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The model

op(a, z,t) + dap(a, z,t)
= —u(a)p(a, z,t) + kAp(a, z,t), a€(0,a"), zeQ, t>0,
p(aamat)zov a < (07a*), x €0, t>0,
(1)
p(a,z,0) = po(a, ), ac(0,a), e,
p(0,z,1) / B(a)p(a,t, z)da, zcQ, t>0.

@ p(a,z,t) denotes the distribution density of the population of age a at
spatial position x at time ¢;

@ po denotes the initial distribution and a* is the maximal life expectancy;

@ ((a) and u(a) are positive functions denoting respectively the birth and
death rates (which are supposed to be independent of z);

@ 2 is a smooth bounded domain, k is a positive constant diffusion
coefficient and A the laplacian with respect to x:
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The model

Typical assumptions on 3 and u are the following
e B€ L*0,a*)NL>®(0,a*), B> 0a.e. in (0,a*) ;
o pe Ll (0,a*), p=0ae. in(0,a*) and

lim p(s)ds = +oc.

*
a—a 0

We also introduce the function

r(a) = exp <— /O " u(s) ds>

which represents the probability to survive at age a > 0.
Note that lim,_,+ 7(a) = 0.
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The model

Assume that pg is unknown.

The aim of this talk is to design an observer for (1). More
precisely, we want to recover the distribution density of the
population p(a,z,t) for arbitrary a and = and for ¢ large enough,
from the knowledge of p(a,x,t) for arbitrary ¢ but only for an age
interval (a1, az2) (where 0 < a1 < az < @*) and a subdomain

O C Q. In other words, the available output is y(t) = pl(a,,a0)x0
where t € (0,T) (T has to be chosen large enough).
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The model

Some references on population dynamics

@ Semigroup properties: Song et al., Chan, Guo, Li et al.,
Langlais, Walker

@ Controllability problems: Ainseba, Anita, lannelli, Langlais,
Traoré, Kavian

@ Inverse problems: Traoré, Rundell, Filin, Perasso, Picart

@ Numerical aspects: Lopez, Trigiante, Douglas, Milner, Huyer,

Guo, Gerardo-Giorda
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The model

First order system

We introduce the Hilbert space X := L2 ((0,a*) x ), and define
the following unbounded operator A of X:

D(A)={pecX| go( ) € H*(Q) N HY(Q) for almost all a € (0,a*);
»(0,x) / B(a)p(a,x)da for almost all z € Q;
—0ap — pp + kAp € X'}

Ap = —0up — pp + kAp,  Vp € D(A).

Then problem (1) reads in the compact form

p(t) := Ap(t), t>0
{ p(0) = po. (2)
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The model

Well-posedness result [Guo, Chan, 1994]

The operator A is the infinitesimal generator of a Cy semigroup
et on X.

Consequently, if pg € X, there exists a unique solution

p € C(]0,00),X) of (2), and if pg € D(A), there exists a unique
solution p € C([0,00), D(A)) N CL([0,0), X) of (2).
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Spectral properties The diffusion free population dynamics
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Spectral properties The diffusion free population dynamics

The population dynamics with diffusion

McKendrick—VVon Foerster model

The diffusion free case is described by the so-called
McKendrick—Von Foerster model (1959):

Oip(a,t) + dap(a, t) = —p(a)p(a,t),  a€(0,a%), t >0,

p(a,O) = po(a), a € (O,CL*),

p(0,1) = /O " Blayp(a,t) da, >0,
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Spectral properties The diffusion free population dynamics

The population dynamics with diffusion

First order system

The population operator Ay corresponding to the above system is
defined as follows

D(Ay) = {90 € H'(0,a%) | (0) = Oa Bla)e(a) da;
—j—i — pyp € Lz((),a*)} .

dy
Aop = —-—np, Vo€ D(A).
Then the McKendrick—Von Foerster model reads in the compact
form .
{ p(t) == Aop(t), t>0
p(0) = po.



Spectral properties The diffusion free population dynamics

The population dynamics with diffusion

Spectral properties [Song et al., 1982]

Theorem

The operator Ay has compact resolvent and its spectrum is constituted
of a countable (infinite) set of isolated eigenvalues with finite algebraic
multiplicity. The eigenvalues (pn)n>1 of Ay (counted without
multiplicity) are the solutions of the characteristic equation

F(p) := /Oa Bla)e "*m(a)da = 1.

The eigenvalues (pr,)n>1 are of geometric multiplicity one, the
eigenspace associated to y,, being the one-dimensional subspace of
L?(0,a*) generated by the function

Yn(a) = e #r%7(a) = e—Hna—[5 n(s)ds

ot
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Spectral properties The diffusion free population dynamics

The population dynamics with diffusion

Spectral properties [Song et al., 1982]

Finally, every vertical strip of the complex plane oy < Re (z) < ag,
a1, a9 € R, contains a finite number of eigenvalues of Ay.
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Spectral properties The diffusion free population dynamics

The population dynamics with diffusion

Spectral properties [Song et al., 1982]

The operator Aqy has a unique real eigenvalue py. Moreover, we
have the following properties

@ (1 is of algebraic multiplicity one;
Q 11 >0 (reps. py <0) if and only if F(0) > 1 (resp.
F0)<1),

© 1 Is a real dominant eigenvalue:

w1 > Re (pn), Vn > 2.
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Spectral properties The diffusion free population dynamics

The population dynamics with diffusion

The population dynamics with diffusion

Recall:
D(A) = {cp € X | ¢(a,-) € H*(Q) N Hy () for almost all a € (0,a");
(0, ) / B(a)p(a,x)da for almost all z € Q; —Dap — pp+kAp € X}
Ap = =00 — i + kAo, Vo € D(A).

Let 0 < AP < AP < AP <. be the increasing sequence of
eigenvalues of —kA with Dirichlet boundary conditions and let
(¢n)n>1 be a corresponding orthonormal basis of L?(€2).

Let (tn)n>1 and (1, )n>1 be respectively the sequence of
eigenvalues and eigenfunctions of the free diffusion operator Ay.
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Spectral properties The diffusion free population dynamics

The population dynamics with diffusion

Spectral properties [Chan and Guo, 1989]

@ The operator A has compact resolvent and its eigenvalues are

o(A) = {M—Af li, ] eN*}

@ A has a real dominant eigenvalue:
A =1 — AL > Re(\), VA € 0(A), A # A1

A1 is a simple eigenvalue, the corresponding eigenspace being generated
by
®1(a, z) := 1 (a)pr(z) = e " m(a)pr(x).

© The eigenspace associated to an eigenvalue \ of A is given by

Span {:(a)ps () = e *m(@)ps (@) | s = AT = A}

v
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Spectral properties The diffusion free population dynamics

The population dynamics with diffusion

Spectrums

x A
X
. X
X A1 Ap = 00
X ° *-¥e-o—s——)
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X

Figure: The spectrums of the free diffusion operator Ay (green) and of
—kA (red).
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Spectral properties The diffusion free population dynamics

The population dynamics with diffusion

Compactness [Chan and Guo, 1989]

Proposition

*

The semigroup e'* generated on X by A is compact fort > a*.

According to Zabczyk, this implies in particular that
wa(A) = wo(A)

where wg(A) := tligrn t~11n ||e*”|| denotes the type of e and
— 100

wo(A) :=sup{ReA | A € 0(A)} the spectral bound of A. It is
worth noticing that the above condition ensures that the
exponential stability of ¢4 is equivalent to the condition

w()(A) < 0.
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Detectability
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Detectability

Abstract framework

Let A:D(A) — X be a linear operator with compact resolvent on
a Hilbert space X generating a Cy-semigroup in X, and let
C € L(X,Y), where Y is another Hilbert space. We assume

(Al.) A admits M eigenvalues (counted without multiplicities) with
real part greater than 0. More precisely we can reorder the
eigenvalues (\,,)nen- of A so that the sequence (Re Ay, )nen-
is nonincreasing, and we suppose that M € N* is such that

- < ReAdpys1 <0< Redy <--- <Redy < Res.
(A2.) We have the equality

Wq (A) = Wo (A) .
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Detectability

Detectability

Definition
The pair (A, C) is detectable if there exists H € L(Y, X) such
that (A 4+ HC') generates an exponentially stable semigroup. Such

an operator H is called a stabilizing output injection operator for
(A, C).

In this section, our goal is to show that the detectability of the
infinite dimensional system (A, C) can be deduced from the
detectability of the finite dimensional system corresponding to the
unstable part of A (namely the projection on the finite dimensional
space associated with the unstable eigenvalues A1, -+, Ay)
provided a Hautus type assumption is satisfied.
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Detectability

Projector

We set X4 := {\1,..., Ay} and let 'y be a positively oriented
curve enclosing 3 but no other point of the spectrum o(A) of A.
Let P, : X — X be the projection operator defined by

1

211 s

P, = (€ —A)~tde.
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Detectability

Splitting

We set X := Py X and X_ := (I — P;)X, and then P, provides
the following decomposition of X
X=X,X_.

Following [Triggiani, Raymond, Thevenet, Badra & Takahashi], we
can decompose our system into two subsystems:

@ a finite dimension one to be stabilized,

@ a stable infinite dimensional one.
More precisely, X1 and X_ are invariant subspaces under A (since

A and P commute) and the spectra of the restricted operators
A }X+ and A ’X_ are respectively ¥, and o(A) \ ¥4. We also set

Ay = Alpaynx, DA N Xy — Xy,
A= A|’D(A)HX_ : D(A) NX_ — X_.



Detectability

Remark

The space X is the finite dimensional space spanned by the generalized
eigenfunctions of A associated to the unstable eigenvalues:

M

X, = @ Ker (A — )\k)m];

k=1
where mY is the multiplicity of the pole Ay in the resolvent. If
mi == dim Ker (A — )\k)mE denotes the algebraic multiplicity of Ag,
k=1,..., M, then the dimension of X is the sum of the algebraic

multiplicities:
M

dim X, = Zm?.
k=1
If Ay := A|p(a)nx, is diagonalizable, then m©(\z) = m*(Ay) for all
positive eigenvalues A\, of A. This implies in particular that the unstable
M
space is X = @ Ker(A—\g), sincem®*(\y) =1, forallk=1,..., M.
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Detectability

Result of detectability

Theorem

Let Qy : Y — Y, := CX, be the orthogonal projection operator
fromY toYy, ix, : Xy — X be the injection operator from X
into X and let

C+ = Q+CiX+ S £(X+,Y+).

Assume that the finite dimensional projected system (Ay,C4) is
detectable through a stabilizing output injection operator

Hy € L(Yy,Xy). Then, the infinite dimensional system (A,C) is
detectable through the stabilizing output injection operator

H=ix H,Qy € LY, X). (3)
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Detectability

Proof: splitting

For H € L(Y, X), consider the system

2(t) = Az(t) + HC=(t). (4)
If we write z = z; + z_ where z; := Pyz and z_ := (I — Py )z, by
applying Py and (I — Py ) to (4), there is a corresponding splitting
of (4) into two equations satisfied by z; and z_ respectively

24(t) = Ayzp (H)+P+HC2(t) andz_(t) = A_z_(t)+(I—P+)HC=z(t).

Using the definition H = ix, H, () and the facts that
Prix, =ldx, and (I — Py)ix, =0, we obtain

24(t) =Ayzp () + HrQ+Cz(t) and 2_(t) = A_z_(t).
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Detectability

Proof: use of assumptions

It follows from assumption (A2.) that z_ is exponentially stable:
lz— (O]l < Ke™*="[|2(0)]] (5)

where w_ = —Re Any41 > 0. On the other hand, by using the
definition Cy = Q4 Cix, and since ix, 24 = 24, we have

2(t) = Ajzp(t) + HiQC(24:(1) + 2-(1))

= Apz(t) + HyQ4Cix, 24 (1) + HLQ1Cz_(2)
= (A+ + HiCL)zp (t) + Hy Q1 Oz (1)
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Detectability

Proof: Duhamel’s formula

Using Duhamel's formula, we get
t

2y (t) = Tf 2, (0) + / T/ H,Q,Cx_(s)ds,

where T} is the semigroup generated by (A, + H, C.), which is
exponentially stable by the detectability assumption, i.e. there exists
w4 > 0 such that

HT?‘Q:H < Ke 9+ ||| Vo € X4, Vt > 0.
Combined with exponential stability of z_, this yields

t
les (O] < K { @1+ L C] [ et o) ds} 7

and consequently

B efu.urt _efw,t
lz+ @] < K <6 “H(lE O] > 1ol -
W— — W4

Julie VALEIN Observers for populations dynamics



Detectability

End of the proof

It is then sufficient to choose w, small enough such that
0 < wy < w_ to have the exponential decay of ¢ — 2, (t):

lz+ (O] < Ke™*lzoll, ¢ >0. (6)

Relations (5) and (6) yield immediately the exponential decay of
z=zy+z2_. 1
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Detectability

Hautus test

The following result provide a Hautus type sufficient condition for
the detectability of the projected system (A4, C4).

Proposition

If the Hautus test
(peD(A) |Ap=dp for \€e Ty andCp=0) = =0
is satisfied, then (A4, CY) is detectable.

Proof : Since C;z1 = Czy for any z; € X by definition of Y and
Q@+, if the Hautus criterion is satisfied, then it is clear that the following
Hautus test is also satisfied:

(¢eDA)NX; |Ayp=dpand CLp=0) = ¢ =0.

As the above system is finite dimensional, (A4, Cy) is detectable.-H
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Detectability

Remarks

Combining the Theorem and Proposition shows that (A, C) is
detectable via the stabilizing output injection operator H defined
as previously provided that the Hautus test is satisfied.

Classically, the stabilizing output injection operator H' of the
finite dimensional projected system (A*,C™) can be determined
by solving a (finite dimensional) Riccati equation.

It is worth noticing that the matrices AT and C* are in practice of
small size (their dimensions are respectively dim X x dim X and
dim Y, x dim X ), making the computation of the Riccati matrix
affordable.
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Application : observer design for populations dynamics
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Application : observer design for populations dynamics

Goal

Going back to the population system (1)

otp(a, z,t) + dap(a, z,t) = —pu(a)p(a, z,t) + kAp(a,z,t), a € (0,a"),xz € Q,t >

pla,z,t) =0, a€(0,a"),z €00t

p(a,z,0) = po(a,x), a€ (0,a"), z €Q,
(0, z,t) / B(a)p(a,t,x)da e, t>0,

our aim is to design an observer for (1).

More precisely, we want to recover the distribution density of the
population p(a, x,t) for arbitrary a and = and for t large enough, from
the knowledge of p(a,x,t) for arbitrary ¢ but only for an age interval
(a1, az2) (where 0 < a1 < az < @*) and a subdomain O C Q.

In other words, the available output is y(t) = p|(q4,,a2)x0 Where
t € (0,T) (T has to be chosen large enough).
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Application : observer design for populations dynamics

More precisely, with the notation of Section 1, let A be defined in
Section 1 and let pg € X be given. We consider the abstract
system (2), i.e.

{ p(t) = Ap(t),  te€(0,T)

with the output
y(t) = Cp(t), te (O,T),

where the observation operator C € L(X,Y),
Y := L%*((a1,az) x O) is defined by

Co = @l(a;,a0)x0 for all p € X.
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Application : observer design for populations dynamics

Observer

We introduce the observer

{ p(t) = Ap(t) + HCp(t) — Hy(t),  t e (0,T) (7)
p(0) =0,

where H € L(Y, X) is a linear operator to be defined.

Then the error e := p — p satisfies

{ é(t)=(A+ HC)e(t), te€(0,7)
e(0) = —po.
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Application : observer design for populations dynamics

Assumptions (Al.) and (A2.) given in Section 3 are satisfied by
the above system and the problem of determining the stabilizing
output injection operator H for (A, C) fits into the framework
described in Section 3. Therefore we can apply this approach.

Let N denote the number of (distinct) eigenvalues of A with
positive real part and X the set of these unstable eigenvalues. Let
I'; be a positively oriented curve enclosing > but no other point
of the spectrum of A, and let P, : X — X be the projection
operator defined as previously.
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Application : observer design for populations dynamics

Hautus test

It remains to verify that the Hautus test is satisfied for our system
(A,C):

If ® € D(A) satisfies AD = \® for A € ¥ and C® = 0, then ®
vanishes identically.
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Application : observer design for populations dynamics

Proof of the Hautus test

Let A be an unstable eigenvalue of A and ® an associated eigenfunction :
AD =\, ® € D(A), ® #£ 0 and Re A > 0. Then, we have

b(a,x) = Z a;®i(a,x) = Z aje Mm(a)p;(x).

4,5 A=pi—=AP i) A=pi—AP
Assume now that C® = ®|(,, 4,)x0 = 0, i.e. that
> e n(@)pilo =0, a€ (ara).
i3 A=pi = AP
As the eigenvalues (u;)ien are distinct, this equation reduces to
Yo aetglo(@) =0, ac (ar,a2),
FIA+AY €a(Ao)

where i(j) € N* is the unique index s.t. y; = A+ AP. Since the
eigenfunctions of —kA with Dirichlet boundary cond. are analytic, ® = 0.
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Application : observer design for populations dynamics

Main result

This immediately leads to the following result.

Theorem

Let po € X and p the solution of (1). Assume that

Y(t) = Pl(ay,a0)x0 (t >0) is known. Let p the observer defined by
(7), where H € L(Y, X) is the (finite dimensional) stabilizing
output injection operator defined by (3). Then, there exists C > 0
and w > 0 such that

15(t) — p()ll < Ce™" [Ipoll, ¢ >0.
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Rescaling the problem
Finite element discretization in space
Finite difference discretization in age

. A . Detectability at the discrete level
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e Numerical approximation
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Rescaling the problem

Finite element discretization in space
Finite difference discretization in age
Detectability at the discrete level

Numerical approximation

From now on, we make the following assumptions for the sake of
simplicity:
@ the birth rate 3 belongs to C*(]0,a*]) and

5(0) = 0.

o Ay = Alpanx, is diagonalizable, i.e. m& (M) = mA(\p)
for all positive eigenvalues A\, of A. This implies in particular
M
that the unstable space is X = @ Ker (A — \g), since

k=1
mA(\y) =1, forallk=1,..., M.
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Rescaling the problem
Finite element discretization in space
Finite difference discretization in age

. A . Detectability at the discrete level
Numerical approximation

Rescaling the problem

In order to overcome the difficulties due to unboundedness of the
coefficient p, we introduce the auxiliary variable

w(a,z,t) = “:’(Z;t) — exp ( /0 " () ds> pla,,1).

which satisfies

oru(a, z,t) + Ouula, x,t) — Au(a, z,t) =0, ac(0,a*), x€Q, t>0,
u(a,z,t) =0, a€ (0,a*), x €0Q, t>0,
u(a, z,0) = ugp(a, ), a€ (0,a*), x €9Q,
u(0,z,t) = / m(a)u(a, x,t) da, x€eQ, t>0

0

(9)
where we have set ug(a,z) = po(a, z)/m(a) and m(a) = S(a)w(a) stands
for the maternity function.
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Rescaling the problem
Finite element discretization in space
Finite difference discretization in age

. A . Detectability at the discrete level
Numerical approximation

Variational formulation

The variational formulation of the above problem leads to the
following problem : Find u(t) € L?(0,a*; Hi(£2)) such that for all
v e HH Q)

d

A u(a, x, t)v( dx+/ (a,z,t)v(x)dx

+/ Vu(a,z,t) - Vo(z)dz =0
Q

with the initial conditions

u(a,z,0) = up(a, x), a€ (0,a"), ze€Q,

u(0,z,t) = / m(a)u(a,z,t)da, x e, t>0.
0
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Rescaling the problem
Finite element discretization in space
Finite difference discretization in age

. A . Detectability at the discrete level
Numerical approximation

Finite element discretization in space

We consider a P! finite element approximation of u(a, -, t), that is
we seek for the solution uy(a, -, t) € V3, such that for all v, € V},

d
T uh(a x, t)op(x) de + / up(a, z, t)vy(x) de
—I—/ Vup(a,z,t) - Vop(z)de =0
Q
where

Vi = {on € CUQ); vpyr, € PHTY), VE=1,...,L,vp90 = 0} is
the finite element space associated to the triangulation

Q= (T,

We denote by (wi)ivzhl the finite element basis of the finite
dimensional approximation space V}.
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Rescaling the problem

Finite element discretization in space
Finite difference discretization in age
Detectability at the discrete level

Numerical approximation

Plugging the formula up(a,x,t) = Zi\/:hl u;(a, t)w;(x) in the above relation
u1(a, t)
leads to the following problem for U(a,t) := :
un, (a,t)
Mt—tj(a, t) + M%(a, t) + KU(a,t) =0,
U(a,0) = Ugn(a) (10)

U(o,t) = /Oa m(a)U(a,t)da,

where
@ M and K denote respectively the mass and the stiffness matrices
(M;; = fﬂ wiw;, K = fQ Vw; - Vw;),
uo(a, 1)
@ Upp(a) = , where (z;)" denote the nodes of the mesh.
uo(a, zn,)
Note that M and K are symmetric matrices and that M is invertible.
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Rescaling the problem
Finite element discretization in space
Finite difference discretization in age

. A . Detectability at the discrete level
Numerical approximation

Finite difference discretization in age

Let us denote by u¥(t) an approximation of u;(kAa,t) and by
k
ug(t)

U*(t) := : an approximation of U(kAa,t).
’U,k
Np(t)

The approximation of u(kAa,x,t) is then given by

Np,
u(kAa,z,t) ~ Z ulf (H)w;(z).
i=1
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Rescaling the problem

Finite element discretization in space
Finite difference discretization in age
Detectability at the discrete level

Numerical approximation

Equation for U*(t), k=1,--- | K

Using a Crank-Nicholson scheme to approximate the solution of problem (10),
we can move from age (k — 1)Aa to age kAa following the scheme

i (W)Jrﬁl\ﬂ (Uht) - Ut @)+ <w> 0

with the initial condition
U"(0) = Uon(kAa), Vk=1,..., K.
This implies that, for any k € {1,..., K}, we have

%M (Uk(t) + U’H(t)) =— (A%M + K) ur@t) + (A%M - K) U ().
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Rescaling the problem

Finite element discretization in space
Finite difference discretization in age
Detectability at the discrete level

Numerical approximation
Equation for U°(t)

In order to obtain an equation for U°(t), we consider the continuous equation
satisfied at age a = 0:

*

u(0, z,t) = / m(a)u(a,z,t)da, r€e, t>0.
0

Taking the time derivative of the above equation, we obtain after integration
by parts that

*

Ou(0,z,t) = / [m(a)Au(a, z,t) — m'(a)u(a,z,t)] da, zeQ, t>0.
0
The above relation suggests the following equation for U°(t)

d () k
MU () Zwk (kAa)K +m' (kAa)M] U*(1).

where we have used the approximation

a* K
/ f(a)da ~ Zwk f(kAa).
0 k=0



Rescaling the problem
Finite element discretization in space

Finite difference discretization in age
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Consequently, setting
BF := —wy, [m(kAa)K 4 m/ (kAa)M]

2
- + . _
K™ = ( aM+K> K™ := aM K,

we have

iMUO Z]B%kUk
d
dt
U*(0) = Ugp(kAa), Vk=0,..., K.

M (U*(t) + Uk ') =K U*@t) +K"U (), Vk=1,....K
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This can be written as

B B! ... ... ... BE]
Kt K-~ 0 ... ... 0

) 0 K+ K-
MZ(t) = Z(t),
: " . -0
L0 ... ... 0 Kt K|
M 0 ... O Uo(t)
: U'l(t)
where M = M M " | and Z(t) = ) is a vector of size
: . 0 :
0 ... M M U ()

(K +1)Np.
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Discrete system

This is equivalent to

EZ(t) = AZ(t)
{ 2(0) = Zo, (1)
where
B° B! BXT
Kt K- 0 0
. ) Uor(0)
0o Kt K- . : Uon(Aa)
E=M"M, A=MT| . , Zo= .
) _ _ 0 Uon(K Aa)
|0 ... ... 0 Kt K|

Note that E and A are squared matrices of size (K + 1)Np and that E is
symmetric definite positive (since M is invertible).
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Detectability at the discrete level

Given a discretization C € R™*(E+DNw of ' our goal here is to
show that the detectability of the system (A, C) can be deduced
from the detectability of the smaller finite dimensional system
corresponding to the unstable part of A (namely the projection on
the finite dimensional space associated with the unstable
eigenvalues A\, -+, An).

To achieve this, we adapt the ideas developed in Section 3 for the

continuous case, using arguments introduced in the PhD thesis of
L. Thevenet.
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Eigenvalue

We recall that the complex A is an eigenvalue of the matrix pencil (A, E)
if there exists Z # 0 such that AZ = AEZ. We assume that (A, E)
admits N eigenvalues (counted with multiplicities) with real part greater
than 0 and, having in mind the estimation problem in population
dynamics, we assume that there is only one real eigenvalue, which is
moreover dominant. More precisely we reorder the eigenvalues (\,,),, of
A so that the sequence (Re A, ), is nonincreasing, and we suppose that
N € N* is such that

~~~<Re)\N+1<O<Re)\N<~~~<Re)\2<)\1.

Moreover, we assume that (A, E) admits N eigenvectors, denoted by
‘51,...,$N, corresponding to the IV unstable eigenvalues Ay,..., Ay.
Similarly, we denote by Wy, ---, Wy the N eigenvectors of (AT, E)
corresponding to the N unstable eigenvalues A1, Ao, -, Ay of AT,
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Let
A= diag()\l,~- ,)\N),

be the diagonal matrix corresponding to the unstable eigenvalues
of (A,E) and A* its conjugate matrix. We denote by

P — {&,” |&,N] e CEHDNRXN,
the matrix of N complex eigenvectors of (A, E) and by
U — [{1}1| |\I;N} € CEFDNu XN

the matrix of N complex eigenvectors of (AT, E). In other words,
we have

AP=E®A and ATU=EUA"
We choose ® and ¥ satisfying
S EY =I5 1)n,-
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Real vectors

In order to work with real subspaces, we introduce

1 0 ... 0

1 O
S:E _12] and U= [ P | ecy,

0 ... 0 S

where U is a unitary matrix constituted of (N — 1)/2 diagonal blocks of
S. We then set

®=dU* € RETDNXN  5nd = GU* € RETDNXN,

This is equivalent to ® = dU and = wU, since Uis a
unitary matrix.
As immediate consequence, we have

STEY =1d(x11)n, -
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The projector on the unstable space

We define P, the projection onto the unstable subspace of the continuous
operator A, parallel to the stable one and given by:

N
Piz =% (2%m)x ¢m,
m=1
where (¢1,- -, dm) (resp. (Y1, ,%¥m)) is a basis of the unstable subspace

associated to the operator A (resp. A*).
We can show that a discrete version of this operator is given by

woM
P, — 307 . € REHDNL X (K+1)Ny,
LUKM
in the sense that as h and Aa tend to zero, Pyz ~ P1Z,Vz € X, where
z° 2(a®, x1)
7 — : c R(K+1)Nh><1 Zk _ . c RNh’Xl.
z* Z(akaxNh)
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Detectability of (A, C) from the detectability of a smaller
finite dimensional system

The pair (A, C) is E-detectable if there exists L € RUEFDNRXM g 1ch that the
solution Z of EZ(t) = AZ(t) + LCZ(t) is exponentially stable. Such an
operator L is called a stabilizing output injection operator for (A, C).

Let
C; =C® e R™Y
and

A, =0TAD c RV,

Assume that the projected system (A, Cy) of small dimension is detectable
through a stabilizing output injection operator L, € RNX™ Then, the high
dimensional system (A, C) is E-detectable through the stabilizing output
injection operator

L = E®L, ¢ RETDNuxm,
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Observer at the discrete level

Assume that Y (t) = CZ(t), (t € (0,T)) is known. Let Z the
observer defined by

E () AZ(t) + LCZ(t) — LY (t)
2(0) = 0,
where L € RE+NuXm  Then the error e = 7 — 7 satisfies

{ Ee(t) = (A +LC)e(t)
8(0) = —Zo.

Consequently, if (A, C.) is detectable through L, € RV*™,
then (A, C) is detectable through L = E®L, and

2(t) - 2(t) | < Ke |20
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To go further

© Approximation
o Convergence analysis and error estimates, uniform exponential
stability (with respect to Aa et h)
@ Numerical validation

@ Other models

o Age dependant coefficients k = k(a)
@ Nonlinear models
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