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Two goals




Two goals

@ Stability of hyperbolic systems containing some switches

@ Stability of hyperbolic systems thanks to switching rules
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1 Stability analysis of switched hyperbolic systems
Motivations using an open channel
Related works
Main results
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Related works
Main results

2 Stabilization of hyperbolic systems by means of switching rules
Motivations (same ones)
Main results

3 Applications on the linear shallow water equations

4 Conclusion

4/34 C. Prieur Clermont-Ferrand, Septembre 2014



1 — Switched hyperbolic systems

Consider the following switched linear hyperbolic system
Ory(x,t) + Nioxy(x,t) =0, x€1]0,1],t>0 (1)

where, for each i € [,
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1 — Switched hyperbolic systems

Consider the following switched linear hyperbolic system
Ory(x,t) + Nioxy(x,t) =0, x€1]0,1],t>0 (1)
where, for each i € I, Aj = diag(\j1,...,Ajn), with
A1 <. . <Am<0<Aimp1 <...< A,

and m does not depend on the index i in a given finite set /.
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1 — Switched hyperbolic systems

Consider the following switched linear hyperbolic system
Ory(x,t) + Nioxy(x,t) =0, x€1]0,1],t>0 (1)
where, for each i € I, Aj = diag(\j1,...,Ajn), with
A1 <. . <Am<0<Aimp1 <...< A,
and m does not depend on the index i in a given finite set /.

Use the notation: -
NF = diag(Mials- .-, [Aial) and y = (v1, y))

The boundary conditions are
y+(0,1) ) ( y+(1,t) )
= Gi ) 2
(e y-(0.1) @
where, for each 7/ in [, G; € R"™*".
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This kind of models appear in many various applications such as

o the traffic flow control [Bressan, Han; 11], [Garavello, Piccoli;
06], [Gugat, Herty, Klar, Leugering; 06]
o the open-channel regulation [Bastin et al; 09]...
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This kind of models appear in many various applications such as
o the traffic flow control [Bressan, Han; 11], [Garavello, Piccoli;
06], [Gugat, Herty, Klar, Leugering; 06]
o the open-channel regulation [Bastin et al; 09]...

Example: Level and flow control in an horizontal reach of an
open-channel. It will be considered in all this talk
Control = two gates operations:

Controllers

o

Vv

0 L X

The linearized shallow water equation may be used.
Switching amongs different controls yields a model as in (1)-(2).
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Review of the literature on the unswitched case

Many technics exist for the unswitched case
Let us consider the following linear hyperbolic system:

Oty +Noxy =0, x€]0,1], t>0 (3)
Y(Ovt):Gy(lat)7 t>0

There are sufficient conditions on G so that (3) is Locally
Exponentially Stable in H?, or in C1...

[Coron, Bastin, d'Andréa-Novel; 08]

[CP, Winkin, Bastin; 08]
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Review of the literature on the unswitched case

Many technics exist for the unswitched case
Let us consider the following linear hyperbolic system:

Oty +Noxy =0, x€]0,1], t>0 (3)
Y(Ovt):Gy(lat)7 t>0

There are sufficient conditions on G so that (3) is Locally
Exponentially Stable in H?, or in C1...

[Coron, Bastin, d'Andréa-Novel; 08]

[CP, Winkin, Bastin; 08]

Notation:

16l = max{|Gyl, y € R", |y| = 1}
p1(G) = inf{|AGAY|, A € Dy}

[Coron et al; 08]: if p1(G) < 1 then the system (3) is Exp. Stable.
This sufficient condition is weaker that the one of [Li; 94].
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Problem under consideration

Stability analysis of (1) and (2) for different classes of switching
signals.

Define a switching signal as a piecewise constant function
iRy — I
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Problem under consideration

Stability analysis of (1) and (2) for different classes of switching
signals.

Define a switching signal as a piecewise constant function

iRy — I

Denote by S(R., /) the set of switching signals such that, on each
bounded interval of R, there is only a finite number of
discontinuity points.

Denote by S- (IR, /) the set of switching signals with a dwell time
larger than 7.
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Problem under consideration

Stability analysis of (1) and (2) for different classes of switching
signals.

Define a switching signal as a piecewise constant function

iRy — I

Denote by S(R., /) the set of switching signals such that, on each
bounded interval of R, there is only a finite number of
discontinuity points.

Denote by S- (IR, /) the set of switching signals with a dwell time
larger than 7.

Given a piecewise continuous function y° : [0, 1] — R”, the initial
condition is

y(x,00=y(x), xe[0,1]. (4)
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Problem under consideration

Stability analysis of (1) and (2) for different classes of switching
signals.
Define a switching signal as a piecewise constant function
iRy — I
Denote by S(R., /) the set of switching signals such that, on each
bounded interval of R, there is only a finite number of
discontinuity points.
Denote by S- (IR, /) the set of switching signals with a dwell time
larger than 7.
Given a piecewise continuous function y° : [0, 1] — R”, the initial
condition is

Y(x,0)=y2(x), x€[0,1]. (4)

Given a switching signal /, the existence of a solution for the
switched hyperbolic (1) with the boundary conditions (2) and the
initial condition (4) is established in

[Hante, Leugering, Seidman; 09] and [Amin, Hante, Bayen; 12].
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Stability condition under a dwell time property

Assumption 1

For all i in /, the following holds p1(G;) < 1.

y

Under Assumption 1, there exists 7 > 0 such that for all
0 < 7 < 7, the switched system

Dy, )+ Ady(x, ) =0, x€[0,1,t>0  (5)

with the boundary conditions

.y+(07 t) > G < y—i—(]-: t) )
= U ) 6
(e y-(0.) &
is exponentially stable uniformly for all switching signals in

SRy, ).
W
R e | I e




Some ideas on the proof

Assumption 1
For all i in /, the following holds p1(G;) < 1. J
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For the unswitched case If i(t) = i, for all t > 0, then
Assumption 1 implies with [Coron et al; 08],
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Assumption 1
For all i in /, the following holds p1(G;) < 1. J

For the unswitched case If i(t) = i, for all t > 0, then
Assumption 1 implies with [Coron et al; 08], that system (5); with
boundary conditions (6); is asymptotically stable.
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For all i in /, the following holds p1(G;) < 1. J

For the unswitched case If i(t) = i, for all t > 0, then
Assumption 1 implies with [Coron et al; 08], that system (5); with
boundary conditions (6); is asymptotically stable.

More precisely, due to the definition of p; norm, there exists a
diagonal positive definite matrix A; such that HA7G7A7_1H <L
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Assumption 1
For all i in /, the following holds p1(G;) < 1. J

For the unswitched case If i(t) = i, for all t > 0, then
Assumption 1 implies with [Coron et al; 08], that system (5); with
boundary conditions (6); is asymptotically stable.

More precisely, due to the definition of p; norm, there exists a
diagonal positive definite matrix A; such that HA7G7A7_1H <L
Then, letting Q; = A%(/\;r)_l, we have

N Q- G A G >0,
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Some ideas on the proof

Assumption 1
For all i in /, the following holds p1(G;) < 1. J

For the unswitched case If i(t) = i, for all t > 0, then
Assumption 1 implies with [Coron et al; 08], that system (5); with
boundary conditions (6); is asymptotically stable.

More precisely, due to the definition of p; norm, there exists a
diagonal positive definite matrix A; such that HA7G7A7_1H <L
Then, letting Q; = A%(/\;r)_l, we have

N Q- G A G >0,
and, then with a suitable yz > 0, the function

Viy— fol e "y (x)T Qy(x)dx is a Lyapunov function for the
unswitched system (1); and (2)-. |
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Some ideas on the proof

Assumption 1
For all i in /, the following holds p1(G;) < 1. J

For the unswitched case If i(t) = i, for all t > 0, then
Assumption 1 implies with [Coron et al; 08], that system (5); with
boundary conditions (6); is asymptotically stable.

More precisely, due to the definition of p; norm, there exists a
diagonal positive definite matrix A; such that HA7G7A7_1H <L
Then, letting Q; = A%(/\;r)_l, we have

N Q- G A G >0,

and, then with a suitable yz > 0, the function

Viy— fol e "y (x)T Qy(x)dx is a Lyapunov function for the
unswitched system (1); and (2)-. |
For the switched case Combine these technics with
finite-dimensional Lyapunov theory for switched linear systems. W
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Stability condition for all switching signals

Assumption 1 implies, for each 7 in /,
AFQi — G QAT G >0,

Assumption 2

There exists a diagonal positive definite matrix @ in R™" such
that, for all 7 in [, /\fQ — GI-TQ/\fG,- > 0,, and /\fQ > 0, hold.

11/34 C. Prieur Clermont-Ferrand, Septembre 2014



Stability condition for all switching signals

Assumption 1 implies, for each 7 in /,

N Qi — G QNG > 0,

Assumption 2

There exists a diagonal positive definite matrix @ in R™" such
that, for all i in I, AT Q — G QA G; > 0,,, and A} Q > 0, hold.

v

Under Assumption 2, the switched system

Ory(x,t) + Nidxy(x,t) =0, x€1]0,1],t>0

g 3 y+(07 t) ) ( .y+(17t) > :
with the boundary conditions = G; , s
Y ( y-(1,1) y-(0,t)
exponentially stable uniformly for all switching signals in S(R4, /).
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2 — Stabilization by means of a switching rule

Back to the channel!

. J
- ——
0 L X

d(D)a( )
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2 — Stabilization by means of a switching rule

Back to the channel!

Controllers

d(D)a( )
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Linearization around a steady state (H*, V*)

Consider a steady state (H*, V*), constant not only in time but

also in space.
Defining the deviations of the state H(x,t), V(x,t) w.r.t. a steady

state as

h(x,t) = H(x, t) — H*
v(ix,t) = V(x,t) — V*
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Linearization around a steady state (H*, V*)

Consider a steady state (H*, V*), constant not only in time but
also in space.

Defining the deviations of the state H(x,t), V(x,t) w.r.t. a steady
state as

h(x,t) = H(x, t) — H*
v(ix,t) = V(x,t) — V*

dO(C D)

it gives
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Change of variables

Making the diagonalization of the system (8) we define the
Riemann coordinates y;, i = 1,2:

H* H*
yvi=h+y—v, yo=h—|/—v
g g
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Change of variables

Making the diagonalization of the system (8) we define the
Riemann coordinates y;, i = 1,2:

H* H*
yvi=h+y—v, yo=h—|/—v
g g

To be sure that the matrix of the system in (8) is diagonalizable,
the following assumption holds:

gH* — V*2 >0

This assumption is called fluviality assumption.
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Change of variables

Making the diagonalization of the system (8) we define the
Riemann coordinates y;, i = 1,2:

H* H*
yvi=h+y—v, yo=h—|/—v
g g

To be sure that the matrix of the system in (8) is diagonalizable,
the following assumption holds:

gH* — V*2 >0

This assumption is called fluviality assumption.
Thus the system is rewritten:

() (5 w)e(n)=e ©
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Boundary conditions

The channel is provided with actuators in such a way that we can
prescribe the inflow rate at the beginning and the outflow rate at
the end of the channel:

ui(t) = H(0, )V(0, t) (10a)

w(t) = H(L, t)V(L, t) (10b)
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Boundary conditions

The channel is provided with actuators in such a way that we can
prescribe the inflow rate at the beginning and the outflow rate at
the end of the channel:

ur(t) = H(0,t)V(0,t) (10a)
up(t) = H(L, t)V(L,t) (10b)
It can be shown that the following boundary conditions

y1(0,t) = kiy2(0, t)
yo(L, t) = koy1(L, t)

are equivalent to (10) for a suitable choice of ui(t) and wuy(t):
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Boundary conditions

The channel is provided with actuators in such a way that we can
prescribe the inflow rate at the beginning and the outflow rate at
the end of the channel:

ur(t) = H(0,t)V(0,t) (10a)
up(t) = H(L, t)V(L,t) (10b)
It can be shown that the following boundary conditions

y1(0,t) = kiy2(0, t)
yo(L, t) = koy1(L, t)

are equivalent to (10) for a suitable choice of ui(t) and wuy(t):

ur(t) = uf + V*h(0, t) + eH* (251 ) h(0, t)
up(t) = uj + V*h(L, t) + veH* (152 ) h(L, t)

15/34 C. Prieur Clermont-Ferrand, Septembre 2014



Motivation for switching and relative questions

@ Considering discontinuous controllers may add some degrees
of freedom w.r.t. continuous controllers.

@ Improve the convergence of the system to the desired behavior
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Motivation for switching and relative questions

@ Considering discontinuous controllers may add some degrees
of freedom w.r.t. continuous controllers.

@ Improve the convergence of the system to the desired behavior

Drawback: the question of existence of solutions in the case of
switched system can be hard to solve.
See e.g. [Hante, Sigalotti; 11],
recent work of Valein, Tucsnak
and recent work of Coron, Bastin
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Stabilizability

We are concerned with n x n linear hyperbolic systems of
conservation laws of the form:

Ory(x, t) + Noxy(x,t) = 0, t >0, x € [0,1], (11a)
.y(07 t) = O’(t)y(17t)7 t >0, (11b)

y(x,0) = y%(x), x €[0,1], (11c)

where y : [0,1] X [0,00) — R", 0 : Ry — [ is a piecewise constant
function, and is the controlled switching signal. I = {1,..., N} is
a finite set of index. y° € L2(0,1).
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y(x,0) = y°(x), x € [0,1], (11c)
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Stabilizability

We are concerned with n x n linear hyperbolic systems of
conservation laws of the form:

Ory(x, t) + Noxy(x,t) = 0, t >0, x € [0,1], (11a)

.y(07 t) = O’(t)y(17t)7 t >0, (11b)

y(x,0) = y°(x), x € [0,1], (11c)
where y : [0,1] X [0,00) — R", 0 : Ry — [ is a piecewise constant
function, and is the controlled switching signal. I = {1,..., N} is

a finite set of index. y° € L2(0,1).

N\ is a positive diagonal matrix.

Remark Instead of A, it could be considered Ay(;) where s(t) is an
(uncontrolled) switching signal.
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Problem statement

Stabilization by means of a switching rule

Design o : [0,00) — [ satisfying the existence of ¢ > 0 and ao > 0
such that all y© in L2(0,1), the solution of (11) satisfies

¥ Dl < ¥ 2o - (12)

for all £ > 0.
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Using again a Lyapunov function

The candidate Lyapunov function considered is defined by

1
V(y) = / y T Qe d, (13)
0

for all y € L2(0,1). Q is a diagonal positive definite matrix
Q c RN,
Along the pde (11a) and using the bound. cond. (11b), it holds

1
V=— 2/ y(x, t) T QAIcy(x, t)e **dx
0
1

= — {Y(X, t)TQ/\y(X/ t)e_MX:| ;_H/ y(X, t)T Q/\y(X, t)efy,xdx
0

<y(1,6)7 [GT QG — QAe™*] y(1,£) AV .
where A = minjery 1 Aj.
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Let the output be defined as w(t) = y(1,t)
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Let the output be defined as w(t) = y(1,t) and a = JAu we
obtain:

V < —2aV+gi(w(t))

where gi(w(t)) = qi(w(t)) = w(t)" [G;" QAG; — QAe™ "] w(t).
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Let the output be defined as w(t) = y(1,t) and a = JAu we
obtain:

V < —2aV+gi(w(t))

where gi(w(t)) = qi(w(t)) = w(t)" [G;" QAG; — QAe™ "] w(t).

Thanks to this lemma it is natural to consider the following
optimal switching controller [Geromel, Colaneri; 06]

o[w](t) = argmin g;j(w(t)) (14)
ie{1,...,N}
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Let the output be defined as w(t) = y(1,t) and a = JAu we
obtain:

V < —2aV+gi(w(t))
where gi(w(t)) = qi(w(t)) = w(t)" [G;" QAG; — QAe™ "] w(t).

Thanks to this lemma it is natural to consider the following
optimal switching controller [Geromel, Colaneri; 06]

o[w](t) = argmin g;j(w(t)) (14)
ie{1,...,N}

Let us define the simplex:

N
szlmzo}. (15)

i=1
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Assumption 3

There exist v € I', a diagonal definite positive matrix @ and a
coefficient p > 0 such that

N
> 5 (6T QNG — e QN) <0, (16)

i=1
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Assumption 3

There exist v € I, a diagonal definite positive matrix Q and a
coefficient p > 0 such that

N
> i (G,-TQ/\G,- - e*“o/\) <0,. (16)

i=1

v

Under Assumption 3, system (11a) with switching control (14) is
globally exponentially stable. Letting V' as proposed, there exist
¢ > 0 such that all solutions of (11a) satisfy the inequality

|.y(7 t)|L2(0,1) < Ce_u)\t |y0|[_2(071) ) (17)

for all t > 0.

4
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With the switching control (14):

V< -2aV t)) = —2aV i A(w(t)).
< =20V + Gofu)(e) (w(t)) a +;E{T_'_r_‘7m}q(w( )
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With the switching control (14):

V< -2aV t)) = —2aV i A(w(t)).
< =20V + Gofu)(e) (w(t)) a +Ve£THN}q(W())

By Assumption 3, there exists v € I such that
N
3 -(GT e
i i QNG — e #QN) <0,.
i=1

Therefore Vt > 0, Z,Nzl viqi(w(t)) < 0.
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With the switching control (14):

V< -2aV t)) = —2aV i (w(t)).
< =20V + Gofu)(e) (w(t)) a +ie{T.l.r.17N}q(W( )

By Assumption 3, there exists v € I such that
N
S i (GT e
i i QNG — e #QN) <0,.
i=1

Therefore Vt > 0, Z,N:l viqi(w(t)) < 0. Thanks to the above
inequality one gets that there exists at least one i for which

gi(w(t)) < 0. ,
Hence Vt > 0, Ji € I : qi(w(t)) <0, which gives V < —2aV.
Finally V satisfies V < e72°V (?). |
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3 — Numerical simulations: academic example

2 0
° Nicp12y = (O 1 )

1.1 0
° G = ( 03 01 ) Data of the linear hyperbolic system

0 02
°G2_(o.1 —1>
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3 — Numerical simulations: academic example

® Nigqroy = ( g (1) ) Assumption 3 holds:
e ( 11 0 2 -
*m =\ -03 o1 AZZ%’(G; Q/\;G;—e_“Q/\;>
i=1
° G = ( N ) [ 11747 —0.0825
0 ' ~\ —0.0825 —0.0923
o =Dh
o =01 spec (A) = {—1.1809; —0.0861}
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3 — Numerical simulations: academic example

2 0

Nicqr2y = ( 0 1 )
1.1 0

° G = ( ~03 01 )

0 02
°G2_(o.1 —1>

e Q=~h
e n=0.1
4 71:§and'72:—
2sin(37x) .- ..
o y'(x) = ( 25m(4m)) Initial condition

23/34 C. Prieur Clermont-Ferrand, Septembre 2014



3 — Numerical simulations: academic example
Unstability when applying only Gy

Numerical Solution
First component

()
M
—_
—
N
D
Il
7N
o N
= o
"

1.1 0 3o
° &= ( 03 01 ) s

0 02 T
° & ( 0.1 —1 ) .
e Q=h s
e n=0.1 .

2sin(37x) %z o

e (X) ( 25|n(47rx)> 74\ : .\.M
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3 — Numerical simulations: academic example
Unstability when applying only G,

Numerical Solution

2 0
o 16{12} = (O 1)
/11 0 f\
° &= ( 03 01 ) \
0 02
° & <0.1 —1>
° QR=1bh
e =01 .
oy =32andy, =1 i

yo(x) = (Y2t
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3 — Numerical simulations: academic example
Stability with argmin control

Numerical Solution
First component

()
M
—_
—
N
D
Il
7N
o N
= o
"

11 0 %
°G1_( 0.3 01) ?~| -

0 02 T
° G ( 01 -1 ) T
° QR=1bh

(4
-2
fn

=3and =1 :

yo(x) = (Y2t
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3 — Numerical simulations: academic example
Switching signal:

2 0 2f
Nicqr2y = ( 0 1 )
1.1 0 .
°G1_(—0.3 0.1) 3

0 02
°G2_(o.1 —1)

OQ:I2 0 1 2 3 4 ? 6 7 8 9 10
e =01
7y =73andy =}

yo(x) = (Y2t
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3 — Numerical simulations: academic example
Switching signal:

2 0 2f
Nicqr2y = ( 0 1 )
1.1 0 .
°G1_(—0.3 0.1) 3

0 02
°G2_(o.1 —1>

o Q = I2 0 1 2 3 4 ? 6 7 8 9 10
° =01 = Fast switching, this behavior is most of
= § and y, = l the time undesirable!

Control by avoiding this...

yo(x) = (Y2t
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Argmin with hysteresis

Gofw](e-)(w(t)) = 0;

=)W 0 J[W](t) =
ow]( )( (1) < argmin q;(w(t))

Figure: Argmin with hysteresis automaton.

olw](t7) if Golw)(e-)(wlt]) <0
o[w](t) =4 argmin qi(w(t)), if qopu(e ( (t)=0 (18)
ie{1,...,N}
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Under Assumption 3, system (11a) with hysteresis control (18) is
globally exponentially stable,

The proof follows the lines than with the argmin rule.
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Under Assumption 3, system (11a) with hysteresis control (18) is
globally exponentially stable, i.e. with the same V/, there exists
¢ > 0 such that all solutions of (11a) satisfy the inequality

(o Dligony < e ¥ ooy - (19)

for all t > 0.

The proof follows the lines than with the argmin rule.
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Hysteresis controller yields a robustness issue

[CP and Trélat; 05 and 06]: design of hysteresis controller for the
stabilization of finite dimensional systems in presence of
measurement noise.
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Hysteresis controller yields a robustness issue

[CP and Trélat; 05 and 06]: design of hysteresis controller for the
stabilization of finite dimensional systems in presence of
measurement noise.

In this context:

Instead of the previous hysteresis controller (18), consider the

following:
olw](t™) if Qo) (W[t]) < —|w(t)]?
alw](t) = _:{rlgmiz}qi(W(f)), if Qo) (W(t)) > —l[w(t)[?

then consider g, [,45)(r)(w(t)) instead of qyu)(r)(w(t)) where 6 is
a small measurement noise wrt w(t), that is (for a given p > 0),

16 < pliw(t)l

Under actual investigation with Lamare and Girard.
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Another controller: Argmin, hysteresis and filter

Thanks to the Lemma it holds:

V < =20V + gouie) (w(t)).
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Another controller: Argmin, hysteresis and filter

Thanks to the Lemma it holds:
V < =20V + gopuyn(w(t)) .
Instead imposing that g, (r)(w(t)) < 0 at any time t > 0, we

just imposing that a weighted averaged value of qy[u(s)(w(s)) is
negative or zero.
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Another controller: Argmin, hysteresis and filter

Thanks to the Lemma it holds:

V < =20V + gopuyn(w(t)) .
Instead imposing that g, (r)(w(t)) < 0 at any time t > 0, we
just imposing that a weighted averaged value of qy[u(s)(w(s)) is

negative or zero.
With Gronwall Lemma:

ot
V < e 20tV (y0) 4 o2 /0 g (w(s)ds  (20)
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Another controller: Argmin, hysteresis and filter

Thanks to the Lemma it holds:

V < =20V + gopuyn(w(t)) .
Instead imposing that g, (r)(w(t)) < 0 at any time t > 0, we
just imposing that a weighted averaged value of qy[u(s)(w(s)) is

negative or zero.
With Gronwall Lemma:

ot
V < e 20tV (y0) 4 o2 /0 g (w(s)ds  (20)

e—20t ft 2as o wl(s) ( (s))ds <0 then

vV < e72atv (yO)
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Let us define m(t) = 2 [ 2% q, [1(s)(w(s))ds .

m(t) = 0;
D olwl(t) = argmin g;(w(2))
ie{1,...,N}

Figure: Argmin, hysteresis and filter automaton.

m(t) = —2am(t)
+ofwi(e-)(w(t))
Inv: m(t) <0

a[w](t™) if m(t) <0
ow](t) = argmin gj(w(t)) if m(t)=0. (21)
ie{l1,...,N}
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Under Assumption 3, system (11a) with the switching rule (21) is
globally exponentially stable, i.e. with the same V/, there exists
¢ > 0 such that all solutions of (11a) satisfy the inequality

ly (-, t)|L2(0,1) < ce™HM {y0|L2(0,1) ’ (22)

for all t > 0.

The proof follows the line than with the argmin rule.
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Comparison of the strategies

Y2(x) = ( V2sin((2k — 1)mx) V2sin(2krx) )|, k=1,2,3
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Comparison of the strategies

Y2(x) = ( V2sin((2k — 1)mx) V2sin(2krx) )|, k=1,2,3
Initial cond. y7 | Argmin | Hysteresis | Low-pass filter
Theoretical bound on the speed of convergence: p = 0.05
Number of switches by time unit
k=1 4.2 2.8 0.2
k=2 21.1 13.7 0.1
k=3 18.5 17.1 0.1
Speed of convergence
k=1 1.4278 1.3393 0.0960
k=2 1.6332 1.5466 0.1279
k=3 1.4989 1.4596 0.1209

Table: Comparison of the different switching strategies for the example
with three initial conditions in L?([0, 1]) basis. With 10 units of time.
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3 — Back to the channell

The simulation parameters are:

o Length: L = 100m
o Width: / =1m

Water Height
t=0s.

®© 6 6 6 6 o o o
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3 — Back to the channell

The simulation parameters are:

o Length: L = 100m

Wa;ejg:igh!
o Width: / =1m —
e H* =0.8m

o V*=09ms!

o uf = uy =072m3s7!

°

°

°

°

°

°
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3 — Back to the channell

The simulation parameters are:

o Length: L = 100m Water Height
o Width: / = 1m
e H* = 0.8m

o V¥ =09m.s!

° f:u2:O72m 571

@ h(x,t =0)=0.1m

o v(x,t=0)=0.6 ms!

°

°

°

°
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3 — Back to the channell

The simulation parameters are:

o Length: L = 100m Water Height
o Width: / = 1m
e H* = 0.8m

o V¥ =09m.s!

o uf =ul = 0.72m3.s71

@ h(x,t =0)=0.1m

e v(x,t=0)=0.6 m.s—!

o kTt =11kt =07

o kT2 =08, k%=1

o

o
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3 — Back to the channell

The simulation parameters are:

Length: L = 100m Water Height
Width: | = 1m
H* = 0.8m

V* =09m.s!

uy = uy = 0.72m3.s71
h(x,t =0)=0.1m
v(x,t =0)=0.6 ms!
k=t =11, k7t =07
k=2 =08 k2=1
Q= ((1) 2.59119)

pw=0.1

®© ©6 6 6 6 6 o o o o o
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Comparison of the three strategies

Speed of convergence

10 T T T T
Gy
—0G,
argmin
Hysteresis|
I Filter
1072
o
1
=
bt
~
>
10°F
107 .

. . . . . . . .
0 50 100 150 200 250 300 350 400 450 500
t

Figure: Convergence in L?-norm for different control strategies.
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4 — Conclusion and open questions

Conclusion

@ Lyapunov functions have been computed for a class of linear
hyperbolic systems
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4 — Conclusion and open questions

Conclusion

@ Lyapunov functions have been computed for a class of linear
hyperbolic systems

@ It gives sufficient stability condition under a dwell time
assumption, and without any dwell time
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4 — Conclusion and open questions

Conclusion
@ Lyapunov functions have been computed for a class of linear
hyperbolic systems

@ It gives sufficient stability condition under a dwell time
assumption, and without any dwell time
It generalizes what has been done in [CP, Winkin, Bastin; 08]
and [Coron, Bastin, d'Andréa-Novel; 08]
and parallels [Amin, Hante, Bayen; 12].
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4 — Conclusion and open questions

Open questions

@ Improvement of Theorem 4 by considering source terms, and
systems of balance laws:

Oty + NiOxy = Fiy

&
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4 — Conclusion and open questions

Open questions

@ Improvement of Theorem 4 by considering source terms, and
systems of balance laws:

Ory + Nidxy = Fiy
@ Generalization to quasilinear hyperbolic systems or quasilinear

systems of balance laws (using [Drici, Coron, preprint]

Oty + Ni(y)Oxy = Fy

&
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4 — Conclusion and open questions

Open questions
@ Improvement of Theorem 4 by considering source terms, and
systems of balance laws:

Oty + NiOxy = Fiy

@ Generalization to quasilinear hyperbolic systems or quasilinear
systems of balance laws (using [Drici, Coron, preprint]

Oty + Ni(y)Oxy = Fy

@ Applications and stability/performance improvement using
switches?

Application on the quasilinear shallow-water equations?

v
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