooth density. In [2], it is explained how precise
estimations on the tail of u near the origin are equivalent to precise estimations of the
characteristic function ¢(w) as w — oo; here, we only need an upper bound for ¢; this will
be done in §1.

Then we will consider more general functionals F of a Poisson measure A" on a space
U; our basic tool will be a duality formula on the Poisson space taken from [11] and [12]
which will be the analogue of the integration by parts formula on the Wiener space (actu-
ally, as noticed in [10], [11], by means of the Fock space formalism, the two formulas can
be transformed into each other). However, the analogue of the Wiener gradient operator is
not any more a derivation, so the formula on the Poisson space cannot be used to estimate
the expectation of ¢’(F") as on the Wiener space; the perturbation resulting from this op-
erator indeed consists in adding a Dirac mass to A™. Nevertheless, it will appear that the
duality formula can be used to estimate the characteristic function of F', and therefore,
we will apply Proposition 0.2 rather than Proposition 0.1. Our assumptions will be of two
types; the regularity assumption will say that adding masses to A" has smooth enough
influence on F, and the non degeneracy assumption will say that this influence is large
enough; the particular case where F is a linear functional of AT will provide in §1 a second
study of infinitely divisible laws; the general non linear case will be worked out in §2.

In §3, we will consider the case where F' is a functional of a finite-dimensional Lévy
process X; with many small jumps, and in §4, the particular case where F' = Y; is the
solution of a SDE driven by X; will be dealt with. In classical Malliavin’s calculus for
continuous diffusions, the assumptions involve the vector fields of the SDE; for example, the
ellipticity of the diffusion matrix implies the non-degeneracy of the diffusion. However, in
the case of diffusions with jumps, the problem is made more difficult by strong geometrical
interaction between the Lévy measure of X and the equation. In this work, we will limit
ourselves to the case where the SDE is driven by a Lévy process which has approximately
the same number of small jumps in all the space directions. In this framework, the non-
degeneracy assumption will be linked with the invertibility of an analogue of the Malliavin
matrix, and a sufficient condition ensuring this invertibility and which can be easily read
on the equation will be given; this condition consists of two parts; the first part describes
the behaviour of the small jumps; it says that an analogue of the diffusion matrix is
elliptic (more general conditions of Hérmander’s type will not be studied in full generality,
but an example will be given); the second part, which does not appear in the case of
continuous diffusions, is concerned with big jumps and says that the semi-flow generated
by the equation is locally injective. Some examples and counterexamples will be discussed.

1. Infinitely divisible laws

We first set some notation. Let (U,U) be a Lusin space and let A~ be a o-finite infinite
diffuse measure on U; in particular, the measured space (U,U, \™) is isomorphic to IR with
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its Borel o-field and its Lebesgue measure. Let {2 be the space of integer-valued measures
w on U such that w({u}) < 1 for any u, and w(A4) < oo as soon as A~ (A4) < oo; we consider
on {2 the canonical random measure

A (w, A) = w(4),
the o-field F generated by the variables AT (A), A € U, and the probability IP under which
A1 is a Poisson measure with intensity A~; this means that AT (A) is a Poisson variable

with mean A7 (A), and that the variables AT(A;) are independent as soon as the sets A;
are disjoint. We will denote by A = A™ — A~ the compensated Poisson measure.

Remark. We suppose that A~ is diffuse because formulas are simpler in this case; however,
this is not a restriction, since one can always replace U by U x [0, 1] and A~ by its product
with the Lebesgue measure.

On the other hand, let h be a IR? valued measurable function defined on U such that
/(]h(u)|2 A1)dA~ () < o0
and let ¥ € IRY. We consider the variable

F:X%—/h(u)l[o,l](]h(u)])d)\(u)+/h(u)l(l,oo)(\h(u)|)d)\+(u), (1.1)

where the first integral is a stochastic integral, whereas the second one is for each w € 2
a finite sum. Then the law of F' is infinitely divisible and its Lévy measure p is the image
of A~ by h.

Proposition 1.1. Suppose that there exists an « € (0,2) and a ¢ > 0 such that for any
p € (0,1) and any unit vector v,

/ lv.x|*du(z) > cp®. (1.2)
{a;|v.z|<p}

Then F' has a Cy° density.

Remark. The condition (1.2) can also be stated by saying that
/ lw.x|*du(x) > c|w*~ (1.3)
{z;|w.x|<1}

for any vector w such that |w| > 1.

Proof. The characteristic function of F' is given by the Lévy-Khintchine formula
o(w) =exp(iw+ [ (77 = 1= iwa 1) )du(e)).
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for w € IRY, so

|p(w)| = exp — /(1 — cos(w.x))dp(z)

<exp—c /{| . lw.z|?du(z) < exp —c|w[*~*
w.z|<1

for jw| > 1, from (1.3). We can conclude from Proposition 0.2. []

In particular, one easily verifies that the condition (1.2) is satisfied in the following
cases.

Corollary 1.2. Define

V= /{|x|sf)} wanto)

(a) If the family of symmetric matrices p~*V (p), 0 < p < 1, is uniformly elliptic for some
a € (0,2), then F has a C;° density.

(b) In particular, if the ratio between the largest and smallest eigenvalues of V(p) is
bounded as p — 0, and if

p—0

liminfp_“/ lz|?du(z) > 0 (1.4)
{lzl<p}

for some o € (0,2), then F' has a Cy° density.

These results for infinitely divisible laws can of course be expressed in terms of Lévy
processes (processes with stationary and independent increments). Suppose that U =
R4 x R™ and that A~ is the product of the Lebesgue measure on IRy and of a measure
pon IR™ integrating (|z|?> A 1). If one considers on U the function

hi(s, z) = 1,4 (s)z,

and if X; denotes the variable F' of (1.1) corresponding to h = h; and Y = x ¢ in dimension
d = m, then X; is the Lévy process of (0.1), and the image of A~ by h; is in this case
equal to tu. Thus, if the above assumptions are satisfied for u, then X; has a C;° density
for any t > 0.

Remark 1. The condition of Corollary 1.2 is sufficient but not necessary for the condition
(1.2) of Proposition 1.1. For example, suppose that X; is the two-dimensional process
which consists of the Cauchy process with Lévy measure dz/z? on IR, and of its quadratic
variation. Then the Lévy measure y of X; is given by

dx
/ gduz/ g(z,2%)—.
R? R T

The eigenvalues of V(p) are of order p and p3, so the assumption of Corollary 1.2 is not
satisfied; however, after some calculation, one can check that the condition of Proposition
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1.1 holds, so X; has a smooth density. Later, we will study the solutions of SDEs driven
by Lévy processes X;, and the assumptions about the Lévy measure p of X; will be those
of Corollary 1.2(b), so this example will be excluded; it seems indeed hard to handle
nonlinearities under more general conditions, though, as shown in [6], some results can be
obtained from classical Malliavin’s calculus.

Remark 2. One can also find conditions under which X; has not a C* density, but a C™(*)
density, where n(t) is a non-decreasing function tending to oo as t — oo; then (see [2], [6],
[1]) the solutions of “well-behaved” SDEs driven by X; satisfy the same property, so one
can say that the Lévy process is slowly regularizing. However, the method which we will
use for non-linear functionals is not well adapted to study this type of behaviour.

Remark 3. If the law of F' is rotation-invariant [-stable (0 < § < 2) so that du(x) is
proportional to dz/|x|?t#, then V(p) is proportional to p>~#I. Thus our condition can be
viewed as a comparison with (2 — «)-stable laws.

We are now going to describe another proof of Proposition 1.1 which is more compli-
cated, but which will be extended to more general functionals F'. To this end, we need
some other notation taken from [12]. We consider the transformations e, and & of Q
which consist in removing or adding a mass at point u; they are defined by

e, w(A) =w(AN{u}), erw(A) = e, w(A) + 14(u). (1.5)

We will have to use compositions of transformations of this type; if u; # us € U and if 61,

0 € {—,+}, then
01

ul?

ehrogh = b (1.6)

01 02 _ 02
Eulo€u2 —Eu208 u

Note also that eXw = w for all w and A* almost all u, so, if Z, is a positive measurable
process indexed by v € U, then

/(Zu o eX)dAE (u) = /ZudAi(u). (1.7)

After these easily checked properties, let us state the lemma which appears as the basic
result for our Poisson stochastic calculus.

Lemma 1.3. If Z, is a positive measurable process such that
Zyoel =Z,0¢e,, (1.8)
then

E / Zyd\(u) = B / Zud\ (w). (1.9)

Sketch of the proof. One shows that the processes Z satisfying (1.8) are the positive
functions on U x 2 which are measurable with respect to the o-field generated by sets
A x B with A € 4 and

Beo(M(A); Aeud, AnA=0).
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Thus it is sufficient to prove the result when Z is the indicator of such a set, and this is
not difficult because B and A*(A) are independent (details of the proof can be found in

[12]). O

In particular, if Z is a A\~ ® IP integrable (subsequently, we will only say integrable)
process satisfying the condition (1.8), then the variables [ Z,dA*(u) are integrable, and
formula (1.9) still holds. On the other hand, if we remove the condition (1.8), then the
processes Z, oe- still satisfy it, so for any positive process, properties (1.7) of the integrals
can be completed with

IE/(Zu 0 ) dAF (u) = IE)/Zud)\i(u). (1.10)

Now, for functionals F' defined on 2, we introduce the operator
D,F=Fogl - F (1.11)

(with a slight modification with respect to the definition of [12]). Since the image of IP by
el is not absolutely continuous with respect to IP, the variable D, F is not well defined
for u fixed when F' is defined almost surely; however, it is defined d\™(u) ® dIP almost
everywhere. We also consider an operator ¢ which operates on integrable processes Z,, and
which is defined by

5(Z) = / (Zy 0 £2)dN(u) = / (Zy 0 £2)dNT (u) — / Zud\™ (1)

The following result can be found in [11] or [12] and is an easy consequence of (1.10) and
(1.6).

Lemma 1.4. Let Z be a complex-valued integrable process and let G be a complex-valued
bounded variable. Then

E[G§(2)] = ]E/ZuDuG d\™ (u). (1.12)

Remark. The operators D and § are closable in L?, and it appears that in the chaotic
representation of square-integrable functionals, D and  correspond respectively to the
annihilation and creation operators (see [10], [11]); thus the lemma describes the duality
between these two operators. When transposed to the Wiener space, D and § are re-
spectively the Malliavin derivative and the Skorohod integral; however, here, D is not a
derivation; it satisfies

Dy (F\Fy) = Fy DyFy + Fy DyFy + DyFy D, Fs. (1.13)

We now define non linear operators 6™ by induction on n as follows; for n = 0, put
§0(Z) = 1; for n > 0, the domain of §("*1) consists of processes Z in the domain of §(™)
such that Zué(”)(Z ) is an integrable process, and for such a Z, we define

5t (2) =6(26M(2)).
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In particular, if Z is deterministic and integrable, then it is not difficult to verify that

sM(Z) = / Zuy o Ty dN(uy) . .. dX(uy)
Sn

with
S ={(ur, o un) €U V) 04 = ui £},

so that 6(™(Z) is in the nth Poisson chaos; if U is identified with an interval of IR,

6"(2) = n!/ Zoy - Zow AN (1) . . d X (un). (1.14)

{ur1<...<un}

Lemma 1.5. Let Z be an integrable process and let G be a bounded variable such that
G = /ZuDquA_(u). (1.15)

If Z is in the domain of 6™, then

E[Gs"™(Z)] = E[G].

Proof. This is evident for n = 0 and

E[G6" ) (2)] = E[Go (25 (2)) ]

E
IE[é(”)(Z) / ZuDqux(u)]
E

(G5 (2)]

from the duality formula (1.12) and the assumption (1.15). []

Second proof of Proposition 1.1. The assumption (1.3) can be written in the form

/ () 2N (1) > clw[2
A

for jw| > 1 and
A= A(w) = {ueU; |h(u).w| <1}.

Thus there exists a p(w) > 0 such that
/ () w[2dA (1) > clw[2 /2
B

with
B = B(w) = {u € A@w); [h(w)] > p(w)}.
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Note that B has A\~ -finite measure. Then
/ |7 ) 1A (u) > / |w.h(u)|*dA~
B
> cc |w|*7)2.

Now consider the deterministic function

Zy = 1B<U)( —iw.h(u) //|ezw h(u) 1} A\~

and the variable G = G(w) = exp(iw.F'). Then Z is bounded, and is zero outside B which
has finite measure, so Z is integrable; moreover

DuG — (eiw.h(u) . 1)G

for A\7-almost every u, so the assumption of Lemma 1.5 is satisfied, and therefore the
characteristic function ¢ of F' satisfies

6(w)| = [E[G]| = [E[Gs™ (2)]] < B[|s™(2)]2]

for any n. But from (1.14),
E[6™(Z —n‘ /yz 2d\~

= n! / ’eiw'h(“) — 1| d)\_(u))in
B

< Cn’wln(a—2)‘
Thus, for any k£ > 0,
[w]*|¢(w)] < Chplw]F =3/

is proved to be integrable by choosing a large enough n. [ ]

2. The main result

We now want to prove a result for non linear functionals F'. The basic idea has been
developed in last proof, but it involves here more technicalities. We use the notation of §1;
in particular, ¢ and D, are respectively defined in (1.5) and (1.11); if 7 = (u1,...,ux) €
U*, we consider the transformation

and the operator



If v is a real function defined on U, we also extend v to U* by putting

(1) =y(u1) - . y(uk).

In the case k = 0, we use the convention %Fw = w, DyF = F and () = 1. The measure
)\ is extended to U* by putting

dA(ug, ..., uk) = dX\(uy) ... dA(ug)

and a similar convention is adopted for A* and |A\| = AT +A~. In particular, the expression
“almost everywhere” on U* will refer to the extension of A~. The positive constant numbers
will be denoted by c or C, and may vary from line to line; if they depend on some parameter,
this is emphasized by an index.

Theorem 2.1. Let v be a positive function defined on U such that v A 1 is in L*(U,\™);
for 0 < p < 1, define

A(p) = {u e U; y(u) < p},
and suppose that
| swranw = o (21)
A(p)

for some « € (0,2). Let F' be a real-valued variable such that
(a) for any p € (1,00), any k > 1 and almost any 7 € A(1)*, one has

[D-F||, < Cpy(7); (2.2)

(b) there exists some «/2 < (3 < 1 such that for any p € (1,00), any p € (0,1), any k > 1
and almost any 7 € A(p)*, one has

H </A(p) |DuF|21{DuF|SPﬁ}d)‘_(u)>_l oef|l < Cp,k(/A(p) 'y(u)Qd)\_(u)>_1. (2.3)

Then F' has a Cp° density.

Assumption (a) is a regularity assumption on F' with respect to the perturbations
et; it means that each iteration of a D, multiplies the order of magnitude by ~(u); in
§3, we will take U = [0,7] x R™ and ~(t,x) = |z|, so, for £ = 1, (a) will mean that a
jump of size x at time ¢ of the process X; of (0.1) should induce on F' a perturbation of
order |z|. On the other hand, (b) is a non-degeneracy assumption; it says that |D,F| is
bounded below by ~(u) in some sense; actually, an application of the Jensen inequality
proves that [|[H ™', > ||H||;", and one can deduce from (2.2) that the right-hand side of
(2.3) is dominated by the left-hand side; thus condition (b) means that the two sides are
equivalent when p tends to 0. Let us now state the extension of Theorem 2.1 to the case
of vector-valued variables F'.
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Theorem 2.2. Let F be a R? valued variable; suppose that for any unit vector v € S41,
there exists a function -, such that the variable F.v satisfies the assumptions of Theorem
2.1 with y = y,. If the constant numbers «, 3, c and Cp ;, can be chosen independently of
v, then F' has a Cp° density.

Example. For variables defined by (1.1), one has D, F' = h(u), so iterates of the operators
D, are zero on F. Thus (2.2) and (2.3) are satisfied with ~,(u) = |h(u).v| and 8 =1, so
Theorem 2.2 reduces in this case to Proposition 1.1.

Remark. The theorems also hold when F' is defined on the product of €2 with another
probability space; this other space may for instance be a Wiener space or another Poisson
space.

Theorem 2.1 will be proved by estimating the characteristic function ¢(w) of F' as
w — o00; more precisely, we will check that for any n, the function |w|="¢(w) is bounded
for |w| > 1 by some number depending only on n, «, §, ¢ and C,, x; then we will deduce
that F' has a smooth density as in §1. On the other hand, if F' is vector-valued, we can
apply this estimation to the variables F.v for v a unit vector; this implies that w™"¢(wv)
is bounded uniformly in w > 1, v € S971; we deduce that |w| "¢(w) is bounded uniformly
in w € R%, |w| > 1, so that Theorem 2.2 actually follows from Theorem 2.1. Thus the
remainder of this section is devoted to the proof of Theorem 2.1 for a real-valued F'.

For w € R, |w| > 1, and ¢ > 0, consider
B(w,)={uelU; ¢<7(u)<|w/?}. (24)

By taking p = |w|~*/?, the assumptions (2.1) and (2.3) are written in the form

/B Y (w)2dA~ () > clw|~/?, (2.5)

H(/BIDuFPl{,DuF@/w|}dx(u))_1ogj gcp,k(/Bv(u)sz—(u))—l (2.6)

p

for 7 € B¥ and B = B(w,0). This implies that there exists (y = (o(w, p, k) > 0 such that
(2.5) and (2.6) are also satisfied for B = B(w, (), 0 < ¢ < (p, and after a modification of
c and C, i; the sets B(w, (), ¢ > 0, have the advantage of having A\~ finite measure. Now
consider the process

Zy = 1g(u)(e”"™Pu" —1) / /B\eWDvF —1*dr(v) (2.7)

for B = B(w,(). Then G = ™! satisfies
D,G = (ei“’D“F — 1)G,

so (1.15) is satisfied, and from Lemma 1.5, the estimation of IE[G] can be reduced to the
proof of Z € Dom(8§(™) for ¢ > 0 small enough, and to the estimation of 6(™(Z). Recall
that S), is the subset of U™ consisting of vectors with distinct components.
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Lemma 2.3. Let Y, be a positive process indexed by 7 = (uq,..
(01,...,0,) € {—,+}". Then

S, Up) € U™; consider

IE / Y,dA% (u1) ... dA? (uy,)
Sn

=E [ (Yroelo...oeh)d\ (u1)...d\ (un).
Un

Remark. In the right-hand side, the €u, corresponding to §; = — can be omitted.
Proof. From Fubini’s theorem and (1.10), the left-hand side is equal to

E / / (7)Y dN°2 (us) . .d)\(’"(un)>d)\91(u1)
_]E/ / . (7)Y dAO2 (us) . ..dAf’n(un))ogﬁlldx(ul)

:/U<IE/S (Y 0e8)dA" (uy) . .dA‘)"(un))dA‘(m)-

n—1

It is then not difficult to prove the lemma by induction on n. [ ]

Lemma 2.4. Let Y, be a process indexed by 7 = (11,72) € Uk x U If
E [ [¥,]]d\(r)| a3 (r2) < o

then
IE Y.d\(11)d\T (12) = IE D, Yo 5+ d\™ (7).
Skt Uk+l
Remark. When 71 and 7 consist of distinct components, then

(D7, Y;) o€y, :DTI(YTO&::;)‘

Since this holds for almost any (71, 72), the right-hand side of the lemma is not ambiguous.

Proof. 1t is sufficient to expand d\(7;) and to apply previous lemma to each term. []

Lemma 2.5. For any n, the process Z defined by (2.7) is in the domain of §) for ¢ > 0
small enough, and

(n) / H w; Oy, ©...0 gqjj)d)\(ul) e dA (ug). (2.8)

TLJ 1
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Proof. This result is again proved by induction on n. For n = 1, we have to prove the
integrability of Z; to this end, note that Z, is zero for u outside B = B(w, () which has
A~ finite measure, and that

—1
12 < ([ 1D FPLp. 1N (@) (29)

The right-hand side is integrable from (2.6) for ¢ small enough, so Z is integrable and (2.8)
for n = 1 is evident. Now suppose that the result holds at rank n; we have to prove the
integrability of Z,0(™ (Z); from the formula (2.8) written at rank n,

50 (2)] < / [11Zu; 0cu, 0 0en [1dA(u)]. .. |dA(uy)]
S

n j=1
= Z / H‘Zuj 0E, O... o&:;j‘d)\el(ul) o dN (uy,).
pe{— 4} 5 j=1

Thus

]E/ | Z] |6 Z)|dA™ (u)

< Y E[ |z
Sn41 j

n

| Zu; 06 00 |dA (ug) . A" (un ) AT (ug)
1

— + n _ _
- Z ]E il |Zu0 © EU(T,O,Q) } H ‘Zuj o EU(T,j,Q) |d)\ (uo) e d)\ ('U,n)
oe{—,+1}" v 7j=1
from Lemma 2.3, where 7 = (uo, ..., u,) and U(T, j,0) consists of the components uj, such

that j < k <n and 0, = +. On the other hand, one deduces from (2.9) and (2.6) that for
any p, the variables Z, ol are bounded in L? for ¢ small enough; since they are equal to

0 outside B, this implies that the above expression is finite. Thus Z is in the domain of
s+ and

5(n+1)(z) _ /(Zuo o 87:0)5(")(2) 0 £, d\(uo)

_ /(ZUO o&:uO)</S ﬁ(zuj 0 €y © -+ 0 €0V (o) A1) - dA (1) ) dA (1)

satisfies (2.8). []

In order to compute the variance of 5(”)(Z ), we need a new multi-indexed process.
For 7 = (ug,...,us,) € U?", define

n 2n
Z(T)zlsnxsn(T)H(Zujoeglo...oegj) H (7uj05;n+1o...oagj) (2.10)
i=1 j=nt1

where Z,, is the conjugate complex number of Z,. Let Z(7) be the random function of 7
obtained from Z by symmetrization.

13



Lemma 2.6. For any n,

E[6(2)2] = ¥ %E o (DnZ(nmm) o )AN ()N (), (21)
k+i=n X

where for each (k,1), the process (11,72) — Dy, Z(1,72,72) 0 et is (A\7)®CHD @ IP inte-
grable for ( small enough.

Proof. From Lemma 2.5, it is clear that

60 (2)2 = /U N Z(r)d\(7) = /U N Z(1)d\(T).

In this integral, the components of 7 are not supposed to be distinct, and equal components
cannot be neglected in the integration with respect to A™; however, since Z(1) is zero as
soon as three components of 7 are equal, there only may be some pairs of components
which are equal; when two components are equal, we can use

d\(u)d(u) = d\T (u).

By developing on the possible numbers [ = 0,. .., n of such pairs and by using the symmetry
of Z, we obtain

| ~
)P = 3 I(L)H/ Z (1,72, 72)dA (1 )dA* (1)
2 @R J,,

with 71 of length 2k, 75 of length [, and where the coefficient is the number of sets of
disjoint pairs in {1,...,2n}. From the definition of Z and since the moments of Z, o et
are bounded, we prove that

E \Z (71, 72, 72)| |dA(71)] AT (72) < 00

Sakt1

for ¢ small enough, so we can apply Lemma 2.4 in order to conclude. []

Thus we have to estimate the right-hand side of (2.11); to this end, we still need some
technical results. If H, is indexed by 7 € (J, B¥, the notation H, = O(v(7)) will mean
that for any k, for almost any 7 € B*, and for any p, one has

2], < (o)

for ¢ > 0 small enough. If H depends on some other parameters, the constant Cp ;, must
be uniform; in particular, H will generally depend on w.

14



Lemma 2.7. Let H, Hi, Hy be complex variables which may depend on some parameters.
(i) If DH = O(y(7)), then D; H o e} = O(v(11)).

(ii) If D;H; = O(v(7)) for j = 1,2 and 7 of length at most k, then D,(HHz) = O(~(7))
for T of length at most k.

(iii) If D;H = O(~y(7)) and H=* o e = O(1), then D,(H~') = O(~y(7)).

Proof. The first result is proved by induction on the length of 75; this is evident when the
length is 0; suppose that it holds for any 75 of length k, and let us prove it for 75 = (72, v)
of length k + 1; to this end, note that

DTlH o 5?;2’7)) = DTIH o 57_; + D(Tl,’l))H [©] 5;’__2
is of order v(71) + v(71)y(v) from the induction assumption; moreover y(v) < 1 on B, so
(i) is proved. The second result is also evident for & = 0; suppose that it holds at rank k
and let us prove it for 7/ = (7, v) of length k£ + 1; from (1.13), we have

D,/(H\Hs) = D,D,(H,Hy) = D, (D,H,D,Hs + H, D, Hy + HyD,H, )
= 7(v)* D (H{ H3) + v(v) D7 (H1 Hy) + ~(v) D (H{ Ha)

with H; = D,H;/v(v); from the induction assumption applied to the variables H; and
H, we deduce that this expression is of order v(7)y(v) = ~(7'), so (ii) is proved. The
third result is also proved by induction on the length of 7. When the length is 1, the result
follows easily from the assumptions and

D,H

DI/H) = =

(2.12)

If the result holds for 7 of length k£ and in order to prove it for 7" = (7,v) of length k + 1,
we apply the operator D, to (2.12) and obtain

D H
v(v)

From (ii), we only have to estimate D, applied to each of the three terms D, H /y(v), H ™1
and (H oe )7L, For the first one, we use the assumption; for the second one, we use the
induction assumption; for the third one, we apply the induction assumption to the variable
H o g} which satisfies

(LDT,(UH) ——D-(

) H_l(Hoej)_1>.

Dr(Hoe]) = O(y(r))
from (i). Thus all these terms are of order ~(7), and we can conclude that D,/ (1/H) is of
order y(v)y(7) = (7). [J

Remark. Subsequently, we will consider variables or processes which are smooth in the
sense that each application of D,, multiplies their order of magnitude by v(u). Lemma 2.7
says that this class of smooth variables is stable by some operations.

15



Lemma 2.8. For |w| > 1, almost any u € B, almost any 7 € B* and ¢ small enough, one

has
-1

D-2.], < Cpantnir)(jul [ ~Par-()
Proof. We first prove by induction on the length k£ of 71 that

D, <exp(—iwD72F) - 1> = O(|w|y(71)v(12)) (2.13)
for  of length [ > 1. For k = 0, we have
|exp(—iwD,, F) = 1| < |w| [Dr, F| = O(|w|y(2))

from assumption (2.2). Now suppose that the estimation holds at rank k, consider a vector
71 of length k, and 7 = (1, v) of length k£ + 1. Then

D, ( exp(—iwD,, F) — 1)
= exp(—iwDr, F — iwDy, F') — exp(—iwD, F)

= (exp(—iwDTZF) - 1) (exp(—iwDTéF) — 1) + (exp(—iwDTéF) - 1)

with 75 = (72,v). We apply the operator D, and use Lemma 2.7(ii) and the induction
assumption to check that the expression is dominated by

() (W (12)7(73) + [wl(73)) = lwly()y(r2) (Jwly(r2) + 1).

Since v is bounded by 1/|w| on B, v(72) is bounded by 1/|w|’, and we can conclude about
(2.13). In particular, we have

Dy (e=P" — 1) = O(Jw|y(u)y(r)). (2.14)

Now define
H= / | wDuF — 12dA (u).
B

By applying the operator D, to
D 17 = (ePF ) (D )
and by using our estimation (2.14) and Lemma 2.7(ii), we obtain
Do (|e™ Pt — 1) = O (w?y(r)7(u)?),
s

D, H = O(w%(ﬂ /B fy(u)Qd)\_(u)>.

16



On the other hand, our assumption (2.6) implies that

Hloct = O((wQ/Bv(u)Qd)\_(u))_l),

so, from Lemma 2.7(iii),

D,(1/H)=o(fy(7>(w2 /B 7(u)2d)\_(u))_1). (2.15)

Now Z, is the product of the two processes which have been studied in (2.14) and (2.15),
so we can conclude from Lemma 2.7(ii). []

Proof of Theorem 2.1. The process Z(71,72,72) is defined by symmetrization of (2.10), so
it is a linear combination of products of processes; in particular,

]2(71,72,T2)| < H | Zu H |Zu?

ueT! UET2

almost everywhere, so

Zir1.am) =02 (o [ awPar-) ).

We apply the operator D,, and the transformation 51‘2 to this expression, and we expand
D, by iteration of (1.13); we obtain expressions of type D,/ (Z, o €;,) o &f, where 7
is extracted from 71, u and 73 are extracted from (71, 72); if 7{ and 73 have a common
component, this expression is 0; otherwise, it is almost everywhere equal to D/ Z,, o et

&
where 75, consists of the components of 75 which are not in 73; from Lemmas 2.8 and 2.7(i),
it is of order

—1
1) (jul [ A@Par )
B
This means that applying D,; and e, multiplies the order of Z, by v(7{). By taking into
2

account all the terms, one can check that applying D, and 8;; to Z (71, T2, T2) multiplies
its order by (71 ), so that

DrZ(r1,mam) 0 €7, = 0(7(71)27(72)2@/
B

After the integration with respect to 71 and 75, we obtain

/D712(71,72,72) ol d\™(11)d\" (1) = O (w_zn (/B ”Y(U)zdu> 2k+l_2n)

~0 (w_2” ( /B ’y(u)2du>_n)
— O(|w‘—(2—a/ﬂ)n)

from (2.5). From Lemma 2.6, the left hand side is involved in the variance of §(")(Z), so,
by choosing ¢ small enough, the characteristic function ¢ of F' satisfies

[p(w)] < IEU(S(M(Z)F} 1/2

and we can conclude as in §1. [ ]

Y(u)PdA (v)) _2n>.

< Cp|w|~@Fa/Bn/2,
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3. Functionals of Lévy processes

Suppose that U = IRy x IR™, that A\~ is the product of the Lebesgue measure on
IR+ and a measure p on IR™ which integrates the function |z|?> A 1. Then variables on
are functionals of the Lévy process (Xy;t > 0) with Lévy measure p defined by (0.1). We
would like to find conditions which are sufficient for the existence of a smooth density and
which are more tractable than those of Theorem 2.2; these conditions will then be applied
to the case of stochastic differential equations. The particular form of U makes possible
the use of the differential calculus on IR™, and we are going to replace the non-degeneracy
condition (2.3) by a condition involving an analogue of the classical Malliavin matrix. A
random variable F' defined on 2 can be viewed as a functional of the path s — X, and for
(t,z) € U, the variable F o &/ is equal to the functional F' computed for the transformed
path

s — X —I—xl{szt}.

Theorem 3.1. Suppose that the Lévy measure p satisfies the conditions of Corollary
1.2(b). Let T > 0 and let F be a R? valued functional of (X;;0 < t < T) satisfying
(a) for any p and k,

k
esssup{lDTFl/(H 21); 7= ((tr,21), - -, (trs 21)), |wj|§1} < o0; (3.1)
j=1

p

(b) there exists a matrix-valued process 1, such that for |z| <1, p > 1,
[|DeaF — ||, < Cplal” (3.2)

for some r > 1, and

< 00. (3.3)

<det /O ! wtw;dt) o

p

Then F' has a Cy° density.

Remark. In (a), the essential supremum is relative to the product of measures dt;du(x;);
in particular, we can replace the process 7 — D, F by one of its modifications; this is
useful because F oe is generally not well defined when X has a jump at one of the times
t;.

In order to prove Theorem 3.1, we have to verify the conditions of Theorem 2.2; to
this end, we put

v(t, ) = ||l /(1)

and fix # in («/2,1). We will need the following result which is proved like Lemma 2.7.
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Lemma 3.2. Let H, Hi, Hs be variables which may depend on some parameters.

(i) If
D.H
€ess sup | | < Cpi
TEA(L)R v(7) p
for any k and p, then
| Dy H| o e,
esssup ———————|| < Cpi-
(T1,72)EA(1)k+ v(71) p
(ii) If
D.H;
ess sup | ] < Cpk
TEA(1)k v(7) p
for j = 1,2, then
D.(HH
ess sup M < C;, L
TEA(L)k v(7) P ’

Now, for k£ and v fixed, define the events

Ei(p) = { ess sup
TEA(p)*

/ D Fv|? oefd\™(u) — / [pez.v|2dt dp(z)
A(p) A(p)

1
>3 [ waPddn)}
2 J a(p)
and
By(p) =4 esssup |DyFloct > p7y,
(T,u)EA(p)k+?
and let

E(p) = E1(p) U Ex(p).
Note that on the complement of E(p),

1
(/ ‘DuF.v}21{|DuF.U‘§pg}d)\_(u)) oel > 5/ }wtx.vfdtdu(x). (3.4)
A(p) A(p)

Lemma 3.3. For any q,
PIE(p)] < Chogp".

Proof. We have to estimate the probabilities of E;(p) and E2(p) as p — 0. Note that from
the assumptions on V(p) in Corollary 1.2(b),

T
/ lwtx.v|2dtdu(a:) = v*/ Py (/ a::v*de))?ﬁdtv
A(p) 0 {lz|<p} (3.5)



where A(S) denotes the smallest eigenvalue of S, so from our assumption (3.3),

(/A(p) Wt:c.v|2dtdu(m)>1 — o((/{mgp} \x!zdu(:z:))l) (3.6)

in the spaces L?; on the other hand,
| / Dy Foof? 0 e dA= (u) — / ez dt du(a)
A(p) A(p)

< / ’ET(|DUF.1)’2) ‘d)\_(u) +/ (2|vix| + | Dio F — Yyx|) | Den F — ty|dt dp(x)
A(p)

A(p)
(3.7)
with the notation
k
D.H=Hoef —H=) Dy,Hoel o...0ocf .
j=1
One deduces from (3.1) and Lemma 3.2 that
esssup | Dy, (|DuFv?) oef o.oel |/ (v(uj)v(u)?)|| < Cp,
(ul,...,uk)EA(l)k P
S0 B
esssup | D (| D, F.o?)| = O(py(u)?). (3.8)
TEA(p)"
From (3.2), (3.7) and (3.8), one obtains
ess sup / |D F.vl? oerd\™(u) — / [pea.v|2dt du(:z:)‘
TeA(p)*'J A(p) Alp)
=0 [ i+ [ aturtiax ) (3.9)
A(p) A(p)

= opr-n / ()
{lz|<p}

Thus the product of the left-hand sides of (3.6) and (3.9) is of order p("~V ! in any LP, so,
since E1(p) is the set of w € € such that this product is greater than 1/2, its probability is

of order p? for any ¢ > 0. In order to estimate Fs(p), one deduces from (3.1) and Lemma
3.2(1) that

|D F|oef
esssup ——————|| < Cpp,
(r,u)€A(1)k+1 ¥(u) p
SO I N
ess sup # — O(p176)7
(T, u)€A(p)k+T P
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and therefore, the probability of Es(p) is also of order p? for any ¢ > 0. []

Proof of Theorem 3.1. Recall that (¢, z) is |z| for t € [0,T], so condition (2.1) is evident
from the assumption (1.4); thus we have to verify that each variable F.v, v € S9!, satisfies
(2.2) and (2.3). But (2.2) follows immediately from (3.1), so let us prove (2.3) for p and k
fixed. Define

R=R(p,w)=sup{p <p; wé¢E()}.

From Lemma 3.3,
Vo' <p PR <] <IPE()] < Cyp'”. (3.10)

From the definition of R, there exists a variable ' = R/(p,w) taking the value p on the
complement of E(p), and such that

R(p,w)/2 < R'(p,w) < R(p,w)  and  w ¢ E(R (p,w)).

One can check that R’ also satisfies an estimate of type (3.10), so the moments of 1/R’
are finite, and moreover

E[R ™ "1{p<p] < Crgp? (3.11)

for any n and ¢. Now if we recall that A(S) denotes the smallest eigenvalue of S,

4

1
</ \DUF.v]21{|DuF‘U|§pg}d)\_(u)> og
A(p)

—1
< </ |DyFv|*1p, poj<ppydA (U)> oef
A(R")
-1
< 2(/ [y v|?dt du(m))
A(R")

<on(f ") ( [ )
< CA(/OT ¢t¢:dt>—1 [</{|:c|§p} |x\2du(x))_1 +CR “Lipep|.

In the first inequality, we have used the property R’ < p; in the second one, we have used
(3.4); in the third one, we have used (3.5); in the last one, we have considered separately
the cases R’ = p and R’ < p, and in the latter case, we have applied

/ |lz|?du(z) > cR'“.
{lz[<R"}

Thus the estimation (2.3) which has to be proved for F.v can be reduced to the estimation

of
1 o
([ lePau@) " + IR Lwen],
{lz|<p}

as p — 0. The first term (which tends to infinity) is exactly what we want, and the second
one is negligible from (3.11). []
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Remark. Suppose that X; has not approximately the same number of jumps in all the
directions, so that eigenvalues of V(p) are not in a bounded ratio. Then one can still obtain
a similar result, provided that the nondegeneracy condition (3.3) holds in the directions
where there are many jumps. More precisely, if

/ zx*dp(zr) > S/ |z|?dp(x)
{lz[<p} {lz|<p}

for some symmetric positive semidefinite matrix S, then conclusion holds if

“(det/OT@th@b:dt)_lH < 0.

p

One can also apply a partial calculus; if 4 = p1 + p2, then AT can be decomposed into the
sum of two independent Poisson measures; if one applies our calculus only with respect to
the first one, then only p; has to satisfy our assumption.

4. The case of stochastic differential equations

Consider again the Lévy process X; of (0.1), and let us study the special case F' = Yp
of a variable defined by a X-driven stochastic differential equation; we want to see how
conditions of Theorem 3.1 can be verified in this framework. Let a(y,z) and b(y) be RR?
valued functions defined respectively on RY x R™ and IRd; suppose that

a(y,z) = a(y)r + a(y, z)

where a(y,xz) = o(|z|) as © — 0. We will say that the process Y; is a solution of

dY, = b(Y)dt + a(Yi—,dXy), Yo =y, (4.1)
if
t
Yt:y0+/b(Y)d8+/ L)dX,+ ) a(Ye, AX,)
0 0 s<t
where

> Ja(veo, AX,)| <

s<t

If g(y,x) is smooth with respect to y and if k& € IN%, the function g differentiated k;
times with respect to each y; is denoted by g the Jacobian matrix with respect to y is
denoted by ¢’. Henceforth, the regularity and boundedness assumptions for a and b are
the following ones.

Assumption (A). The functions @ and b are C*° with bounded derivatives, the function
a(y, x) is infinitely differentiable with respect to y, and

jaly, 2)] < CA+[yDlz|",  [@®(y,2)| < Cylal” (4.2)
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for k € N\ {0}, |z| < 1, and some r > 1 such that

/(|x|r A1)dp(z) < oo. (4.3)
Moreover

/!a(y,w)\pdu(x) < C(1+ [y))?, sgp/la(k)(y,x)!pdu(fv) < o0 (4.4)

for k € N\ {0}, p > 2. [

Under Assumption (A), the equation (4.1) has a unique solution Y;. When a = 0, this
is a standard result since the coefficients @ and b are globally Lipschitz. The general case
can be dealt with by writing (4.1) as dY; = dX;(Y;—) in the sense of [4], where

Xi(y) = by)t + /0 a(y,dX,) = b(y)t +a(y) X, + Y aly, AX,)

s<t

is a Lévy process with values in the space of smooth maps from R? into itself (the conver-
gence and smoothness of the sum follow from (4.2) and (4.3)).

Moreover, it is proved in [4] that for (¢,y) fixed, the solution at time s > t with initial
value y at time ¢ is given by a smooth stochastic semiflow ¢5(y), and the derivatives of ¢y
are obtained by deriving formally the equation (in [1], a weaker differentiability is studied;
when @ = 0, one can also see [9]). In particular, the derivative Z! = ¢},(Y;) is the unique
matrix-valued solution of

dZt =V (Y,)Ztds + d (Ys_,dX,) 2

Ss—

Zt =1 (4.5)

for s > t. In contrast with the continuous case, one must notice that the semiflow ¢, is
invertible only when p-almost all the maps

y—y+a(y,x)

are invertible (see for instance [5] in the case @ = 0).

We now verify that in the case F' = Y7, the Malliavin matrix involved in Theorem 3.1
can be expressed as in the classical continuous case; the analogue of the diffusion coefficient
isaa”.

Theorem 4.1. Assume that a and b satisfy (A), that the Lévy measure pu of X satisfies
the conditions of Corollary 1.2(b), and that the nondegeneracy condition (3.3) holds with

e = Zpa(Yr) (4.6)
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for some T' > 0. Then Y7 has a C;° density.

We need some preliminary results. We will use the Sobolev inequality
sup |H(y)| < C Z /|H(k) )|dy
|k|=d+1

which is valid for smooth functions H with compact support in IR%, and which is easily
proved by estimating the Fourier transform of H; by localizing, one deduces that

o [H) <0 S [ Ol (47)

lyl<p |k|<d+1 {lyl<p+1}

for a C' which does not depend on p.

Lemma 4.2. Let Hy(w,y1,2) and Ha(w,y1,y,2), 11 € R, y € RY, z € E (a parameter
space), be random functions such that

Jsup E2 . 2)]| < Qo).

k
Jsup £ 1.9 2)| < Quao),

for p > 1, k € IN%, some functions Qp, Qrp with at most polynomial growth, and where
Hék) are the derivatives with respect to y. Then the function

H . (yl,Z) = Hg(y17H1(y1,Z),Z)

satisfies an estimate similar to the one for Hy: for any p, there exists a function @p with
at most polynomial growth such that

HSlip ’H(yl,z)\”p < Q,(y1)-

Proof. By applying the Sobolev inequality (4.7) to y — Ha(y1,y, 2),

[H(ys,2)| < sup{ |H(y1,,2)]; ly] < sup |Hi (g1, 2)| }

<cy | H (g1, ) dy.
k|<d+1 7 {lyISsup, [Hi(y1,2)|+1}
Thus
Jsup 2. 21|
() 1/(2p)
sup | (1, v, )|, P|sup [H (e, )] +2 > fol +1] " dy
|k|<d+1
2
<C@Q(mh+2)"" Y /|y|+1 V=12 Q, 4 (y)dy
|k|<d+1

where the probability was estimated from the Bienaymé-Chebyshev inequality. By choosing
q large enough, the integrals are finite, so we can conclude. [ ]

24



Lemma 4.3. One has

| s 6¥wl] < Quw

0<s<t<T

for some functions Q, with at most polynomial growth, and where the supremum is
relative to the couples (s,t).

Proof. If we only take the supremum with respect to ¢t with s fixed, this is a standard
estimate on the solution of (4.1), and Qy, is affine if k¥ = 0 and is constant otherwise (see
[4]; estimates of the derivatives require the graded equations of [1]). More generally, for
any stopping time o, the process ¢,+(y) is the solution of (4.1) with initial value y at time
o, and

sup |6 (W) < Co(1+ 1w

k
sw 6 )| <6, (4.8)
o<t<T o<t<T P

for k # 0 and where C), does not depend on o. The delicate point in the lemma is that
we have to take also the supremum with respect to s; moreover, the flow is not necessarily
invertible, so we cannot write ¢ = ¢y 1. To make it invertible, we have to remove the
big jumps. Let py > 0 be such that

|| < po == supa’(y,2)| < 1/2. (4.9)
Y

When |z| < pg, the map y — y+ a(y, z) is a diffeomorphism, so ¢ is a diffeomorphism as
soon as X; has not a jump bigger than py on [s,t] (see [5], [4]). Now consider the sequence
of stopping times o; where oy = 0 and o4 is the infimum of times s > o; such that

IAX;|>py or  sup |dos(y) —y|=p1/2 or s>0;+T
ly—y1|<p1

for fixed p; > 0 and y;. On the event {o; < s < 041}, the map ¢, is invertible and we
can write

¢st = ¢ajt ° ;jls- (410)

We want to estimate ¢§’§) (y1) uniformly in s € [0j,0;41) and t € [s,T]. We expand this
derivative as a sum of products of type

oW 00 L), oM oo L), (8. odsk(w).

From Lemma 4.2, we are reduced to estimate the L? norms of

k — —
sup |1 (y)] sup (94,7 (W)l sup [, (un)
O'J'StST O‘j§8<0'j+1 O'j§8<0'j+1

by some functions of y or y; with at most polynomial growth, and the estimates for the
first and second terms should not depend on y; (note that o; depends on y;). Firstly
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qﬁ((,]j)t(y) is estimated in (4.8). Secondly, ¢ ,(y) is solution of (4.5) with Y; replaced by
bo;s(y), so ( f,js(y))_1 is solution of

d7s = —Zs(b/ o ¢0js)(y)d8 + 75 ((I —+ a/(¢ajs— (y)7 dXS))_l B [) . (411)
Since the coefficients of this equation are bounded, one can deduce that

sup [ (@5, (W) || < Gy (4.12)

0;<s<0jy1

Thirdly, we have to study d);jls (y1) on {o; < s < gj41}; but from the definition of 041,
we have that

’y_yl‘ < pp = ’(,bcrjs(y) _y| < /)1/2,

so the image by ¢, s of the sphere of center y; and radius p; is included in the complement
of the closed ball of center y; and radius p1/2 and this ball contains ¢,,s(y1); since ¢,
is a diffeomorphism, the image of the ball of center y; and radius p; contains the ball of
center y; and radius p1/2, so

|¢;jls(y1) - ?Jl’ S P1

and therefore

sup |¢;jls(yl)|H < Y1+ p1 (4.13)
0'j§8<0'j+1 p

As it was explained above, from (4.8), (4.12) and (4.13), we can apply Lemma 4.2 and
deduce that

k
| sup 168 @0, <oco, ]| < Qualin)
0<s<t<T P
for @, with at most polynomial growth. Now
su su 1o RN H
Hossslt)ST‘ 2 |H ZHO<S<]7;§)<T (y1)| lojSs<ejia} oy <T) p

(4.14)
< Qrap(y) Y Ploy < T]VEP)
J

so we still have to estimate the series. From the definition of (¢;), it can be seen that the
variables (o1 — 0;) are independent, identically distributed, and that

2
Ploy <t] < IP[Sup|AXS| > po} + —IEsup sup }gbs(y) — y‘
s<t P1 s<t ly—uyi|<p1

for t <T" and with ¢5 = ¢gs. Since Xy is a Lévy process,

]P[sup |AX| > Po} <Ct.
s<t
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The supremum with respect to y is estimated from the Sobolev inequality (4.7), so that

sSup |¢s(y>_y‘ <C |¢s(y)_y‘dy
ly—y11<p1 {ly=y11<p1+1}
e > 640 dy.
1<|k|<d+1 {ly=y11<p1+1}

We deduce from the L? estimates of [4] that

IESlilz\cbs(y) —y| <C+ ly)Ve, IEStilz\cbgk)(y)\ < CpVt

for k # 0, so
Ploy <t] <VEQ(y1) < 1/2

if t < T A1/(4Q(y1)?), with Q having at most polynomial growth. Let J = J(y;) be
the first integer greater than 47 Q(y1)?; since o; is the sum of j independent variables
distributed like o1, we have

Plo; < T] < JP[oy 5 < T/J] < JP[oy < T/J]Y7 < (20)/(2017)
where [j/J] is the integer value of j/J. We deduce that

ZIP <)V < €, (4T Qyr)? + 1) TV (4.15)

The result now follows from (4.14) and (4.15). []
Proof of Theorem 4.1. Consider the function
Ep,z,y) =y+plz|taly,x),  p=0, |z| <1,

and for 0 <t; < ... <t <T, the random map

E(Y0, p1,1,T1, - - -5 Pl by Tk) = Dt © E(PRy Thy ) © Pty 1ty © - - 0 E(P1, X1, ) © Doty (Yo)-

Then for 7 = (t1,x1,...,tk, k), one has

Yroel =E(yo,|z1l, t1, 21, - ., |kl thy k)

and

|1] |z | oF=
DTF:/ dpl.../ dpka—(yo,pl,tl,l'l,...,pk,tk,ZBk),
0 0 p1...Opk

so in order to estimate the left-hand side of (3.1), we can use

| D+ F|

Sup{’— Yo, P1, 61,1, -5 P> Ths Th) |5
Tz, =" Udp . opr )

ess sup

0<p;<L,0<t;<...<ty <T, \flijlil}-

27



Now, by expanding the derivative, since the derivatives of £ with respect to p and y are
bounded, we are reduced to estimate the moments of variables of type

k/
gjt3+l 0 &(pj;xj,.) 0 dt;_yt; 0 ... 0&(p1,21,.) © Por, (o)

We apply Lemma 4.2 to this composed function, and ¢§f2+1(y), b1,1,,, (y) are estimated

from Lemma 4.3, so we obtain the condition (a) of Theorem 3.1. For (b), it is clear that
Yroef, = our (Ve + a(Yy, z))

is differentiable with respect to z at x = 0, and if v, is the Jacobian matrix, it is given by
(4.6). Moreover
Dtmy E’(y07|x|7tam) _E(y0707t7x)

and .
d o= Dby
Z O (Yo (4002 = bl 5 (0,0, t.0) = 3 e (1) (Y,
: J:]_ yj
SO
| 9% a(Yy, 2)\ a;(Ye, 2)ag (Y, )
DwY B _ d tT ts J\Lts k\1Lt,
T = = Z/ ”/ ayjayk R ) j?
Oir
25, YY),

J

The moments of the first and second derivatives are proved to be bounded from (4.8), the
variables a; (Y, x) and a;(Y;, z) are respectively of order |x| and |z|", so this expression is
of order |z|™"2. []

In Theorem 4.1, the only condition which does not rely explicitely on the coefficients
of the equation is the condition (3.3) concerning the Malliavin matrix; we now want to
find sufficient conditions for it; this condition can actually be decomposed into conditions
on Z% and on @; the condition on Z% is linked with the local invertibility of the flow (note
that such a condition does not appear for continuous diffusions); for @, we verify that the
uniform ellipticity of @a* is sufficient, but we also give another example, namely the Lévy
stochastic area; this example can probably be generalized to a more general condition of
Hormander’s type as in [7], but we will not deal with this problem in this work.

Corollary 4.4. Suppose that u satisfies the conditions of Corollary 1.2(b), that a and b
satisfy (A), that aa* is uniformly elliptic, and that

det (I +a'(y,x)) > ¢/(1+]y|?) (4.16)
for some q > 0, any y and p almost any x. Then Yr has a Cp° density for any T > 0.

Proof. One can check from the assumption (4.16) that the derivative Z! of the flow ¢y is
invertible; moreover, if o9 = T and

oj =sup{t < oj_1; |AXy| > po}
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for po defined in (4.9) and with the convention sup @ = 0, then

Zr =23 (I +d' (Yo, AXo)) 232 200 (T4 d (Yo, AZy, ) Z;, . (417)
on {o; <t <oj_1}. Conditionally on (0%, k € IN), one can write the equation satisfied by
(Z]7)on {o; <t < oj_1} as an equation similar to (4.5), but with the jumps of X greater
than py removed; the solution of this equation is invertible and its inverse satisfies (4.11)
with the big jumps of X removed. The times o} are not stopping times, but the sequence
(0k) and the process X with its big jumps removed are independent, so one can deduce as
in (4.12) that

]E[ sup ‘(ij)_1|p

0 <t<oj_1

(o3 k € ]N)] < C,p.
From this estimate and (4.16), by writing the inverse U; of Z% from (4.17), we obtain

H sup |Ut|H < C’k,pHsup(l + |Ys|q)k_1H < 0.
t>0p p s P’

On the other hand

()" = U (@(Va)a* (V) Uy < CUFU,

SO
Yoy > Vil
for a positive variable V; satisfying
sup V; || < oo.
t>o P

Thus, for any k,
T

tht) B

([ wwstar) "< ([

I(T — o)t sup V7L

t>op

IN

The variable T' — oy, is the sum (limited to T') of k independent exponential variables, so
its inverse is in LP if k is chosen large enough, and we can conclude. [ ]

Remark 1. If one assumes that the left hand side of (4.16) is bounded below by a positive
constant, the proof of the corollary can be shortened by noticing that (Z%)~! has bounded
moments, so that (1;2)})~! also has bounded moments.

Remark 2. Our assumption (4.16) deals with the behaviour at big jumps; it implies that
the semi-flow ¢4 is locally injective, but not necessarily globally, as it can be seen in the
two-dimensional example

a(y,x):ac if $7’5$0,
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a(y, o) = (2 + arctany; ) (:?jij) —y

when u({zo}) > 0.

Remark 3. If the Lévy measure p does not charge similarly all the directions, one can try
to proceed as explained in the end of §3. However, some results which were previously
obtained with the classical Malliavin calculus do not follow directly from our results, and
really need a precise study of noises with different levels such as [6].

Remark 4. In contrast with the continuous case, the ellipticity condition for aa* must
hold everywhere and not only at the origin yg; a big jump can indeed make the solution to
exit the ellipticity domain too quickly, so that the density cannot be bounded. Note also
that the ellipticity condition without the local invertibility of the flow is not sufficient.

We now consider an example which satisfies a Hormander condition rather than the el-
lipticity condition of Corollary 4.4; this will be the classical Lévy stochastic area considered
in the case of Lévy processes.

Corollary 4.5. Let X; = (X}, X?) be a two-dimensional Lévy process satisfying the
assumptions of Corollary 1.2(b), and such that

/|:L'|pd,u(x) < 00
for any p > 2. Define

1 T T
Ly = 5(/ XL dx? —/ X,?_dth).
0 0

Then Yr = (X7, Lt) has a Cp° density for any T' > 0.

Proof. This case corresponds to the equation (4.1) with coefficients

1 0
b=a=0, aly=| 0 1
—y2/2  y1/2

After some computation, one obtains

T T 1 /7T 9
det/ z/Jtz/Jt*dt:TQ/ ‘Xt— —/ Xsds‘ dt
0 0 T 0

k=l ptjp i1
-y [
j=0"1t
k—1 ts ts
k‘T j+1 Jj+1
— TZ/ / X, — X,|?ds dt
j=0"1t tj
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for the regular subdivision t; = jT'/k of [0,T]. For any 6 > 0, the variables X; — X,
|t — s| > d, have uniformly bounded densities, so

sup{IE[|X; — X |7']; [t — 5| > 6} < o0,

tit1  ptita —1/2
IE(/ / X, — X,|2ds dt) < .
t; t;

The variables corresponding to different values of j are independent, so

and therefore

1 k-1 tit1  plita
Plaet [ <u] <[[w[[ 7 [ 00t - xldsde < 20/ (6] < Cunt”?
0 =0 t t

so the inverse of the determinant is proved to have a finite pth moment by choosing k large
enough. [ ]
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