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Koiter type Shell Model :

{ py! + Auye + 2Ary. = 0, w % (0,T) 0

+ Boundary and Initial Conditions

@ ¢ > 0: Thickness of the shell
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Koiter type Shell Model :

(1)

pY! + Amye + 2 Ary. = 0, wx (0,7)
+ Boundary and Initial Conditions

@ ¢ > 0: Thickness of the shell

@ Ay : membranal operator of mixed order

@ Ar : flexural operator of order 4

@ w C RN - mid surface of the shell (N = 2) / arch (N = 1);
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Koiter type Shell Model :

+ Boundary and Initial Conditions

@ ¢ > 0: Thickness of the shell

@ Ay : membranal operator of mixed order

@ Ar : flexural operator of order 4
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Koiter type Shell Model :

{py;'+AMye+e2AFy€=o, wx (0, T) )

+ Boundary and Initial Conditions

@ ¢ > 0: Thickness of the shell

@ Ay : membranal operator of mixed order

@ Ar : flexural operator of order 4

@ w C RN - mid surface of the shell (N = 2) / arch (N = 1);

@ Ve = (Y1, Y2, ¥3,.) (Shell) ; ¥e = (y1.c, ¥3,) (Arch)

@ Boundary controllability of the system at time T large
enough ?
Ye(T) =y{(T) =0, w 2
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Koiter type Shell Model :

+ Boundary and Initial Conditions

@ ¢ > 0: Thickness of the shell

@ Ay : membranal operator of mixed order

@ Ar : flexural operator of order 4

@ w C RN - mid surface of the shell (N = 2) / arch (N = 1);

@ Ve = (Y1, Y2, ¥3,.) (Shell) ; ¥e = (y1.c, ¥3,) (Arch)

@ Boundary controllability of the system at time T large
enough ?
Ye(T) =y{(T) =0, w 2

@ Asymptotic behavior of the controlas e — 0 ?
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Remind: Asymptotic of the shellas ¢ — 0

p(e)Y! + AmYe + °ArYe =0,  wx (0, T)
+ Boundary and Initial Conditions

Asymptotic behaviorase — 0: "y. — y”
@ p(e) = O(1), KerAm = {0} (Inhibited shell)

y" + Auyy =0, wx(0,T)
+ Boundary and Initial Conditions

3)

1

! E. Sanchez-Palencia, Statique et dynamique des coques minces, C.R.A.S, (1989)
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Remind: Asymptotic of the shellas ¢ — 0

p(e)y. + Auye +*Apye =0, wx (0, T)
+ Boundary and Initial Conditions
Asymptotic behaviorase — 0: "y. — y”
@ p(e) = O(1), KerAm = {0} (Inhibited shell)

y" + Auyy =0, wx(0,T)
+ Boundary and Initial Conditions

3)

@ p(c) = O(¢?), KerAy # {0} (Non inhibited shell)

.V”+AF.V=0a wx(O,T)
Any =0
+ Boundary and Initial Conditions

1

! E. Sanchez-Palencia, Statique et dynamique des coques minces, C.R.A.S, (1989)
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Mainly due to Loreti-Valente-Geymonat in the particular case of the shallow spherical cap.

o Geymonat G., Loreti P., Valente V., Contrélabilité exacte d’un modéle de coque mince, C.R.Acad.Sci Série |,
(1991).
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The case of a cylindrical arch- N =1 -w = (0, 1)

Membranal Operator Ay

B 1
Auy = < 71(}’1,1 +r 71)’3),1) @
r~ (i, +rys)

Flexural Operator Ag

-1 -1 —2
2r= (3,111 —2r Y141 — " “y3,1)
AFy = (5)

-1 —2 -3 —4
V3,111 — 20 Y1411 —2r “yzqr +2r i+ oy

@ ' -curvature ; r - radius of curvature




The case of a cylindrical arch - N = 1

Membranal Operator Ay

B 1
Auy = < 71(}’1,1 +r 71)’3),1) @
r~ (i, +rys)

Flexural Operator Ag

-1 -1 —2
2r= (3,111 —2r Y141 — " “y3,1)
AFy = (5)

-1 —2 -3 —4
V3,111 — 20 Y1411 —2r “yzqr +2r i+ oy

@ ' -curvature ; r - radius of curvature

] yi1+ r*1y3 - longitudinal deformation of the arch
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The case of a cylindrical arch - N = 1

Membranal Operator Ay

B 1
Auy = < 71(}’1,1 +r 71)’3),1) @
r~ (i, +rys)

Flexural Operator Ag

-1 -1 —2
2r= (3,111 —2r Y141 — " “y3,1)
AFy = (5)

-1 —2 -3 —4
V3,111 — 20 Y1411 —2r “yzqr +2r i+ oy

@ ' -curvature ; r - radius of curvature

] yi1+ r*1y3 - longitudinal deformation of the arch

@ y;: tangential displacement; y3: normal displacement
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The case of a cylindrical arch - N = 1

Membranal Operator Ay

B 1
Auy = < 71(}’1,1 +r 71)’3),1) @
r~ (i, +rys)

Flexural Operator Ag

-1 -1 —2
Acy <2f (Y3,111 —2r~ Y141 —r “y3,1) ) )
FY =
—1 -2 — —4
V31111 — 20 Y1411 —2r “yz g1 +2r 3,V1.,1 +ry3

@ ' -curvature ; r - radius of curvature

o a1+ r~yz - longitudinal deformation of the arch

@ y;: tangential displacement; y3: normal displacement
ay;

o Yig = Tgl
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The case of a cylindrical arch - N = 1

Membranal Operator Ay

B 1
Auy = < 71(}’1,1 +r 71)’3),1) @
r~ (i, +rys)

Flexural Operator Ag

-1 -1 —2
2r= (3,111 —2r Y141 — " “y3,1)
AFy = (5)

-1 —2 -3 —4
V3,111 — 20 Y1411 —2r “yzqr +2r i+ oy

@ ' -curvature ; r - radius of curvature

o a1+ r~yz - longitudinal deformation of the arch

@ y;: tangential displacement; y3: normal displacement
ay;

o Yig = Tgl

@ ¢ c w=(0,1): curvilinear abscissae
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The case of a cylindrical arch - N = 1

Membranal Operator Ay

B 1
Auy = < 71(}’1,1 +r 71)’3),1) @
r~ (i, +rys)

Flexural Operator Ag

-1 -1 —2
2r (ya,111 —2r Y1 — 1 Tya)
AFy = < ' (5)

-1 —2 -3 —4
V3,111 — 20 Y1411 —2r “yzqr +2r i+ oy

r—" - curvature ; r - radius of curvature

(]

o a1+ r~yz - longitudinal deformation of the arch

@ y;: tangential displacement; y3: normal displacement
ay;

o Yig = Té

@ ¢ c w=(0,1): curvilinear abscissae

Ifr—1 = 0, the system reduces to

1

W=y =0, ¥ +efys1111=0, wx(0,T)
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The case of the arch (N = 1)

’Step | - Controllability in the case ¢ > 0 fixed ? ‘

y'+ Ay =f in wx(0,7),
Yi=Vvi, y3=0,0,y3=Vv3, on Ouw, (6)
(¥(0),y(0) = (¥%y"), in w,

V(0 y"),3v, vs € [2(w x (0, T))? st. y(T)=y(T)=0

The answer is yes because the resolvent of Ay + c2Af is
compact ... but ...
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€ > 0 : Observability and HUM

V=H(w) x H3(w), H="L3w)x 3w)

" + AT =0, in wx(0,T), Yy’ +ASy =0, in wx(0,T),
¢ =0, on Ow, yi=vi, y3=0,0,y3 =v3, on Ow,

(6(,0),¢'(,0) = (6% ") e VxH, in w, L¥-0,y(0)=0"%y") in o




€ > 0 : Observability and HUM

V=H(w) x H3(w), H="L3w)x 3w)

¢ + A% *p =0, in wx(0,7), y” + A5y =0, in wx(0,7),
¢ =0, on Ow, Yi=vi, y3=0,0,y3 =v3, on Ow,
(6(,0),0'(,0) = (8% ¢ ) e Vx H, in w, LE,0,y(.0)=0y") in

y(T) = y’(T) = Oifand only (v4, v3) satisfies

.
/0 -/Bw (¢1,1V1 +€2(¢3,11 —2r "¢y .4)(v3 *2f—1V1)>Vd0dl‘:< 8%,y >y — < 3", y° >H,H




€ > 0 : Observability and HUM

V=H(w) x H3(w), H="L3w)x 3w)

" + AT =0, in wx(0,T), Yy’ +ASy =0, in wx(0,T),
¢ =0, on Ow, yi=vi, y3=0,0,y3 =v3, on Ow,

(6(,0),¢'(,0) = (6% ") e VxH, in w, L¥-0,y(0)=0"%y") in o

y(T) = y’(T) = Oifand only (v4, v3) satisfies
T 2 -1 -1 0 .1 1.0
/0 -/a b1,1v1 +e7(P3,11 — 2r~ Py 4)(vg — 2r V1)>Vd0'dl‘:< Y >y —<é .Y >HH
" ,
let7:VxH—R

1 /T
T@% ") = > /o /a <¢$,1 + % (da 1 — 2’71¢>1,1)2>d0dt— <%y Syt < #'y° >H.H
. w ;
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€ > 0 : Observability and HUM

V=H(w) x H3(w), H="L3w)x 3w)

" + AT =0, in wx(0,T), Yy’ +ASy =0, in wx(0,T),
¢ =0, on Ow, yi=vi, y3=0,0,y3 =v3, on Ow,

(6(,0),¢'(,0) = (6% ") e VxH, in w, L¥-0,y(0)=0"%y") in o

y(T) = y’(T) = Oifand only (v4, v3) satisfies
T 2 -1 -1 o 1 1.0
/0 -/a (¢1,1V1 +e%(d3,11 —2r" ¢14)(v3 —2r V1)>Vd0'dl‘:< DY >y —<S,Y >HH
w ,
let7:VxH—R
1 T _
T@% ") = > /o /a <¢$,1 + 2 (a1 —2r 1¢>1,1)2>dffdt— <%y Syt < #'y° >H.H
. w .

Coercivity of J <= Observability inequality

= 3C; = Ci(r~',T,e) > 07 T large enough, s.t.

)
Crll@® e Wixn < [ [ (41 + (e — 2 01.1)? ) doct @




e > 0 : Observability and HUM (Hilbert Uniqueness Method)

V=H(w) x H3(w), H=L3w)x L2w)

Let
2C

R T

and let b° (¢, ¢) such that [, b (¢, )dE = [, A - pd¢ forall ¢, inV.

(Observability)

Lete > Oandr~! < 1/D(g). Forall T > T*(r‘1 , €), there exists a constant C, = (1 — r‘1D(s)) such that
the weak solution of the adjoint system satisfies the inequality

T c —1 * 0,1
/0/6 b ($, $)dodt > Co(r ", e)(T — THE(#), V(¢° ") € V x H.

(From the Korn’s inequality, Eq(¢) defines a norm over V x H). |

2 B. Miara, V. Valente, Exact controllability of a shallow Koiter Shell by a Boundary Action, J. Elasticity-(1999).
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e > 0 : Observability and HUM (Hilbert Uniqueness Method)

V=H(w) x H3(w), H=L3w)x L2w)

Let
2C

R T

and let b° (¢, ¢) such that [, b (¢, )dE = [, A - pd¢ forall ¢, inV.

(Observability)

Lete > Oandr~! < 1/D(g). Forall T > T*(r_1 , €), there exists a constant C, = (1 — r‘1D(s)) such that
the weak solution of the adjoint system satisfies the inequality

T c —1 * 0,1
/0/6 b ($, $)dodt > Co(r ", e)(T — THE(#), V(¢° ") € V x H.

(From the Korn’s inequality, Eq(¢) defines a norm over V x H). |

(Null controllability)

Lete > 0,r > D(g)and T > T*. Forany(yo, y1) € H x V’, there exists a control v = (vy, v3) with
vi,evg € [2(Ow x (0, T)) such that E(T, y) = 0. n

N

2 B. Miara, V. Valente, Exact controllability of a shallow Koiter Shell by a Boundary Action, J. Elasticity-(1999).
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e > 0 : A numerical illustration

y0 = (sin(r€), sin’(w€)), y' =(0,0), r '=C=n/4, e=1/10, T=3

Figure: control (vi, v3) = (8, uy, 82, u3) at € = 0 (Left) - Energy Ex(t, ) (Right).

Figure: Controlled displacement y; (Left) and y3 (Right) on w x (0, T).
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ollability of an elastic a

(e > 0)

y° = (sin(rg), sin®(x€)),  y' =(0,0), C=n/4

og| * o T=3 )
¥ T W F *
o7s| T “ ? o T \
|
T
as| \‘ t ¢
\
osst \‘ \
I
osf ||
1
ossf | \ &
o * o6—o—
L e
. S
Seme o = S
8 oo os  om oo 0w om o1 on o5 om0 o
thickness

G
thickness
Flgure: L2-norm || vy

2(0,T) (Left) and HV3HL2(O,T) (Right) vs. the thickness ¢.

4

4Geymonat G., Loreti P, Valente V., Exact controllability of thin elastic hemispherical shell via harmonic
analysis, (1993)

Arnaud MUNCH

Null controllability of shell



ollability of an elastic arch (¢ > 0)
[ e=1/10 = =1/20 = =1/30 = =1/40
Nb. iterations [ 8 9 16 n.c.
“"M”LZ(z ) ‘ 2,942 x 107" 2952 x10~"  3.095 x 10—’ n.c.
llevanll 2 ” ‘ 3.38 x 10! 3.56 x 10~ 8.52 x 10~ n.c.
116° (&, @)l 5., ‘ 1.24 x 1071 1.295 x 10~'  3.37 x 10~ n.c.
En(T)/En(0) | 7.29 x 10~° 3.36 x 105 1.90 x 103 n.c.

Table: Approximation of the controlvs. e - T = 3-C = 7/32- X7 = dw X (0, T). n.c. stands for non
controllability.

[ e=1/10 = =1/20 = =1/30 = =1/40
Nb. iterations [ 8 8 8 8
inll 2 ‘ 2942 x 10~' 2551 x 10~'  2.302x 10~"  2.151 x 10!
llevanll 2, ) ‘ 3.38 x 10! 2.49 x 10~' 2.41 x 107! 2.49 x 10~
|65 (u, u “U(zT) ‘ 1.24 x 107" 8.57 x 1072 7.20 x 1072 6.70 x 1072
En(T)/En(0) | 7.29 x 10-8 1.04 x 105 2.14 x 10~* 1.38 x 10~%

Table: Approximation of the control vs. & - T(e) = 3/(10e) - C = 7/32- L1 = dw x (0, T).
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Membranal case ("e = 0")

Step 1: Non uniform controllability in H x V/ w.r.t. ¢

’Step 2: What is about the case e =0 ?‘

V = Hl(w) x L3(w), H = L3(w) x L3(w)
w=(0,1),T>0,r>0,%y")ecH x V'

y" + Auyy =0, in wx(0,T),
y1(0,1) =0, yi(1,1) = v(1), te(0,T), (10)
(y(70)7y,(70)) = (y07y1)7 in W,

vel?0,T)? st y(ET)=y'(T)=0, Vécw.

— Exact controllability of y; and y3 by only one control !
5

5 F. Ammar-Khodja, Geymonat G., AM, On the exact controllability of a system of mixed order with essential
spectrum, C.R.Acad. Sci. Paris Série |, (2008).
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Membranal case: adjoint problem

Adjoint system -
¢ +Ayd =0, in w x (0, 7),
$1(0,:) = ¢1(1,:) =0, te(0,7) (11)

(6(-,0),¢'(-,0) = (#°,8"), in w,

Weak formulation - For all (¢°, ¢>1) € V x H, there exists a unique weak solution ¢ € C(0, T; V) N c! (0, T; H)
that satisfies the variational problem

/ &' vd.g+/' G144+ " da)(vig +r ) dE =0, wveV.

Energy -

1 ’ ’ —
E(t.9) = 5 [ (191P + 165 + (@11 + 7 6a)%) de = E0.¢) Vte (0.7)




Membranal case - Spectrum of Ay

Ay =X, £€w, P =0, £€dw
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Membranal case - Spectrum of Ay

Ay =X, £€w, P =0, £€dw

o(Am) = {0, 20 = r 2 M= r 2 4 (km)P k 21}, oess(Am) = {0} (12)

KerAy = {ve = (—r~"¢,¢.1) € H, ¢ € Hy(w)}

and the eigenfunctions associated with Ay and Ay are respectively :

1
vo=(0,1), v, = (sin(kw(), = C0$(k7r()>,




Membranal case - Spectrum of Ay

Ay =X, £€w, P =0, £€dw

o(Am) = {0, 00 = r 2, 0 = r 24 (km)? k > 1}, oess(Au) = {0} (12)
KerAm = {v¢ = (=17 "¢,¢.1) € H, ¢ € Hj(w)}
and the eigenfunctions associated with Ay and Ay are respectively :
1
vo = (0,1), vx= (sin(kw(), — cos(;wg)),
km
An orthogonal basis in H of KerAyy is

—1
Wy = (JKT sin(kr ), cos(kw()), k=1,2,...

and {wg, Vg, vk } is an orthogonal basis in H.




Membranal case - Spectrum of Ay

Ay =X, £€w, P =0, £€dw

o(Am) = {0, 00 = r 2, 0 = r 24 (km)? k > 1}, oess(Au) = {0} (12)
KerAm = {v¢ = (=17 "¢,¢.1) € H, ¢ € Hj(w)}
and the eigenfunctions associated with Ay and Ay are respectively :
1
vo = (0,1), vx= (sin(kw(), — cos(;wg)),
km
An orthogonal basis in H of KerAyy is

—1
Wy = (JKT sin(kr ), cos(kw()), k=1,2,...

and {wg, vg, Vi } is an orthogonal basis in H. This permits to expanded the weak solution of (11) in term of a
Fourier serie (setting no = r~1 and Lk = /Ak):

B( 1) = D (a + bkt)Wi + (Ag cos(pot) + Bo sin(uot))Vo + » _ (Ak Cos(uukt) + By sin(uxt)) Vi
k=1 k=1




Membranal case - Spectrum of Ay

Ay =X, £€w, P =0, £€dw

o(Am) = {0, 00 = r 2, 0 = r 24 (km)? k > 1}, oess(Au) = {0} (12)
KerAm = {v¢ = (=17 "¢,¢.1) € H, ¢ € Hj(w)}
and the eigenfunctions associated with Ay and Ay are respectively :
1
vo = (0,1), vx= (sin(kw(), — cos(;wg)),
km
An orthogonal basis in H of KerAyy is

—1
Wy = (JKT sin(kr ), cos(kw()), k=1,2,...

and {wg, vg, Vi } is an orthogonal basis in H. This permits to expanded the weak solution of (11) in term of a
Fourier serie (setting no = r~1 and Lk = /Ak):

B( 1) = D (a + bkt)Wi + (Ag cos(pot) + Bo sin(uot))Vo + » _ (Ak Cos(uukt) + By sin(uxt)) Vi
k=1 k=1

oo oo oo oo

0 1

@ =D aWx + Ao+ > Ak, @' =D bW + poBovo + > tk By Vk-
k=1 k=1 k=1 k=1




e = 0 - Observability inequality

Cy, C; > 07 such that

;
Cill@% e xm < /0 (611 + 1 93)°(1, 00t < Col|(8°, &7 V(% 0") e VX H.  (13)




e = 0 - Observability inequality

Cy, C; > 07 such that
;
Cill@% e xm < /0 (611 + 1 93)°(1, 00t < Col|(8°, &7 V(% 0") e VX H.  (13)

The observability does not hold in KerApy :

(0%, ") € KerAy —> (1) € KerAy Vt >0 = (11 +r '¢3)(1,1) =0, Vt> 0.




e = 0 - Observability inequality

Cy, C; > 07 such that
;
Cill@% e xm < /0 (611 + 1 93)°(1, 00t < Col|(8°, &7 V(% 0") e VX H.  (13)

The observability does not hold in KerApy :

(0%, ") € KerAy —> (1) € KerAy Vt >0 = (11 +r '¢3)(1,1) =0, Vt> 0.

The observabillity may only occurs in the orthogonal of KerAy generated by vy and v




e = 0 - Observability inequality

Cy, C; > 07 such that
;
Cill@% e xm < /0 (611 + 1 93)°(1, 00t < Col|(8°, &7 V(% 0") e VX H.  (13)

The observability does not hold in KerApy :
(¢°,¢") € KerAy = ¢(t) € KerAy Yt > 0= (d1,1 +r '¢3)(1,) =0, Vt>0.

The observabillity may only occurs in the orthogonal of KerAy generated by vy and v
The orthogonal of KerAyy, generated by vp and v is

(Keraw)™ {0 = (w1, 45) € V. [ (w161 + vasa)de =0, (61, 00) € KerAy |

:{(w1,ws) €H, r 'y 431 =0in H*‘(w)}

:{v: (1, —r 'Y)eH, e H‘(W)}




¢ = 0: Observability inequality in (KerAm)

We note H-- and V- the orthogonal of KerAg in H and V

L

From the Korn’s inequality, the energy E(t, ¢) defines a norm over V1 xH
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¢ = 0: Observability inequality in (KerAm)

We note H-- and V- the orthogonal of KerAg in H and V

L

From the Korn’s inequality, the energy E(t, ¢) defines a norm over V1 xH

[Observability] Let r > 0. For all time T such that

2
T>TY(r) = —, ~= min(2r’1, Vr—2 72 — r’1>
ol
there exist two strictly positive constants Cy (r) and Co(r) such that

c v 1,2
1<r>E(o,¢>s/O (61,1 + ' 89)2(1, )t < Co(r)E(0, )

v(¢?, p1) € VL x HL.
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e = 0 - Ingham Theorem

We obtain -
Ci1(NE(0, ¢) < /O (61,1 + 1 '63)°(1, at < Ca(NE(O, )

using

(Ingham, 1936)

LetK € 7Z and (wy )ke i be a family of real numbers satisfying the uniform gap condition

= inf |wx — w, 0. 14,
7= ;:’nl k n| > (14)
If | is a bounded interval of length |I| > 27 /~, then there exist two positives constants Cy and Cy such that

2 2 2
o S xd s/l|x(r)| #<C S Ixl

keK kek

for all functions given by the sum

x()=>" ekt

keK

with square-summable complex coefficients xj. |

with x(t) = (é1,1 + r1 ¢3)(1,t)and I = (0, T).
6

6Ingham A.E., Some trigonometrical inequalities with applications to the theory of series, Math. Z., (1936).
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¢ = 0: Observability inequality in (KerAm)

We compute that
4

2 1.2
E(0, ¢) = (Ao + Bo) Z P 2 (Ak + Bk)
On the other hand, we have

oo

—1
_ _
(10 + 17 gs(1, ’)‘52 (4 + B '“k‘+T(Ao+/Bo)e*’“°*

—1 o]

r .
+ =5 (Ao — iBp)e ol 4 Z Ak — iBy)e'tk!,




¢ = 0: Observability inequality in (KerAm)

We compute that

4

I 1
E(0,¢) = (Ao + B+ Z P (A% + BY).

On the other hand, we have

o0 . r71 i
11010+ (1,0 = 52 o + B 1 (g + e
r—1 o X
+ =5 (Ao — iBp)e g'rol | Z Ak — iBy)e'Pkt,

We then apply Ingham’s theorem with / = (0, T) and the sequence

W= (-, —H2, =, —HOs KOs B, B2, 0 )

to obtain that there exists a positive constant C; such that

u2 . o 1
C1<?0(Ao+30+ Z Ak+ ) /(</>111f

Tga(1,1)? ot

Arnaud MUNCH
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¢ = 0: Observability inequality in (KerAm)

We compute that

4

I 1
E(0,¢) = (Ao + B+ Z P (A% + BY).

On the other hand, we have

o0 . r71 i
11010+ (1,0 = 52 o + B 1 (g + e
r—1 o X
+ =5 (Ao — iBp)e g'rol | Z Ak — iBy)e'Pkt,

We then apply Ingham’s theorem with / = (0, T) and the sequence

W= (-, —H2, =, —HOs KOs B, B2, 0 )

to obtain that there exists a positive constant C; such that

u2 . o 1
C1<?0(Ao+30+ Z Ak+ ) /(</>111f

+r gg(1,0) at

under the condition T > 27/~ with v = min(ug — (— o), infken |1k — mk—1]) leadingto T > T*(r)

Arnaud MUNCH
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e = 0 - Minimal time of controllability

27

T
* — I
T = S5 1<ty T s - w2

2
VB = T*(%) < TH(r), Vr>0

FIgU € Lower bound T* of the time of controllability T with respect to the curvature r— 1.

V(% ¢") € v

3 3

.
2min(T,%r*2)Eo(¢>> s/o ($1,1+r 'o3)’(1, 1) drszmax(r,%r*Z)Eom (15)




e = 0 : Uniform Observability inequality with respect to r—

We denote by Hk, Vi the closed subspace of H and V generated by vy, for all k > 1.

Letr > 0. Forall T > 0 such that

2
T>T*r) =", v=Vr2tan2— /2472
Yy

there exist two positive constants Cy and C, independent of r such that
0 12 v —1, 2 0 1,2
Cill(@™: &)y xn S/O (#1,1 +17 "¢3)°(1, )t < Coll(d7, & )llvxn

V(% ¢') € Vk x Hk. [ |

T**(r) < T*(r), ¥Yr>0; lim _q_  T**(r) =2.

—0




e = 0 - Exact controllability

We note V- the closure of V=in V’. The control v is characterized by

T 1 0 1 1.0
/0 (1,1 4+ " sa)(1 OVt =< @% ¥ > — < 61y Sum (16)




e = 0 - Exact controllability

We note V- the closure of V=in V’. The control v is characterized by

T 1 0 1 1.0
[ @+ e ovta =< 6%y >y — < 6"y Sun (16)
We introduce the continuous and convex functional .7 : V x H — R defined by
1 rT _
T(@% ¢") = 5/0 (@11 + 1 00?10t < (@° 1), (v —¥°) >y v e (17)

Moreover, We then have to enforce that y° be in the dual of H- and that y1 be in the dual of VL in order that

<%y >y =<' sunr 0, V(9% 8") e v x HE

Letr > 0. Forany T > T*(r) and any initial data (y°, y') € H+ x V-/, there exists a control function

v e L2(0, T) which drives to rest at time T the solution y of (10) associated with ( y°, y1 ). Moreover, the control of
minimal L2-norm is given by v = (¢1.1 + r~ ' ¢3)(1, -) where ¢ is solution of (11) and associated with (¢°, ¢")
minimum of . defined by (17) over vt x HL-. |
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e = 0 - Exact controllability

We note V- the closure of V=in V’. The control v is characterized by

T 1 0 1 1.0
[ @+ e ovta =< 6%y >y — < 6"y Sun (16)
We introduce the continuous and convex functional .7 : V x H — R defined by
1 rT _
T(@% ¢") = 5/0 (@11 + 1 00?10t < (@° 1), (v —¥°) >y v e (17)

Moreover, We then have to enforce that y° be in the dual of H- and that y1 be in the dual of VL in order that

<%y >y =<' sunr 0, V(9% 8") e v x HE

Letr > 0. Forany T > T*(r) and any initial data (y°, y') € H+ x V-/, there exists a control function

v e L2(0, T) which drives to rest at time T the solution y of (10) associated with ( y°, y1 ). Moreover, the control of

minimal L2-norm is given by v = (¢1.1 + r~ ' ¢3)(1, -) where ¢ is solution of (11) and associated with (¢°, ¢")

minimum of . defined by (17) over vt x HL-. |

v

(remart ]

The non controllable modes wi € KerApy, k > 1, do not correspond to modes of arbitrarily small energy. For

o yH=x k> 1@k, bx) Wk, the norm of the solution at time t = T is such that (since the control v has no effect

on wy)
_ Ak romg2 ] o Ak
T = (e BT (r2 4 2ZK5 ) iy (i = 5 3 4 (18)
,; (kw)z 2 k=1 (k7r)2
Consequently, approximate controllability for the system (10) does not hold anymore. |

v
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rollability as r~' goes to 0

We assume that the initial condition (y°, y') are generated by {vk} and that (y°, y1) — (;6, }7) inH x V' as

r=1 goes to zero.
Let y4 solution of
vi' =yi11=0, wx(0,T),

»(0,0) =0, y(1,)=v, (0,7), (19)

(1(£.0), ¥} (£, 0) = 42, y}).

Letr > 0. Forany T > T**(r) and any initial data (y°, y') € (Hj¢ x Vi, there exists a control function
v e L2(0, T) which drives to rest at time T the solution y of (10) associated with ( y°, y! ). Moreover, the control of
minimal L2-norm is given by v = (¢ 1+ r~=1$3)(1, -) where ¢ is solution of (11) and associated with (¢°, ¢')
minimum of 7 defined by (17) over Vk x Hy . Finally, this control converges weakly in [2(0, T) as r— " goes to
zero toward the control of minimal L2 -norm which drives to rest the solution yq of (19).
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e = 0: Remark 1

y" +Ayy =0, in wx(0,T),

'y 4+y31=0, in wx(0,7)
y1(0,1) =0,y1(1, 1) = v(t), t€(0,T7)
¥,0, ¥, =0y, in w,

(20)




e = 0: Remark 1

y" +Ayy =0, in wx(0,T),

'y +y31=0, in wx(0,7) 20)
10,0 =0,y(1,)=v(t), te(0,T)
V0, (0 =00y, in w,

If v € L2(0, T) is the HUM control, i.e. of minimal L2-norm for (20), then, using formally the relation
r*1y1 + y3.1 = 0, vis also a control (but a priori not the control of minimal L2-norm, except at the limitas r—
goes to zero) for yy solution of

1

}’1”*}’1,11+f_2}’1 =0, in wx(0,T),
y1(0,0) =0,y(1, ) = v(t), te€(0,T)

1 2 —1
(150, ¥4, 0)) = (17, 1) € LP(w) x H ' (w)
and also a control for y5 solution of

vs =3+ r~2y3=0, in wx(0,7),
¥3,1(0,8) =0,y31(1,) = —r~'v(), te(0,T)
(130, 0), ¥5(-, 00) = (13, 3) € LP(w) x L3(w).

assuming a compatibility condition at time ¢ = 0 such that:

71(€,0) = —1y31(£,0),  ¥i(§,0) = —1y3 1(£,0), in w

Arnaud MUNCH
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e = 0 Remark 2 - Neumann control

y" +Ayy =0, in wx(0,T),
W11+ 'y)0. D=0, (1 +r ')A, =v(t), te(0,7) @1
¥(,0,y'(0) = (0 y"), in w,

assuming y° € H'(w) x [2(w),and y' € LP(w) x H™ " (w).
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e = 0 Remark 2 - Neumann control

y" +Ayy =0, in wx(0,T),
W11+ 'y)0. D=0, (1 +r ')A, =v(t), te(0,7) @1
¥(,0,y'(0) = (0 y"), in w,

assuming y° € H' (w) x Lz(w), andy' € Lz(w) X H’1(w). The variable z = yy 1 + r’1y3 solves

z = Z 41+ r2z= 0, in wx(0,T7),

z(0,t) =0, z(1,t)=v(t), te(0,T), (22)

(20,0, 2/ 0) = (A1 +r ' s+ rTTR), i w

There exists v € [2(0, T) such that z(¢, T) = 1,1+ r*‘ys)(g, T) =0and z/(¢, T) = 0 for T large enough.




e = 0 Remark 2 - Neumann control

y" +Ayy =0, in wx(0,T),
W11+ 'y)0. D=0, (1 +r ')A, =v(t), te(0,7) @1
¥(,0,y'(0) = (0 y"), in w,

assuming y° € H' (w) x Lz(w), andy' € Lz(w) X H’1(w). The variable z = yy 1 + r’1y3 solves

z = Z 41+ r2z= 0, in wx(0,T7),
z(0,t) =0, z(1,t)=v(t), te(0,T), (22)

(20,0, 2/ 0) = (A1 +r ' s+ rTTR), i w

There exists v € [2(0, T) such that z(¢, T) = 1,1+ r*‘ys)(g, T) =0and z/(¢, T) = 0 for T large enough.

B = (ak(€) + be()t) 1
"5(5")}2230( — (@ (&) + br()0).1 )*C( 0 )

+ i(Ak cos(pit) + By sin(pkt)) < C01S(k7r§) )

e — L sin(km€)
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e = 0 Remark 2 - Neumann control

y" +Ayy =0, in wx(0,T),
W11+ 'y)0. D=0, (1 +r ')A, =v(t), te(0,7) @1
¥(,0,y'(0) = (0 y"), in w,

assuming y° € H' (w) x Lz(w), andy' € Lz(w) X H’1(w). The variable z = yy 1 + r’1y3 solves

z = Z 41+ r2z= 0, in wx(0,T7),
z(0,t) =0, z(1,t)=v(t), te(0,T), (22)

(20,0, 2/ 0) = (A1 +r ' s+ rTTR), i w

There exists v € [2(0, T) such that z(¢, T) = 1,1+ r*‘ys)(g, T) =0and z/(¢, T) = 0 for T large enough.

B = (ak(€) + be()t) 1
¢(5*"*Z( — (@ (&) + br()0).1 )*C( 0 )

k>0

+ i(Ak cos(pit) + By sin(pkt)) < C01S(k7r§) )

— L sin(km€)

k=1
=2 | 2 T 2 o= 2 | 2
o Z(Ak+8k)s/0 $1(1, 020t < G S (A + BD)
k=0 k=0

provided




0 - Remark 3 - General chart in 1-D

For the circular arch, the map is ¢ (&) = (r sin(r='¢), rcos(r*‘g)).

In the general case ¢(&) = (¢1(£), $2(£)), we have
Ay ( —711,1(}’)—2711(}’)r11>' )
— 711 ()b
with

2 2 1
t=0¢7 1+ 65 1M1 =t ($1,101,11 + d2,192,11);

]
Y1) =y1,1 — Ty — biyyas

—3/2
by =t7%/ (= 2,101,411 + b1,1%2,11)




0 - Remark 3 - General chart in 1-D

For the circular arch, the map is ¢ (&) = (r sin(r—'¢), rcos(r*‘g)).

In the general case ¢(&) = (¢1(£), $2(£)), we have

1
Ay ( —711,1(}’)—2711(}’)r11>' )
—711(V)b11

with
t= ¢$,1 + ¢§,1?'—}1 = f_1(¢1,1¢1,11 + ¢2,162,11);
Y1) =y1,1 — iy — byiys
byy = rs/2(*&52,1451,11 + ¢1,1902,11)

Keraw { (11,36) € Hy(w) x L2(0). 311(9) =0} #0

={v= (¢, b;'(¢,1 = T11Q) € H, ¢ € H}(w)}

in that case, the discrete spectrum is not explicit.

Once again, oess(Ay) = {0}. But,




¢ = 0 - Remark 4 - Relaxed problem - The partial controllability

W,y e Hx vV, (yoT,y1T) € [2(w) x H™'(w). Is there exists a control v € L2(0, T), such that

GGG T) = g, )
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¢ = 0 - Remark 4 - Relaxed problem - The partial controllability

W,y e Hx vV, (yoT,y1T) € [2(w) x H™'(w). Is there exists a control v € L2(0, T), such that

GGG T) = g, )

{y{'(g,nym(s,mr“/O'sin(r”(ru))ym(a,u)du—o in wx(0,T) ”

y1(0,8) = 0 y1 (1, 1) = v(t) 0,7)

ollability of shell



¢ = 0 - Remark 4 - Relaxed problem - The partial controllability

Oy e Hx v/, (v, y]) € [3(w) x H1(w). Is there exists a control v € L2(0, T), such that

GGG T) = g, )

{y{'(g,nym(s,mr“/O'sin(r”(ru))ym(a,u)du—o in wx(0,T) ”

y1(0,8) = 0 y1 (1, 1) = v(t) 0,7)

2 t) — zqq (& t) 1 /Tsin(r’1 (Uu—1)z11(x,V)du=0, (£t)€wx(0,T),
Jt
2(0,1) = z(1,1) = 0, te(0,T),

(2(,7),2' (-, T) = (&°, 2", Ecw.
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¢ = 0 - Remark 4 - Relaxed problem - The partial controllability

Oy e Hx v/, (v, y]) € [3(w) x H1(w). Is there exists a control v € L2(0, T), such that

GGG T) = g, )

{y{'(g,nym(s,mr“/O'sin(r”(ru))ym(a,u)du—o in wx(0,T) ”

y1(0,8) = 0 y1 (1, 1) = v(t) 0,7)

2 t) — zqq (& t) 1 /Tsin(r’1 (Uu—1)z11(x,V)du=0, (£t)€wx(0,T),
Jt
2(0,1) = z(1,1) = 0, te(0,T),

(2(,7),2' (-, T) = (&°, 2", Ecw.

oo ,,—2 -2 2 2
2(€,1) = Z(Lf[ PRSP (k) 7 cos(pu(t — T)) + (k)

T . .
f, * sin t—T sin(k s
R v S s ) sin(kne)

k>1
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¢ = 0 - Remark 4 - Relaxed problem - The partial controllability

Oy e Hx v/, (v, y]) € [3(w) x H1(w). Is there exists a control v € L2(0, T), such that

GGG T) = g, )

t
{Y{'(Evf)}’1,11(§71)+f_1/0 sin(r='(t — w)yy 1€, w)du =0 in wx(0,T)

(24)
y1(0, 1) = 0; 4 (1, 1) = v(1) 0,7)
11 —1 T " —1
(60 = 241(6, 0 +1 / sin(r (U — )z, (6 U)du =0,  (€,8) € w x (0,T),
Jt
2(0,t) = z(1,1) = 0, te(0,T),
(7.2, ) = (.2, £€w.
<2 2 (km)? *km? 7 -
2(€,1) = k;(ka[ + ka[ (t—T)+ N 1] cos(uk(t — T)) + A;T/Z T sin(ug (t — T))) sin(krg),
= k
@), 72'©) = S, ) sin(kene)
k>1
From Ingham theorem, we get the observability (uniform w.r.t. r—1): if T > T**(r)
T T 2
acso, |22 ”2ng@ < C-/o (271(1,0 1 /t sin(r— (u — r))z,1(1,u)du) o, (@5)
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rollability - Numerical experiments

r = x5, T=385>T"(r)~32552, yY'=vo+v y' =ugvp+uove (26)

Figure: Controlled solution y = (y1, y3)in (0, T) X w.

Arnaud MUNCH | controllability of shell



¢ = 0 - Numerical experiments

y(x1,X3) = y1(§)T(§) + y3(§v(§), €€ w (X1,X3) = (&) (27)




1-D Membranal case: Numerical experiments

Y€)= avg+vi, y'(€) = amvo + pov (28)
—1 _ —1 _ —1 _ —1 _ -1 _
r =7 r = /4 r =7/16 r = /64 r = 7 /256
Nb. Iterations 8 8 9 7 8
Vl1,20. 7y 1.415 1.601 4.823 15.791 59.220
E(0)/E(T) 251 x107% 447 x1077 312x10"% 3.26x10°° 4.49 x 10~
[v112,
— @D | 533x 107" 7.95x 1072 167 x107%  9.86x 1075  6.1804 x 10°
% eIz

Table: o = 1 - Evolution of the L2-norm of the control vs. the curvature r— 1.

rl=x = =x/4 r'=x/16 r'=mx/64 r~!'=r7/256
Nb. lterations 5 4 4 4
Ivil20.7) 0.823 0.692 0.679 0.678 0.678
E(0)/E(T) 112%x107% 847 x 1078 428x10°% 28 x1077 1.05x10°7
[1v11%,
— e 2.019 1.565 1.515 1.5126 1.5124
Nl ez, 4
[lV=Vr=co ]2
ST e 1.679 124x 107 7.87x10°% 577x10~%  4.28 x 105
HVr:ooHLz(O 7

Table: « = 0 - Evolution of the L2-norm of the control vs. the curvature r—'.
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e = 0 - Partial controllability - Numerical experiments

' =n/5,T=85>T"(r)~3.2552, (¥°,y')=(0,0), (&), y}(&)) = (sin(n&), ua sin(zw@()zg)

Figure: Evolution of the controlled component y; vs. t (Left) and corresponding evolution of the component ys
Right), starting from (0, 0).
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Step 1: € > 0 - Non uniform controllability in H x V/ w.r.t. e

Step 2: ¢ = 0 - Controllability only in (KerAwy)~*

Step 3: ¢ — 0in (KerAy)*

Let us assume that (y2,y1) — (¥°,¥") € (KerAm)*.

Question: Is the observability uniform w.r.t. ¢ in that case ?
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Step 1: € > 0 - Non uniform controllability in H x V/ w.r.t. e

Step 2: ¢ = 0 - Controllability only in (KerAwy)~*

Step 3: ¢ — 0in (KerAy)*

Let us assume that (y2,y1) — (¥°,¥") € (KerAm)*.

Question: Is the observability uniform w.r.t. ¢ in that case ?
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Step 1: € > 0 - Non uniform controllability in H x V/ w.r.t. e

Step 2: ¢ = 0 - Controllability only in (KerAwy)~*

Step 3: ¢ — 0in (KerAy)*

Let us assume that (y2,y1) — (¥°,¥") € (KerAm)*.

Question: Is the observability uniform w.r.t. ¢ in that case ?

( From now,

-1 1 2
Acy <2’ (V3,111 —2r~ Y141 —r “y3,1) ) Aty (0 )
Fy = — Afy =
1 _2 . —4
Y3,1111 — 2r Y1411 — 2r “yz g1 +2r 3}’1,1 +r 7y 13,1111
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limit as e — 0: Spectrum of A

= Y111 — f711/)3,1 = A%ey
1=V 1R 4 2y 1111 = A (30)
Y1 =3 =131 =0

2@ a2y —ap® —a(x -y =0, i=1,3

i




limit as e — 0: Spectrum of A

= Y111 — f711/)3,1 = A%ey
1=V 1R 4 2y 1111 = A (30)
Y1 =3 =131 =0

2@ a2y —ap® —a(x -y =0, i=1,3

i
@ Introducing the corresponding characteristic equation e2X8 + Ae2X* — AX2 — A(A — r=2) = 0, we
have to solve the third order polynomial

A A
p(m) = m® 4 Am? — m = S (=178, m=x?

If X > r—2threerealroots:  Ry(A\) < Ra(A) < 0 < Rg(N)

Arnaud MUNCH Null controllability of shell



limit as e — 0: Spectrum of A

= Y111 — f711/)3,1 = A%ey
1=V 1R 4 2y 1111 = A (30)
Y1 =3 =131 =0

2 4 au® —ap® A -y =0, i=1,3
@ Introducing the corresponding characteristic equation e2X8 + Ae2X* — AX2 — A(A — r=2) = 0, we
have to solve the third order polynomial

A A
p(m) =m® +xmf — Sm— S(A—r7%), m=x
& £
If X > r—2threerealroots:  Ry(A\) < Ra(A) < 0 < Rg(N)
@ Moreover, with respect to €, we have
Va2 Va2
ARf(A) = —— — — +0(e), R5(\) = —
€ 2 €
—2 2
R;(A) =—(\—r"%)+0(g%)
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limit as e — 0: Spectrum of A

@ ()= V=RV () = V=R andr()) = VR(\)

Null controllability of shell



limit as e — 0: Spectrum of A

@ (V) = V=Ri(M. () = V/=R(N) and 3(A) = /R3(N)

o
‘o _ (A2 = A (=2 (V)24
TR T T ey T ()
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limit as e — 0: Spectrum of A

@ (V) = V=Ri(M. () = V/=R(N) and 3(A) = /R3(N)
o
‘o _ (A2 = A (=2 (V)24
TR T T ey T ()
o

(11)1 (5)) — A ( C?S(ﬁ()\)&)) A < Sin(ﬁ()\)f)) A ( C?S(fz(k) >
¥3(8) Ky sin(rq(X)€) —Kj cos(ry(A)€) Kz sin(rz(X)

sin(ra(A)€) 63(N9) e 3(ME @0
+Ay ( ) + As + Ag
— Kz cos(rz(N)€) —Kye3NE Kye~B3(NE

Mmoo

Null controllability of shell



limit as e — 0: Spectrum of A

@ ()= V=RV () = V=R andr()) = VR(\)

(A2 = A (=2 (V)24
Y IR = POV A = PY O

(11)1 (5)) — A ( C?S(ﬁ()\)&)) A < Sin(ﬁ()\)f)) A ( C@(’zﬂ)&)
¥3(8) Ky sin(rq(X)€) —Kj cos(ry(A)€) Kz sin(rz(A)€

sin(r2(3)€) S oney @)
+Ay ( ) + As + Ag
— Kz cos(rz(N)€) —Kye3NE Kye~B3(NE

o Taking into account the 6 boundary conditions, we get that A< solves the eigenvalue problem if

Ky =

det(D®(\)) =0 (32)
with
1 0 1 0 1 1
cos(ry (X)) sin(ry (M) cos(ra(N)) sin(ra(X)) eB(N) e~ 3N
DE(N) — 0 —Ky 0 —Ky —Ks Ky
M=1 Ksinn()  —Kieos(n(V)  Kesin(p(\)  —Kpcos(n(N)  —Kge®N)  Kge~ 3N
Kyri(X) 0 Kara(X) 0 —Karz(X) —Karz(X)
Kyrycos(ri(X))  Kirysin(ri(X))  Kpracos(ra(X)) Ky sin(ra(X)) —K3r3er3(>‘) —K3rse*’3(>‘)
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limit as e — 0: Spectrum of A

The adjoint time dependent solution may then be expended as follows :

d(E )= > (ak cos(y/Agt) + sin( /\it))w(ﬁ, M), AT = {A% > 172 det(D(A®)) = 0}

by
Af EAT % Ak




limit as e — 0: Spectrum of A

The adjoint time dependent solution may then be expended as follows :

d(E )= > (ak cos(y/ALt) +

by
Af EAT % Ak

For A\ = r=2 + (k)2 € o(Ay),

sin Aio)w(s,m AT = {2 > 172, det(D(A)) = 0}

det(D° (X\g)) = O(ve) — Ag = A, + O(e®), forsome o > 0 (33)

and

sin(r2(Ak)) = O(ve)




limit as e — 0: Spectrum of A

The adjoint time dependent solution may then be expended as follows :

d(E )= > (ak cos(y/ALt) +

by
Af EAT % Ak

For A\ = r=2 + (k)2 € o(Ay),

sin Aio)w(s,m AT = {2 > 172, det(D(A)) = 0}

det(D° (X\g)) = O(ve) — Ag = A, + O(e®), forsome o > 0 (33)

and

sin(rz2(Ax)) = O(v/e)
BUT

o(A%) » o(Ay) as e — 0




limit as ¢ — 0: Densification of o(A®)

Figure: det(b(x=)) and sin(ry(A%))- A > r=2-c = 1072,10~4,1078, 108 - r~1 = 1

“mg o(A%) =R (convex hull of oess(Ap)) (34)
€—
The roots of sin(r>(A¢)) converge to Ay = r—2 + (kx)2 € o(Ap). The spurious eigenvalues are related to

sin(ry (A%)) ~ sin(#),

ya

7Sanchez-Hubert, Sanchez-Palencia, Coques elastiques minces: Propriétés asymptotique, 1997.
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A €a(AS), A > 2 =0T UoS ™

with

oSt = {X; > riz,Aswi = Npvp, A — 24 (k‘/r)2 € cr(AM),'t,ZJE’Jr — Vg in H},

= Agp T, Ak — Ok & o(Am), ¥y

(35)

o5 T = {Af > R ATy — 0in H}
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¢ — 0 - Spectrum of A

A €a(AS), A > 2 =0T UoS ™
with

o= = (A > T2 ATYE = AR, AL — 12+ (km)? € o(Am), i T — vy in HY, )
o5 T = A > R ATYS T = AfYS T A — Ok € o(Am), ¥T T — 0in H}

<w1 (&)) A ( ccfsm(x)s)) . A2< sin(n(A)&)) e < cgs(rz(m))
¥3(8) Ky sin(r1(2)€) —Ki cos(r (V)¢) Kz sin(ra(X)€)
sin(ra(A)€) 3(NE) e—3(N)¢
s ( —Ky Cos(r2(>\)§)> +4 < Kye3NE +4 Koo~ 3(N)E

D(A®)(Ay, Ap, Ag, 1, As, Ag)T =0

In

we take A4 = 1 and solve

leading to

AT A5 A5 A = O=/B), A5 =0(e!/VE) A5 = 0" /%)




¢ — 0 - Spectrum of A

A €a(AS), A > 2 =0T UoS ™
with

o= = (A > T2 ATYE = AR, AL — 12+ (km)? € o(Am), i T — vy in HY, )
o5 T = A > R ATYS T = AfYS T A — Ok € o(Am), ¥T T — 0in H}

<w1 (&)) A ( ccfsm(x)s)) . A2< sin(n(A)&)) e < cgs(rz(m))
¥3(8) Ky sin(r1(2)€) —Ki cos(r (V)¢) Kz sin(ra(X)€)
sin(ra(A)€) 3(NE) e—3(N)¢
s ( —Ky Cos(r2(>\)§)> +4 < Kye3NE +4 Koo~ 3(N)E

D(A®)(Ay, Ap, Ag, 1, As, Ag)T =0

In

we take A4 = 1 and solve

leading to
AT A5 A5 A = O=/B), A5 =0(e!/VE) A5 = 0" /%)

b,
de. = > (akcos(vet) + —=

Aker( yr sin(mr))w(s, )

We note V& the space corresponding to the part o>+




0 - Uniform observability in V=T from & =

1,100, )= > (akcos( XED) +

: £ £ = £ = £ =
sin( Aﬁ’)) [ kA2, k + T2,k + A5 k"3 k — A6 k"3 k]

)\iEaEvJr )\Ii
= by . = e \24e e \2 < e 2, g e 12
#3,11(0,1) = D> [axcos(\/AgH+ sin(y/Agt) ) [Ki (rf )" Az, k+(r2 )" Ko+As k Ka(r3 )" +Ag 1 Ka(r3 1)
kf6057+ )‘i

Applying Ingham on ¢4 1(0, t) and on ¢3 11(0, t) plus tedious computations, we get that

(Uniform observability w.r.t. £ (and r=1 )

Forany = > 0, there exista T*** and C; > 0 independent of e, such that for any T > T***(r—), the following
inequality holds :

e T 2 2,2
CIE*(0,) < /0 (5.1 + <262 11)(0, D, (36)
where ¢ is the solution of the adjoint system with initial condition
#(6,00= D0 @l AR) € H(w) x H(w),
Ai €otsrt

#(€,0 = S b Af) € LP(w) x LE(w)

)\iEO‘E’+
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€ — 0 - Numerical experiments in V&*

@ A priori, IMPOSSIBLE, because V& is unknown.
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€ — 0 - Numerical experiments in V&*

@ A priori, IMPOSSIBLE, because V& is unknown.

@ A way is to compute the first N A € o= and
corresponding ;. (duable but not straightforward due to
the densification).
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€ — 0 - Numerical experiments in V&*

@ A priori, IMPOSSIBLE, because V& is unknown.

@ A way is to compute the first N A € o= and
corresponding ;. (duable but not straightforward due to
the densification).

@ However, the approximate controllability is very likely
possible because the spurious modes converge to zero
with .
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One explicit example for the 2-D

Work in progress by Karine Mauffrey (PhD, Besancon).

Q=(0,17
"’ = Au+ avy, Q % (0, T),
v = —auy — av, Q % (0, 7),
u=f, o2 x (0, T),

+ Initial conditions




One explicit example for the 2-D

Work in progress by Karine Mauffrey (PhD, Besancon).

Q= (0,1
"’ = Au+ avy, Q % (0, T),
v = —auy — av, Q % (0, 7),
u=f, o2 x (0, T),
+ Initial conditions
4
A, = 5 ((p2 +P)r? +at \/((p2 +q?)m2 — a)? + 4a2p27r2>
+
2(A —a 2
eiq(x, y) = (# sin(prx) sin(qmy), e o cos(pmx) sin(qu))
' ()\iq — a)2 + o2p?n? (qu — a)2 + a2p2n2
oess = [a— ‘12»3]
T 2, 2
E(u,v,0) < C(T)/ /((ux Fav?+ uy> dodt @7)
o Jr

I ={(x,y) € [0,1]%, xy = 0}
8

8MA Mehrenberger, An Ingham type proof for the boundary observability of a N-d wave equation, C.R:A.S 2009.




¢ = 0 - Cylindrical shell

w = (0,1)%, (&1, £2) € w - Two controls y,, = v, for the three components y = (y1, ¥, ¥3)-

—1
—a(y1,11 +r ¥3,1) —cy1,22 — (b+C)y2 21

A B
Auy=| —cya1 — @ — (b+Oyi 12 —br yza | Am= <B* ar’21> : (38)
’71(6(}’1,1 +rly) + bys 2)
8u(A 4
g SO A (39)
A+2u A+ 2u

@ KerAy = {d € V = Hj(w) x H}(w) x L2(w), ¢1,1+7" "3 =0, ¢p2 =0, ¢1 2+ ¢2 1 = 0} = {0}




¢ = 0 - Cylindrical shell

w = (0, 1)2, (&4, &2) € w - Two controls yo = Vv, for the three components y = (y1, y2, ¥3)-

—1
—a(y1,11 +r ¥3,1) —cy1,22 — (b+C)y2 21

A B
Auy = | —cyo 11 — @20 — (b+0)yy 12 — brlysp |0 Am= <B* ar72,> : (38)
’71(6(}’1,1 +rly) + bys 2)
8u(A 4
a:u;b:i’czgu (39)
A+2u A+2u

@ KerAy = {d € V = Hj(w) x H}(w) x L2(w), ¢1,1+7" "3 =0, ¢p2 =0, ¢1 2+ ¢2 1 = 0} = {0}

@ soss(Ay) = [0, %r*] # @ = Non uniform controllability in (L2(w))® x V/




¢ = 0 - Cylindrical shell

w = (0, 1)2, (&4, &2) € w - Two controls yo = Vv, for the three components y = (y1, y2, ¥3)-

—1
—a(y1,11 +r ¥3,1) —cy1,22 — (b+C)y2 21

A B
Auy = | —cyo 11 — @20 — (b+0)yy 12 — brlysp |0 Am= <B* ar72,> : (38)
’71(6(}’1,1 +rly) + bys 2)
8u(A 4
a:u;b:i’czgu (39)
A+2u A+2u

@ KerAy = {d € V = Hj(w) x H}(w) x L2(w), ¢1,1+7" "3 =0, ¢p2 =0, ¢1 2+ ¢2 1 = 0} = {0}

@ soss(Ay) = [0, %r*] # @ = Non uniform controllability in (L2(w))® x V/

@ ar2 € o(Ay)\oess(Am) corresponding to (0, 0, 1)




¢ = 0 - Cylindrical shell

w = (0, 1)2, (&4, &2) € w - Two controls yo = Vv, for the three components y = (y1, y2, ¥3)-

—1
—a(y1,11 +r ¥3,1) —cy1,22 — (b+C)y2 21

A B
Auy = | —cyo 11 — @20 — (b+0)yy 12 — brlysp |0 Am= <B* ar72,> : (38)
’71(6(}’1,1 +rly) + bys 2)
8u(A 4
ae ( +u);b: Iz o2 (39)
A+2u A+ 2u

KerAy = {# € V = Hj(w) x Hj(w) x L3(w), d1,1+ 7 'd3 = 0,622 = 0, b1 2+ b2,y = 0} = {0}
cess(Am) = [0, %r*] # @ = Non uniform controllability in (L2(w))® x V/

ar—2 € o(Ay)\oess(Am) corresponding to (0, 0, 1)

X € o(Ay) st X\ # ar—2 fulfills

—2
r *
<A+ - )<4>1,d>2> = A($1,92), ($1,2) € Hp(w) X Hy(w) (40)




Membranal case: asymptotic spectrum

A r—2 " T _ T_ T
+ 588" )(¢1,92)" = Ax(1,¢2) = M1, 62) (41)
A —ar

The analytical computation of the other eigenvalues seems more difficult. However, according to 9, the asymptotic
spectrum (which approximate the highest eigenvalues) is derived from the study of A.

Lemma

Lets = b/a.Assume that X > ar—2. Then A, is a positive selfadjoint operator and
V6 = (61.62) € D). o [ 1V k< [ M(@)ook < () [ 19912 o,
w w w

with

1L 2 - 1/2
d+(A):a+@i+%<(1+sz)2( & >+ss(a 0)32+4(afc)2> .

2 r2x—a rPx—a r2x—a

Asymptotically, the spectrum of Ay, is included in the spectrum of —[c, 2a — c]A.

gGrubb-Geymonat, Eigenvalue asymptotics for self-adjoint elliptic mixed order systems with nonempty
essential spectrum (1979)
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Membranal case: Adjoint problem - Essential spectrum

In order to compute the essential spectrum, we consider the determinant of

acf+oc3  (b+o)Cig  —iarT ¢y
At Ga) = | (b+o)ciCe o +ack  —ibr G
iar=1¢4 ibr="¢, ar—? -«
The essential spectrum is defined by 10
Tess(Am) = {a € B, dol(A(G1, Gz, @) = 0, (G1 G2) € BZ, (€1, 62) # (0,0)} (42)

After computation, we obtain that det(A(¢1, {2, a)) = 0 for « solution of

c(ac(f + (a2 — - Zcb)gf(jg + acgg)a = (:Zg‘gr*z(a2 — b2)

so that

[ 7@,4], if c+#0,
Uess(AM) = a

R if ¢=0
Therefore, the essential spectrum is not empty and is equal to

28X +2p)p 2

cess(Am) = [o, .

Jezo

oess(Am) # 0 <= Lack of controllability '.

10(;‘wubb-Geymonat, The essential spectrum of elliptic boundary value problem, Math. Ann. (1977)

" Geymonat G., Valente V., A noncontrollability result for systems of mixed order, SIAM J. Control Optim, (2000)




One mode associated with A € gess(Anm)

r =1, cess(Ay) ~ [0, 11.529441] ; known eigenvalue A\g = ar—2 ~ 14.31578 , w = (0, 1)?)

Figure: Approximation of the mode (o1, #2, ¢3) associated with A ~ 11.5294

12Pel|erin, Sanchez-Palencia, Local and global vibrations of shells in membrane approximation, (1993)
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ode associated with

Uess(AM

r =1, cess(Ay) ~ [0, 11.529441] ; known eigenvalue Ao = ar—2 = 14.31578 , w = (0, 1)?)

'll ¢ SN
RN
R
‘ W

\\\l "4';7"”111/' a‘
'Il/

. »\\\\\\\\\\\

\“\

N
T ‘\\\\\\\\\\\\ o

///II/// Il
’”f/«a{’,'f'tg““\\\\\\\\“\ §

Figure: Approximation of the mode (¢, ¢2, $3) associated with A ~ 169.58 > g
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Minimisation of the observability constant w.r.t. (X, )

Is it possible to eliminate the essential spectrum by optimizing
the distribution of (A, ) along w ?

(A(€), 1(€)) = (Aas )Xo (&) + (Ag, wp) (1 — Xo(€)), €€

w, OCuw

0 112
inf sup - ||¢ N HV><H (43)
Ocw ¢, ¢! fo faw bM(¢7 ¢)d0dt
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Final comments

@ Exact controllability and asymptotic in ¢ do NOT commute
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Final comments

@ Exact controllability and asymptotic in ¢ do NOT commute
@ Similar remarks for parabolic system

y'+Auy =0 (44)
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Final comments

@ Exact controllability and asymptotic in ¢ do NOT commute
@ Similar remarks for parabolic system

y'+Auy =0 (44)

@ Multipliers or Carleman do not see the essential spectrum
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Final comments

@ Exact controllability and asymptotic in ¢ do NOT commute
@ Similar remarks for parabolic system

y'+Auy =0 (44)

@ Multipliers or Carleman do not see the essential spectrum

@ Spectral analysis out of the non-controlable space
(Spectral compensation method due to Loreti-Komornik)

Arnaud MUNCH Null controllability of shell



Final comments

@ Exact controllability and asymptotic in ¢ do NOT commute
@ Similar remarks for parabolic system

y'+Auy =0 (44)

@ Multipliers or Carleman do not see the essential spectrum

@ Spectral analysis out of the non-controlable space
(Spectral compensation method due to Loreti-Komornik)

@ Micro-local analysis ?
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Final comments

@ Exact controllability and asymptotic in ¢ do NOT commute
@ Similar remarks for parabolic system

y'+Auy =0 (44)

@ Multipliers or Carleman do not see the essential spectrum

@ Spectral analysis out of the non-controlable space
(Spectral compensation method due to Loreti-Komornik)

@ Micro-local analysis ?
@ Controllability of pure bending shell

y'+Apy =0, Qx(0,7),
Ayy =0, Qx(0,T)
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THE END

Thank you for your attention
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