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General considerations on Uncertainty
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General considerations on Uncertainty

Physical, biological, social, economic, financial, etc. systems always involve
uncertainties. Consequently, mathematical models of these systems should
account for uncertainty.
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General considerations on Uncertainty

Physical, biological, social, economic, financial, etc. systems always involve
uncertainties. Consequently, mathematical models of these systems should
account for uncertainty.

Uncertainties are classified into two classes:
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General considerations on Uncertainty

Physical, biological, social, economic, financial, etc. systems always involve
uncertainties. Consequently, mathematical models of these systems should
account for uncertainty.
Uncertainties are classified into two classes:
@ epistemic, which is due to incomplete knowledge of the system and thus
it can be reduced by additional measurements, improvement in measuring
devices, etc.
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General considerations on Uncertainty

Physical, biological, social, economic, financial, etc. systems always involve
uncertainties. Consequently, mathematical models of these systems should
account for uncertainty.

Uncertainties are classified into two classes:

@ epistemic, which is due to incomplete knowledge of the system and thus
it can be reduced by additional measurements, improvement in measuring
devices, etc.

@ aleatory, which is intrinsic in the system (e.g. wind gusts that receives a
wind mill) and therefore cannot be reduced.
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General considerations on Uncertainty

Physical, biological, social, economic, financial, etc. systems always involve
uncertainties. Consequently, mathematical models of these systems should
account for uncertainty.

Uncertainties are classified into two classes:

@ epistemic, which is due to incomplete knowledge of the system and thus
it can be reduced by additional measurements, improvement in measuring
devices, etc.

@ aleatory, which is intrinsic in the system (e.g. wind gusts that receives a
wind mill) and therefore cannot be reduced.
Note that two experiments run under the same conditions will yield different

results. So, data about a system obtained from experiments are always subject
to uncertainty.
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General considerations on Uncertainty

Physical, biological, social, economic, financial, etc. systems always involve
uncertainties. Consequently, mathematical models of these systems should
account for uncertainty.

Uncertainties are classified into two classes:

@ epistemic, which is due to incomplete knowledge of the system and thus
it can be reduced by additional measurements, improvement in measuring
devices, etc.

@ aleatory, which is intrinsic in the system (e.g. wind gusts that receives a
wind mill) and therefore cannot be reduced.
Note that two experiments run under the same conditions will yield different
results. So, data about a system obtained from experiments are always subject
to uncertainty.
Therefore, the issue of (UQ) or uncertainty mathematical modelling is of a
major importance in real-world problems.
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Uncertainty Quantification in PDE systems

There are several approaches towards (UQ), e.g. fuzzy sets and possibility
theory, probabilistic approaches, etc... Here we focus on probabilistic
approaches.
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Uncertainty Quantification in PDE systems

There are several approaches towards (UQ), e.g. fuzzy sets and possibility
theory, probabilistic approaches, etc... Here we focus on probabilistic
approaches.

(UQ) is the task of determining statistical information about the uncertainty in
an output of interest that depends on the solution of a PDE, given statistical
information about the uncertainty in the inputs of the PDE.
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Uncertainty Quantification in PDE systems

There are several approaches towards (UQ), e.g. fuzzy sets and possibility
theory, probabilistic approaches, etc... Here we focus on probabilistic
approaches.

(UQ) is the task of determining statistical information about the uncertainty in
an output of interest that depends on the solution of a PDE, given statistical
information about the uncertainty in the inputs of the PDE.

—_
statistics about uncertalnty statistics about
uncertainty inputs solution uncertainty otputs

of interest
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Uncertainty Quantification in PDE systems

There are several approaches towards (UQ), e.g. fuzzy sets and possibility
theory, probabilistic approaches, etc... Here we focus on probabilistic
approaches.

(UQ) is the task of determining statistical information about the uncertainty in
an output of interest that depends on the solution of a PDE, given statistical
information about the uncertainty in the inputs of the PDE.

—_
statistics about uncertalnty statistics about
uncertainty inputs solution uncertainty otputs

of interest

There are many different types of possible input noise. In most of applications
Gaussian fields are the model of choice. Thus, next we focus on the
mathematical and numerical analysis of them.
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random variables and fields: basic definitions and properties

e (Q,F,P) is a complete probability space
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random variables and fields: basic definitions and properties

e (Q,F,P) is a complete probability space
o A real-valued Gaussian random variable is an F-measurable function
X : Q — R with associated Probability Density Function (PDF)

1 _=n)? . .
e 22 , x€R. pisthe mean and o° the variance
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random variables and fields: basic definitions and properties

e (Q,F,P) is a complete probability space
o A real-valued Gaussian random variable is an F-measurable function
X : Q — R with associated Probability Density Function (PDF)
1 (x=p)?

oV 2

f(x) = e 22 , x€R. pisthe mean and o° the variance

@ An R"-valued random variable X = (Xi,---, X,) is said to be multivariate
Gaussian if for every a = (a1, -+ ,an) € R", the real valued random
variable ZJ'.’ZI «;X; is Gaussian. In this case, there exist a mean vector
w € R, with uj = E(X]), and a positive definite n x n covariance matrix
C, with elements Cj = E((X; — ui)(X; — 1j)) such that the PDF of X is
given by

1 LG L o GRS )

)= e |
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random variables and fields: basic definitions and properties

o A real-valued Gaussian random field defined in a subset D C R9 is a
parametrized family of random variables {f, = f(x)}, . for which

(f(x),- -+, f(x™)) is a multivariate Gaussian random variable for each
1< m<ooandeach (x',---,x™) € D™.
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random variables and fields: basic definitions and properties

o A real-valued Gaussian random field defined in a subset D C R? is a
parametrized family of random variables {f, = f(x)}, . for which
(f(x),- -+, f(x™)) is a multivariate Gaussian random variable for each
1< m< oo andeach (x',---,x™) € D™.

The functions
px) = E(f),  Clxx") = E((f — p(x))(fe — u(x))), x,x" €D

are called the mean and covariance of f.
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random variables and fields: basic definitions and properties

o A real-valued Gaussian random field defined in a subset D C R9 is a
parametrized family of random variables {f, = f(x)}, . for which

(f(x),- -+, f(x™)) is a multivariate Gaussian random variable for each
1< m<ooandeach (x',---,x™) € D™.
The functions

n(x) = E(f),  C(x,x") = E((k — p(x))(fr — u(x))), x,x" €D
are called the mean and covariance of f.
Examples
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random variables and fields: basic definitions and properties

o A real-valued Gaussian random field defined in a subset D C R9 is a
parametrized family of random variables {f, = f(x)}, . for which

(f(x),- -+, f(x™)) is a multivariate Gaussian random variable for each
1< m<ooandeach (x',---,x™) € D™.
The functions

n(x) = E(f),  C(x,x") = E((k — p(x))(fr — u(x))), x,x" €D
are called the mean and covariance of f.
Examples

@ Brownian motion or Weiner process B: has

w(t)=0 and C(t,t')=min(t,t'), t€ D =1]0,00[
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random variables and fields: basic definitions and properties

o A real-valued Gaussian random field defined in a subset D C R9 is a
parametrized family of random variables {f, = f(x)}, . for which

(f(x),- -+, f(x™)) is a multivariate Gaussian random variable for each
1< m<ooandeach (x',---,x™) € D™.
The functions

n(x) = E(f),  C(x,x") = E((k — p(x))(fr — u(x))), x,x" €D
are called the mean and covariance of f.
Examples

@ Brownian motion or Weiner process B: has

w(t)=0 and C(t,t')=min(t,t'), t€ D =1]0,00[

@ The spatially-dependent centred (mean equals zero) random field with
covariance function

_ 2
C(x,x') =0’ exp(—%)7 x,x' € D CRY,

with o2 the variance and L a correlation length parameter, is widely used
to model, e.g., uncertainty in the force term of elliptic PDEs.
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Approximating random fields. The Karhunen-Loeve expansion

Since we are interested in spatially-dependent random fields, from now on we
shall use the notation f(x,w), with x in the spatial domain D and w in the
underlying space of random outcomes €.
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Approximating random fields. The Karhunen-Loeve expansion

Since we are interested in spatially-dependent random fields, from now on we
shall use the notation f(x,w), with x in the spatial domain D and w in the
underlying space of random outcomes €.

Let C(x,x’) € L2(D x D) be the covariance function of a Gaussian random
field. Consider the compact and self-adjoint operator

> A C(x,x/)gp(x/) dx’, g€ L2(D)

and denote by {\n, ¢n(x)} o, its associated eigenpairs.
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Approximating random fields. The Karhunen-Loeve expansion

Since we are interested in spatially-dependent random fields, from now on we
shall use the notation f(x,w), with x in the spatial domain D and w in the
underlying space of random outcomes €.

Let C(x,x’) € L2(D x D) be the covariance function of a Gaussian random
field. Consider the compact and self-adjoint operator

> A C(x,x/)gp(x/) dx’, g€ L2(D)

and denote by { A, ¢n(x)}, o, its associated eigenpairs. Symmetry of C(, ")
implies that A\, are real and @n(x) can be chosen real and orthonormal.
Moreover, since C(-,) is positive, the eigenvalues are positive and may be
ordered in non-increasing order Ay > X\2 > --- >0
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Approximating random fields. The Karhunen-Loeve expansion

Since we are interested in spatially-dependent random fields, from now on we
shall use the notation f(x,w), with x in the spatial domain D and w in the
underlying space of random outcomes €.

Let C(x,x’) € L2(D x D) be the covariance function of a Gaussian random
field. Consider the compact and self-adjoint operator

> / Clx, x"Yo(x")dx', € L2(D)
D
and denote by { A, ¢n(x)}, o, its associated eigenpairs. Symmetry of C(, ")
implies that A\, are real and @n(x) can be chosen real and orthonormal.
Moreover, since C(-,) is positive, the eigenvalues are positive and may be

ordered in non-increasing order Ay > X\2 > --- >0
Then, the Gaussian random field f(x,w) admits the KL expansion

Fx.w) = lx +2f¢n )Ya(w)

where {Y,(w)} 2, are i.i.d. standard Gaussian (zero mean and unit variance).
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Approximating random fields. The Karhunen-Loeve expansion

Since we are interested in spatially-dependent random fields, from now on we
shall use the notation f(x,w), with x in the spatial domain D and w in the
underlying space of random outcomes €.

Let C(x,x’) € L2(D x D) be the covariance function of a Gaussian random
field. Consider the compact and self-adjoint operator

> A C(x,x/)gp(x/) dx’, g€ L2(D)

and denote by { A, ¢n(x)}, o, its associated eigenpairs. Symmetry of C(, ")
implies that A\, are real and @n(x) can be chosen real and orthonormal.
Moreover, since C(-,) is positive, the eigenvalues are positive and may be
ordered in non-increasing order Ay > X\2 > --- >0

Then, the Gaussian random field f(x,w) admits the KL expansion

Fx.w) = lx +2f¢n )Ya(w)

where {Y,(w)} 2, are i.i.d. standard Gaussian (zero mean and unit variance).
The convergence of the KL expansion is in L2(D x Q).
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The Karhunen-Loeve expansion. An example: the Brownian motion

Recall that for Brownian motion B;
w(t)=0 and C(t,t')=min(t,t'), t€ D=][0,1]
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The Karhunen-Loeve expansion. An example: the Brownian motion

Recall that for Brownian motion B;
w(t)=0 and C(t,t')=min(t,t'), t€ D=][0,1]
Thus,

)\go(t):/o min(t, t )o(t') dt’
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The Karhunen-Loeve expansion. An example: the Brownian motion

Recall that for Brownian motion B;
w(t)=0 and C(t,t')=min(t,t'), t€ D=][0,1]
Thus,

Ap(t) :/0 min(t, t)o(t') dt’ = /ot t’go(t’)dt’+t/ (t') dt'.
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The Karhunen-Loeve expansion. An example: the Brownian motion

Recall that for Brownian motion B:
w(t)=0 and C(t,t')=min(t,t'), t€ D=][0,1]
Thus,
1 t 1
Ap(t) :/ min(t, t )o(t') dt’ :/ t'p(t') dt’ + t/ o(t) dt’.
0 0 t

Differentiating twice at both sides,

Mg () = / S()dt and Ap"(t) = —p(t)
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The Karhunen-Loeve expansion. An example: the Brownian motion

Recall that for Brownian motion B;

w(t)=0 and C(t,t')=min(t,t'), t€ D=][0,1]
Thus,

Ap(t) :/0 min(t, t)o(t') dt’ = /ot t’go(t’)dt’+t/ (t') dt'.

Differentiating twice at both sides,

Mg () = / S()dt and Ap"(t) = —p(t)

We get the simple eigenvalue problem

{ ©"(t)+ 1(t) =0, 0<t<1,
¢(0)=0, ¢'(1)=0
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The Karhunen-Loeve expansion. An example: the Brownian motion

Recall that for Brownian motion B;

w(t)=0 and C(t,t')=min(t,t'), t€ D=][0,1]
Thus,
1
Ap(t) :/ min(t, t' )o(t') dt’
0

Differentiating twice at both sides,

t 1
_/ t’go(t’)dt’+t/ (t') dt'.
0 t

Mg () = / S()dt and Ap"(t) = —p(t)

We get the simple eigenvalue problem

{ ©"(t)+ 1(t) =0, 0<t<1,
¢(0)=0, ¢'(1)=0

Hence, \, = m and ¢n(t) = V2sin ((n — 3)7t)
2

Francisco Periago

Robust Shape Optimization for Elliptic PDEs with random input data



A few remarks on Uncertainty Quantification (UQ) in PDE systems

General considerations
(Gaussian) random fields

The Karhunen-Loeve expansion. An example: the Brownian motion

Recall that for Brownian motion B;

w(t)=0 and C(t,t')=min(t,t'), t€ D=][0,1]
Thus,
1
Ap(t) :/ min(t, t' )o(t') dt’
0

Differentiating twice at both sides,

t 1
_/ t’go(t’)dt’+t/ (t') dt'.
0 t

1
A0 = [ eld)d and X (1) = —(0)
t
We get the simple eigenvalue problem
{ ©"(t)+ 1(t) =0, 0<t<1,
¢(0)=0, ¢'(1)=0
Hence, \p = — 15—

—ipe and ¢n(t) = V2sin ((n — 3)7t)
and the KL expansion is given by
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The Karhunen-Loeve expansion. Properties of the spectral decomposition

Eigenvalue decay
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The Karhunen-Loeve expansion. Properties of the spectral decomposition

Eigenvalue decay
Let D C R a bounded domain. If the covariance function C(x, x) is

piecewise H*(D?), s>0 = Ap<am *?
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The Karhunen-Loeve expansion. Properties of the spectral decomposition

Eigenvalue decay
Let D C R a bounded domain. If the covariance function C(x, x) is

piecewise H*(D?), s>0 = Ap<am *?

piecewise analytic = <o exp(—C3m1/d)

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



A few remarks on Uncertainty Qua ation (UQ) in PDE systems
General considerations
(Gaussian) random fields

The Karhunen-Loeve expansion. Properties of the spectral decomposition

Eigenvalue decay
Let D C R a bounded domain. If the covariance function C(x, x) is

piecewise H*(D?), s>0 = Ap<am *?

piecewise analytic = <o exp(—C3m1/d)

Given a tolerance 0 < § < 1, the truncation order N of a KL expansion is
chosen as the smallest integer N such that

21 An

N
= Zn*l >\” >1-§
Zn:l )\"

Dt An

<4 or, equivalently
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The Karhunen-Loeve expansion. Properties of the spectral decomposition

Eigenvalue decay
Let D C R a bounded domain. If the covariance function C(x, x) is

piecewise H*(D?), s>0 = Ap<am *?

piecewise analytic = <o exp(—C3m1/d)

Given a tolerance 0 < § < 1, the truncation order N of a KL expansion is
chosen as the smallest integer N such that

21 An
21 A

Eigenfunction regularity

N
Zgzl >\” Z 1—6
Zn:l )\"

<4 or, equivalently
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The Karhunen-Loeve expansion. Properties of the spectral decomposition

Eigenvalue decay
Let D C R a bounded domain. If the covariance function C(x, x) is

piecewise H*(D?), s>0 = Ap<am *?

piecewise analytic = <o exp(—C3m1/d)

Given a tolerance 0 < § < 1, the truncation order N of a KL expansion is
chosen as the smallest integer N such that

2neni1 An
POREP Y
Eigenfunction regularity

The associated eigenfunctions ¢m(x) enjoy the same regularity as the kernel
C(x,x"). Moreover, if C(x,x") is piecewise analytic, then for any s > 0

10% ml| oo () < cAm® Vo€ N?

N
Zgzl >\” Z 1—6
Zn:l )\"

<4 or, equivalently
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The Karhunen-Loeve expansion. Properties of the spectral decomposition

Eigenvalue decay
Let D C R a bounded domain. If the covariance function C(x, x) is

piecewise H*(D?), s>0 = Ap<am *?

piecewise analytic = <o exp(—C3m1/d)

Given a tolerance 0 < § < 1, the truncation order N of a KL expansion is
chosen as the smallest integer N such that

21 An

N
An
2007)\ < J or, equivalently oy >1-9
o

2t A
Eigenfunction regularity
The associated eigenfunctions ¢m(x) enjoy the same regularity as the kernel

C(x,x"). Moreover, if C(x,x") is piecewise analytic, then for any s > 0

10% ml| oo () < cAm® Vo€ N?

@ R. A. Todor, Robust eigenvalue computation for smoothing operators.
SIAM J. Numer. Anal. 44 (2006), no. 2, 865 - 878
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Problem setting. The state law
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Problem setting State law
Shape optimization problem

Problem setting. The state law

=V - [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ
u=0, on 9D x Q

where
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Problem setting State law
Shape optimization problem

Problem setting. The state law

=V - [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ
u=0, on 9D x Q
where

e D c R? is a bounded domain with smooth boundary
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Problem setting State law
Shape optimization problem

Problem setting. The state law

{ =V - [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ
u=0, on 9D x Q
where

e D c R? is a bounded domain with smooth boundary

e (Q,F,P) is a probability space
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Problem setting State law
Shape optimization problem

Problem setting. The state law

{ =V - [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ
u=0, on 9D x Q
where

e D c R? is a bounded domain with smooth boundary

e (Q,F,P) is a probability space

@ O C D is a Lebesgue measurable subset of D
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Problem setting State law
Shape optimization problem

Problem setting. The state law

{ =V - [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ
u=0, on 9D x Q
where

e D c R? is a bounded domain with smooth boundary

e (Q,F,P) is a probability space

@ O C D is a Lebesgue measurable subset of D

o V=V, and V- = V,- refers to derivatives w.r.t. x € D.
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Problem setting State law
Shape optimization problem

Problem setting. The state law

{ =V - [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ
u=0, on 9D x Q
where

e D c R? is a bounded domain with smooth boundary

e (Q,F,P) is a probability space

@ O C D is a Lebesgue measurable subset of D

o V=V, and V- = V,- refers to derivatives w.r.t. x € D.

A physical interpretation: D is a two-dimensional membrane and f a vertical
force acting on D. We want to reinforce a part of the membrane, i.e. a
sub-domain O of given measure with stiffness equal to 1. In this case, a = Eh,
with E the modulus of elasticity and h the thickness. These input data (also
the force f) show a stochastic probabilistic character.
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Problem setting State law
Shape optimization problem

State law: Assumptions

(A1) There exists a positive random variable amin(w) such that
a(x,w) > amin(w) >0 as. we ae xeD,

with 1/amin € Lp(Q).
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Problem setting State law
Shape optimization problem

State law: Assumptions

(A1) There exists a positive random variable amin(w) such that
a(x,w) > amin(w) >0 as. we ae xeD,

with 1/amin € L3(R).
(A2) f =f(x,w) € LD xQ)
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Problem setting State law
Shape optimization problem

State law: Assumptions

(A1) There exists a positive random variable amin(w) such that
a(x,w) > amin(w) >0 as. we ae xeD,
with 1/amin € Lp(Q).
(A2) f =f(x,w) € LD xQ)

For instance, (Al) is satisfied for a truncated Karhunen-Loéve expansion of
log(a — ao), i.e.,

a(x,w) = ao + exp <Z \/Egam(x)vm(w)> . Ym ~ N(0,1) iid.

m=1
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Problem setting State law
Shape optimization problem

State law: Assumptions

(A1) There exists a positive random variable amin(w) such that
a(x,w) > amin(w) >0 as. we ae xeD,
with 1/amin € Lp(Q).
(A2) f =f(x,w) € LD xQ)

For instance, (Al) is satisfied for a truncated Karhunen-Loéve expansion of
log(a — ao), i.e.,

a(x,w) = ao + exp <Z \/Egam(x)vm(w)> . Ym ~ N(0,1) iid.

m=1

However, a Gaussian field does not satisfy (Al).
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Problem setting State law
Shape optimization problem

State law: Assumptions

(A1) There exists a positive random variable amin(w) such that
a(x,w) > amin(w) >0 as. we ae xeD,
with 1/amin € Lp(Q).
(A2) f =f(x,w) € LD xQ)

For instance, (Al) is satisfied for a truncated Karhunen-Loéve expansion of
log(a — ao), i.e.,
m=1

a(x,w) = ao + exp <Z \/Egam(x)vm(w)> . Ym ~ N(0,1) iid.

However, a Gaussian field does not satisfy (Al).
Gaussian fields are allowed as a perturbation of the source term f.
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Problem setting State law
Shape optimization problem

State law: Variational formulation

Consider the Hilbert spaces:
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Problem setting State law
Shape optimization problem

State law: Variational formulation

Consider the Hilbert spaces:
o Vp = L3(Q; H3(D)) equipped with the norm

HVH% = / |Vv|2dde(w) < 0o
DxQ
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Problem setting State law
Shape optimization problem

State law: Variational formulation

Consider the Hilbert spaces:
o Vp = L3(Q; H3(D)) equipped with the norm

HVH% = / |Vv|2dde(w) < 0o
DxQ

o Vp,= {v EVp: |IVIp.= Jp.qalVvldxdP(w) < oo}
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Problem setting State law
Shape optimization problem

State law: Variational formulation

Consider the Hilbert spaces:
o Vp = L3(Q; H3(D)) equipped with the norm

HVH% = / |Vv|2dde(w) < 0o
DxQ

o Vp,= {v EVp: |IVIp.= Jp.qalVvldxdP(w) < oo}

Variational problem (VP): find u € Vp , such that

/ (aVu- Vv + louv) dxdP(w) = / fvdxdP(w) Vv & Vp,
DxQ DxQ
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Problem setting State law
Shape optimization problem

State law: Variational formulation

Consider the Hilbert spaces:
o Vp = L3(Q; H3(D)) equipped with the norm

HVH% = / |Vv|2dde(w) < 0o
DxQ

o Vp,= {v EVp: |IVIp.= Jp.qalVvldxdP(w) < oo}
Variational problem (VP): find u € Vp , such that
/ (aVu- Vv + louv) dxdP(w) = / fvdxdP(w) Vv & Vp,
DxQ DxQ

A straightforward application of the Lax-Milgram lemma allows one to state
the well posedness of (VP).
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Problem setting State law
Shape optimization problem

The shape optimization problem
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Problem setting State law
Shape optimization problem

The shape optimization problem

We consider the multi-objective problem

Minimize in 1o :  J(1p) = (E(compliance), Var(compliance))
subject to
(OP) u = up satisfies (VP), and

|O|=LD|, 0<L<1

where

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Problem setting State law
Shape optimization problem

The shape optimization problem

We consider the multi-objective problem

Minimize in 1o :  J(1p) = (E(compliance), Var(compliance))

subject to
(OP) u = up satisfies (VP), and
|O|=L|D|, 0<L<1
where
E(compliance) = / / f(x,w)u(x,w) dx dP(w)
QJp
and
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Problem setting State law
Shape optimization problem

The shape optimization problem

We consider the multi-objective problem

Minimize in 1o :  J(1p) = (E(compliance), Var(compliance))

subject to
(OP) u = up satisfies (VP), and
|O|=L|D|, 0<L<1
where
E(compliance) = / / f(x,w)u(x,w) dx dP(w)
QJp
and

Var(compliance) = /Q ( /D fudx>2 dP(w) — ( / / fu dx dP(w )
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Problem setting State law
Shape optimization problem

Optimization problem

To make precise the cost functional, from now on we consider
J(1p) = aE(compliance) + (1 — o) Var(compliance)

with 0 < a < 1.
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Problem setting State law
Shape optimization problem

Optimization problem

To make precise the cost functional, from now on we consider
J(1p) = aE(compliance) + (1 — o) Var(compliance)

with 0 < a < 1.

The deterministic version of this problem was studied in

@ A. Henrot and H. Maillot, Optimization of the shape and location of the
actuators in an internal control problem, Bolletino U.M.I. (8) 4-B (2001),
737-757.
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Problem setting State law
Shape optimization problem

Optimization problem

To make precise the cost functional, from now on we consider
J(1p) = aE(compliance) + (1 — o) Var(compliance)

with 0 < a < 1.

The deterministic version of this problem was studied in

@ A. Henrot and H. Maillot, Optimization of the shape and location of the
actuators in an internal control problem, Bolletino U.M.I. (8) 4-B (2001),
737-757.

G. Buttazzo, N. Varchon and H. Zoubairi, Optimal measures for elliptic
problems, Ann. Mat. Pura Appl. 185(2) (2006) 207-221.

P. Villaggio, Mathematical models for elastic structures, Cambridge
University Press, 1997.

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Preliminary results |: existence of relaxed optimal shapes

Consider the relaxed problem

Minimize in s :  J(s) = aE(compl.) + (1 — a)) Var(compl.)
subject to
(ROP) u = us satisfies (VP), and

s € L=(D;[0,1]), |Isllrpy = LIDI.
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Preliminary results |: existence of relaxed optimal shapes

Consider the relaxed problem

Minimize in s :  J(s) = aE(compl.) + (1 — a)) Var(compl.)
subject to
(ROP) u = us satisfies (VP), and

s € L=(D;[0,1]), |Isllrpy = LIDI.

J(s) is continuous in L>°(D) w.r.t. the weak-x topology. In particular, there
exists s*, admissible for (ROP), such that

inf J(1o0) = min J(s) = J(s¥).

Moreover, if o« = 1, then J(s) is convex.
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerica olution of the optimization problem

Main ingredients of the proof

@ A priori estimates for the solution of the PDE

2 ()l 2oy
luC @)l < =5 00y —
and

2
||U||L§,(Q;H3(D)) < CPH]-/ami"HL%,(Q)”fHL%(Q;L?(D))
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Main ingredients of the proof

@ A priori estimates for the solution of the PDE

1 (- W)||L2(D)

2
, <C
[lu( ,w)HHg(D) = *F amin(w)

and
2
||U||L§,(Q;H3(D)) < CPH]-/ami"HL%,(Q)”fHL%(Q;L?(D))

@ Same as in the deterministic case (Rellich theorem, etc...)
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Existence of optimal relaxed shapes
Existence and Numerical Results Numeri esolution of the optimization problem

Main ingredients of the proof

@ A priori estimates for the solution of the PDE

2 ()l 2oy
luC @)l < =5 00y —
and

2
||U||L§,(Q;H3(D)) < CPH]-/ami"HL%,(Q)”fHL%(Q;L?(D))

@ Same as in the deterministic case (Rellich theorem, etc...)

@ Dominated convergence to pass to the limit in the integrals over the
probability space
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Algorithm of optimization

A gradient-based minimization algorithm is used. Precisely, (an improvement
of) the Method of Moving Asymptotes (MMA) as proposed in

@ K. Svanberg, A class of globally convergent optimization methods based
on conservative convex separable approximations, SIAM J. Optim. Vol. 12,
No. 2, pp. 555-573 (2002).
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Algorithm of optimization

A gradient-based minimization algorithm is used. Precisely, (an improvement
of) the Method of Moving Asymptotes (MMA) as proposed in

@ K. Svanberg, A class of globally convergent optimization methods based
on conservative convex separable approximations, SIAM J. Optim. Vol. 12,
No. 2, pp. 555-573 (2002).

A free software is available at
http : //ab — initio.mit.edu/wiki/index.php/NLoptalgorithms
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Algorithm of optimization

A gradient-based minimization algorithm is used. Precisely, (an improvement
of) the Method of Moving Asymptotes (MMA) as proposed in

@ K. Svanberg, A class of globally convergent optimization methods based
on conservative convex separable approximations, SIAM J. Optim. Vol. 12,
No. 2, pp. 555-573 (2002).

A free software is available at
http : //ab — initio.mit.edu/wiki/index.php/NLoptalgorithms

The key point is the computation of the continuous gradient of the objective
function.
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Computation of the gradient

J(s) is Gateaux differentiable at each admissible s. Moreover, the steepest
decent direction of J(s) is given by

—J(5)() = fyui(:,w) dP(w)
—(1=a) [ us(-,w)ps(-,w) dP(w)
—2(1—a) (fng fus dde(w)) Jo u2(-,w) dP(w)

where us solves the direct problem and ps the adjoint problem
Find ps € Vp . such that Vv € Vp ,

/QXD[anS-VvJFspSV] dxdP(w) = —2/Q VD fus dx/va dx} dP(w)
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

(VP): find u € Vp , such that

/ (aVu - Vv + suv) dxdP(w) = / fv dxdP(w) Vv € Vp,
DxQ DxQ

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

(VP): find u € Vp , such that

/ (aVu - Vv + suv) dxdP(w) = / fv dxdP(w) Vv € Vp,
DxQ DxQ

Assumption (finite dimensional noise)
a(x,w) = a(Xv Yl(w)v T YN(w))7 f(X7w) = f(X7 Yl(w)7 ) YN(w))

=N . . .
where { Yy}~ " are real valued random variables with mean value zero and unit
variance.
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Existence of optimal relaxed shapes

Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

(VP): find u € Vp , such that

/ (aVu - Vv + suv) dxdP(w) = / fv dxdP(w) Vv € Vp,
DxQ

DxQ

Assumption (finite dimensional noise)

a(x,w) = a(x, Yi(w), -, Yn(w)), f(x,w)=Ff(x,Yi(w), -, Yn(w))

where {YN}ZZV are real valued random variables with mean value zero and unit
variance.
Denote by ', = Y,(Q) the image of Q by Y, I = HnN:1 ', and assume that

[Y1,--, Yn] have a joint probability density function p: I — Ry, with
p e L>=().

Francisco Periago
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

We then may use Dood-Dynkin’s lemma to conclude that
u(x,w) = u(x, Yi(w), -+, Yn(w)). Thus our goal is to compute u(x, y) with
xe€Dandyerl.

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

We then may use Dood-Dynkin’s lemma to conclude that

u(x,w) = u(x, Yi(w), -+, Yn(w)). Thus our goal is to compute u(x, y) with
xe€Dandyerl.

(VP) has the equivalent form: find u € V,, , such that

/p[(aVu, Vv)i2py + (U, v)12(py]dy = /p(f, V)ppydy, Vv e V..
r r
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

We then may use Dood-Dynkin’s lemma to conclude that

u(x,w) = u(x, Yi(w), -+, Yn(w)). Thus our goal is to compute u(x, y) with
xe€Dandyerl.

(VP) has the equivalent form: find u € V,, , such that

/p[(aVu, Vv)i2py + (U, v)12(py]dy = /p(f, V)ppydy, Vv e V..
r r

Here V,, , is the analogue of Vp , with (2, F, P) replaced with (I, B, pdy).
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

We then may use Dood-Dynkin’s lemma to conclude that

u(x,w) = u(x, Yi(w), -+, Yn(w)). Thus our goal is to compute u(x, y) with
xe€Dandyerl.
(VP) has the equivalent form: find u € V,, , such that

/p[(aVu, Vv)i2py + (U, v)12(py]dy = /p(f, V)ppydy, Vv e V..
r r

Here V,, , is the analogue of Vp , with (2, F, P) replaced with (I, B, pdy).
It can be shown that (VP) is equivalent to

/[a(y)Vu~V¢+su¢] dX:/ f(y)pdx, Vo€ Hg(D), p—ae inT.
D D
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

@ I. Babugka, F. Novile and R. Tempone, A Stochastic collocation method
for elliptic partial differential equations with random input data, SIAM
Review Vol. 52, n® 2 (2010), 317 - 355.
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

@ I. Babugka, F. Novile and R. Tempone, A Stochastic collocation method
for elliptic partial differential equations with random input data, SIAM
Review Vol. 52, n® 2 (2010), 317 - 355.

o Hy(D) C Hg(D) standard finite element approximation.
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

@ I. Babugka, F. Novile and R. Tempone, A Stochastic collocation method
for elliptic partial differential equations with random input data, SIAM
Review Vol. 52, n® 2 (2010), 317 - 355.

o Hy(D) C Hg(D) standard finite element approximation.

o Py(Tn) C L3(T) is the span of tensor product of suitable polynomials
(depending on the probability measure) with degree at most
p=(p1, - ,pn), ie, PN =& Py, (), with
Po,(Tn) =span(yy,m=0,--- ,p,), n=1--- N.
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

@ I. Babugka, F. Novile and R. Tempone, A Stochastic collocation method
for elliptic partial differential equations with random input data, SIAM
Review Vol. 52, n® 2 (2010), 317 - 355.

o Hy(D) C Hg(D) standard finite element approximation.
o Py(Tn) C L3(T) is the span of tensor product of suitable polynomials
(depending on the probability measure) with degree at most

p=(p1,- . pn), ie., Pp(l) =& Pp, (), with
Po,(Tn) =span(yy,m=0,--- ,p,), n=1--- N.

Numerical algorithm
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

@ I. Babugka, F. Novile and R. Tempone, A Stochastic collocation method
for elliptic partial differential equations with random input data, SIAM
Review Vol. 52, n® 2 (2010), 317 - 355.

o Hy(D) C Hg(D) standard finite element approximation.
o Py(Tn) C L3(T) is the span of tensor product of suitable polynomials
(depending on the probability measure) with degree at most

p=(p1,- . pn), ie., Pp(l) =& Pp, (), with
Po,(Tn) =span(yy,m=0,--- ,p,), n=1--- N.

Numerical algorithm
Step 1. Proyection onto Hp(D):

/[a(y)Vuh -V + sunpn) dx :/ f(y)bn dx,Von € Hn(D),a.e. y €T.
D D
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

@ I. Babugka, F. Novile and R. Tempone, A Stochastic collocation method
for elliptic partial differential equations with random input data, SIAM
Review Vol. 52, n® 2 (2010), 317 - 355.

o Hy(D) C Hg(D) standard finite element approximation.
o Py(Tn) C L3(T) is the span of tensor product of suitable polynomials
(depending on the probability measure) with degree at most

p=(p1,- . pn), ie., Pp(l) =& Pp, (), with
Po,(Tn) =span(yy,m=0,--- ,p,), n=1--- N.

Numerical algorithm
Step 1. Proyection onto Hp(D):

/[a(y)Vuh -V + sunpn) dx :/ f(y)bn dx,Von € Hn(D),a.e. y €T.
D D

Step 2. Collocate the above equation at some suitable collocation points in the
random space I.
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Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of Stochastic Elliptic PDE (SEPDE)

@ I. Babugka, F. Novile and R. Tempone, A Stochastic collocation method
for elliptic partial differential equations with random input data, SIAM
Review Vol. 52, n® 2 (2010), 317 - 355.

o Hy(D) C Hg(D) standard finite element approximation.
o Py(Tn) C L3(T) is the span of tensor product of suitable polynomials
(depending on the probability measure) with degree at most

p=(p1, - ,pn) ie, Pp(F) = QPp, (), with
Pp,(Tn) =span(yy,m=0,---,ps), n=1,--- ,N.
Numerical algorithm
Step 1. Proyection onto Hp(D):

/[a(y)Vuh -V + sunpn) dx :/ f(y)bn dx,Von € Hn(D),a.e. y €T.
D D

Step 2. Collocate the above equation at some suitable collocation points in the
random space I.

Step 3. Compute an approximation of the statistical parameters of interest (mean
and variance of compliance in our case) by using the fully discrete solution

UN,h,p-
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Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of SEPDE

Remark Stochastic collocation highly simplifies the non-local adjoint system.
Indeed, from

Francisco Periago Robust Shape Opti



Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of SEPDE

Remark Stochastic collocation highly simplifies the non-local adjoint system.
Indeed, from

/QXD [aVps - Vv + spsv] dxdP(w) = 72/9 {/D fus dX/D fv dx} dP(w)
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Numerical resolution of SEPDE

Remark Stochastic collocation highly simplifies the non-local adjoint system.
Indeed, from

/QXD [aVps - Vv + spsv] dxdP(w) = 72/9 {/D fus dX/D fv dx} dP(w)

if we project onto the finite element space Hx(D) at each node yi of the
random space, then

[ E0Tmr0)- T+ soutdand o= (<2 [ fuduntn) o) [ Fs)on s
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Existence of optimal relaxed shapes
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Numerical resolution of SEPDE

Remark Stochastic collocation highly simplifies the non-local adjoint system.
Indeed, from

/QXD [aVps - Vv + spsv] dxdP(w) = 72/9 {/D fus dX/D fv dx} dP(w)

if we project onto the finite element space Hx(D) at each node yi of the
random space, then

[ E0Tmr0)- T+ soutdand o= (<2 [ fuduntn) o) [ Fs)on s

Thus,

pn(yk) = ckun(yx), with cx = —2/ f(yi)un(yx) dx.
D
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Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution of SEPDE: a remark on computational costs

Since the number N of random parameters can be much bigger than 2 or 3,
the computational cost increases very, very quickly. This phenomenon is known
as the curse of dimensionality (la malédiction de la dimension).
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Numerical resolution of SEPDE: a remark on computational costs

Since the number N of random parameters can be much bigger than 2 or 3,
the computational cost increases very, very quickly. This phenomenon is known
as the curse of dimensionality (la malédiction de la dimension).

In order to reduce the computational cost and since we are interested not in
the random solution itself but in some statistical quantities associated to it, a
full tensor product of interpolation polynomials, in general, is not required.
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Numerical resolution of SEPDE: a remark on computational costs

Since the number N of random parameters can be much bigger than 2 or 3,
the computational cost increases very, very quickly. This phenomenon is known
as the curse of dimensionality (la malédiction de la dimension).

In order to reduce the computational cost and since we are interested not in
the random solution itself but in some statistical quantities associated to it, a
full tensor product of interpolation polynomials, in general, is not required.

Isotropic and anisotropic sparse grids seems to be very efficient (see works by
F. Nobile, R. Tempone, .. MOX group at Politecnico di Milano)
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Numerical resolution of SEPDE: some comments on error analysis

u = u(x,w) = exact solution of our (SEPDE).

un,n,p = discrete solution.

N = order of truncation in the KL expansion of a(x,w) and/or f(x,w).
h = size of the spatial mesh for finite elements discretization.

p = degree of interpolation polynomials in the random space I'.

Then

l[u = un,ppll < Jlu = un|
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Numerical resolution of SEPDE: some comments on error analysis

u = u(x,w) = exact solution of our (SEPDE).

un,n,p = discrete solution.

N = order of truncation in the KL expansion of a(x,w) and/or f(x,w).
h = size of the spatial mesh for finite elements discretization.

p = degree of interpolation polynomials in the random space I'.

Then

lu = unnpll < [lu—unll + lluv — un,n
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Numerical resolution of SEPDE: some comments on error analysis

u = u(x,w) = exact solution of our (SEPDE).

un,n,p = discrete solution.

N = order of truncation in the KL expansion of a(x,w) and/or f(x,w).
h = size of the spatial mesh for finite elements discretization.

p = degree of interpolation polynomials in the random space I'.

Then
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lu = unnpll < [lu—unll + lluv — un,n
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Numerical resolution of SEPDE: some comments on error analysis

u = u(x,w) = exact solution of our (SEPDE).

un,n,p = discrete solution.

N = order of truncation in the KL expansion of a(x,w) and/or f(x,w).
h = size of the spatial mesh for finite elements discretization.

p = degree of interpolation polynomials in the random space I'.

Then

| + llun,n — unnpll

lu = unnpll < llu—unll + [Jlun — un,n
|| - || stands for the L%(; H3(D)) -norm.
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Numerical resolution of SEPDE: some comments on error analysis

u = u(x,w) = exact solution of our (SEPDE).

un,n,p = discrete solution.

N = order of truncation in the KL expansion of a(x,w) and/or f(x,w).
h = size of the spatial mesh for finite elements discretization.

p = degree of interpolation polynomials in the random space I'.

Then

| + llun,n — unnpll

lu = unnpll < [lu—unll + lluv — un,n

|| - || stands for the L%(; H3(D)) -norm.
Error truncation due to KL expansion
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Numerical resolution of SEPDE: some comments on error analysis

u = u(x,w) = exact solution of our (SEPDE).

un,n,p = discrete solution.

N = order of truncation in the KL expansion of a(x,w) and/or f(x,w).
h = size of the spatial mesh for finite elements discretization.

p = degree of interpolation polynomials in the random space I'.

Then

lu = un.npll < llu—un|l + Juv — unsll + lunn = unspl|
|| - || stands for the L%(; H3(D)) -norm.
Error truncation due to KL expansion

If C(x,x") is piecewise analytic, then

lu— un|| < a1 exp(—ca(1/2 — s)NY?)  for any s > 0.
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Numerical resolution of SEPDE: some comments on error analysis

u = u(x,w) = exact solution of our (SEPDE).

un,n,p = discrete solution.

N = order of truncation in the KL expansion of a(x,w) and/or f(x,w).
h = size of the spatial mesh for finite elements discretization.

p = degree of interpolation polynomials in the random space I'.

Then

lu = un.npll < llu—un|l + Juv — unsll + lunn = unspl|
|| - || stands for the L%(; H3(D)) -norm.
Error truncation due to KL expansion

If C(x,x") is piecewise analytic, then

lu— un|| < a1 exp(—ca(1/2 — s)NY?)  for any s > 0.

@ P. Frauenfelder, C. Schwab, R.A. Todor, Finite elements for elliptic
problems with stochastic coefficients, Comput. Methods Appl. Mech.
Engrg. 194 (2-5) (2005), 205 - 228.
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Numerical resolution of SEPDE: some comments on error analysis

u = u(x,w) = exact solution of our (SEPDE).

un,n,p = discrete solution.

N = order of truncation in the KL expansion of a(x,w) and/or f(x,w).
h = size of the spatial mesh for finite elements discretization.

p = degree of interpolation polynomials in the random space I'.

Then

lu = un.npll < llu—un|l + Juv — unsll + lunn = unspl|
|| - || stands for the L%(; H3(D)) -norm.
Error truncation due to KL expansion

If C(x,x") is piecewise analytic, then

lu— un|| < a1 exp(—ca(1/2 — s)NY?)  for any s > 0.

@ P. Frauenfelder, C. Schwab, R.A. Todor, Finite elements for elliptic
problems with stochastic coefficients, Comput. Methods Appl. Mech.
Engrg. 194 (2-5) (2005), 205 - 228.

Error due to finite elements approximation in the physical domain D
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Numerical resolution of SEPDE: some comments on error analysis

u = u(x,w) = exact solution of our (SEPDE).

un,n,p = discrete solution.

N = order of truncation in the KL expansion of a(x,w) and/or f(x,w).
h = size of the spatial mesh for finite elements discretization.

p = degree of interpolation polynomials in the random space I'.

Then

lu = un.npll < llu—un|l + Juv — unsll + lunn = unspl|
|| - || stands for the L%(; H3(D)) -norm.
Error truncation due to KL expansion

If C(x,x") is piecewise analytic, then

lu— un|| < a1 exp(—ca(1/2 — s)NY?)  for any s > 0.

@ P. Frauenfelder, C. Schwab, R.A. Todor, Finite elements for elliptic
problems with stochastic coefficients, Comput. Methods Appl. Mech.
Engrg. 194 (2-5) (2005), 205 - 228.

Error due to finite elements approximation in the physical domain D

lluv — un,n]| < standard bounds
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Numerical resolution SEPDE: some comments on error analysis

Error due to stochastic collocation in the random domain Iy
Assume that a(x,w) has a truncated exponential KL expansion and f(x,w) a
truncated KL expansion. Then,
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Numerical resolution SEPDE: some comments on error analysis

Error due to stochastic collocation in the random domain [y

Assume that a(x,w) has a truncated exponential KL expansion and f(x,w) a
truncated KL expansion. Then,

N
lun,n — un,npll < € Baexp(—rar/Pr)
n=1
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Numerical resolution SEPDE: some comments on error analysis

Error due to stochastic collocation in the random domain [y

Assume that a(x,w) has a truncated exponential KL expansion and f(x,w) a
truncated KL expansion. Then,

N

luw.n = unppll < €D Boexp(—ray/Pn)
n=1
where

Bn = O(\/lTn) and r, = r,,(\/)T,,, H‘PHHLC’C(D))
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Numerical resolution SEPDE: some comments on error analysis

Error due to stochastic collocation in the random domain [y

Assume that a(x,w) has a truncated exponential KL expansion and f(x,w) a
truncated KL expansion. Then,

N

luw.n = unppll < €D Boexp(—ray/Pn)

n=1
where

Bn = O(\/lTn) and r, = r,,(\/)T,,, H‘PHHLC’C(D))

Convergence of the first and second moments
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Numerical resolution SEPDE: some comments on error analysis

Error due to stochastic collocation in the random domain [y

Assume that a(x,w) has a truncated exponential KL expansion and f(x,w) a
truncated KL expansion. Then,

N

luw.n = unppll < €D Boexp(—ray/Pn)

n=1
where

Bn = O(\/lTn) and r, = r,,(\/)T,,, H‘PHHLC’C(D))

Convergence of the first and second moments

E(u = un,np)llipoy < cllu— un,pplliz @m0y

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Existence of optimal relaxed shapes
Existence and Numerical Results Numerical resolution of the optimization problem

Numerical resolution SEPDE: some comments on error analysis

Error due to stochastic collocation in the random domain [y

Assume that a(x,w) has a truncated exponential KL expansion and f(x,w) a
truncated KL expansion. Then,

N

luw.n = unppll < €D Boexp(—ray/Pn)

n=1
where

Bn = O(\/lTn) and r, = r,,(\/)T,,, H‘PHHLC’C(D))

Convergence of the first and second moments

E(u = un,np)llipoy < cllu— un,pplliz @m0y

IE(u® = i n)lloy < cllu— un,hpll 2 @u2(0y)
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Numerical resolution SEPDE: some comments on error analysis

Error due to stochastic collocation in the random domain [y

Assume that a(x,w) has a truncated exponential KL expansion and f(x,w) a
truncated KL expansion. Then,

N

luw.n = unppll < €D Boexp(—ray/Pn)

n=1
where

Bn=0(y/Pn) and 1y = ra(VAn, llenllLoe ()
Convergence of the first and second moments
E(u = un,np)llipoy < cllu— un,pplliz @m0y

IE(u® = i n)lloy < cllu— un,hpll 2 @u2(0y)

@ |. Babugka, F. Novile and R. Tempone, A Stochastic collocation method
for elliptic partial differential equations with random input data, SIAM
Review Vol. 52, n® 2 (2010), 317 - 355.
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Experiment 1: Uncertainty in the force term

=V - [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ
u=0, on 9D x Q
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Experiment 1: Uncertainty in the force term

=V - [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ
u=0, on 9D x Q

where D =]0,1[%, a=1, and
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Experiment 1: Uncertainty in the force term

u=0, on 9D x Q
where D =]0,1[%, a=1, and

{ =V [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ

20 0<x<04,0<y<I1,
f(x,y,w)= 0.001 04<x<06,0<y<1,
h(x,y,w) 06<x<10<y<1,

with
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=V - [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ
u=0, on 9D x Q

where D =]0,1[%, a=1, and

20 0<x<04,0<y<I1,
f(x,y,w)= 0.001 04<x<06,0<y<1,
h(x,y,w) 06<x<10<y<1,

with
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h(x,y,w) =exp(2.9 4+ 0.2U(x,w)), U(x,w)= Z AL/ 20n(x) Ya(w)
n=1
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Experiment 1: Uncertainty in the force term

=V - [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ
u=0, on 9D x Q

where D =]0,1[%, a=1, and

20 0<x<04,0<y<I1,
f(x,y,w)= 0.001 04<x<06,0<y<1,
h(x,y,w) 06<x<10<y<1,

with
10
h(x,y,w) =exp(2.9 4+ 0.2U(x,w)), U(x,w)= Z AL/ 20n(x) Ya(w)
n=1
where A, and ¢, are the eigenvalues and eigenvectors of the operator
> / Clx, x"Yo(x")dx', @€ L2(D)
D

and C(x,x’) = exp(— Z?:l |%|2) the correlation function.
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Experiment 1: Uncertainty in the force term

=V - [a(x,w)Vu(x,w)] + lou(x,w) = f(x,w) in DxQ
u=0, on 9D x Q

where D =]0,1[%, a=1, and

20 0<x<04,0<y<I1,
f(x,y,w)= 0.001 04<x<06,0<y<1,
h(x,y,w) 06<x<10<y<1,

with
10
h(x,y,w) =exp(2.9 4+ 0.2U(x,w)), U(x,w)= Z AL/ 20n(x) Ya(w)
n=1

where A, and ¢, are the eigenvalues and eigenvectors of the operator

> /D C(x,x/)gp(x') dx’, e L2(D)

and C(x,x") = exp(— 32, | (Xfl;;") |?) the correlation function. Y, are

independent standard Gaussian random variables.
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Experiment 1: Uncertainty in the force term

0 02 0.4 06 08 1 o 02 0.4 06 0.8 1
x X

(a) (b)

Figure: Experiment 1. Expectation (a) and standard deviation (b) of u(x,y,w)
without optimization, i.e. s =0.
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Experiment 1: Uncertainty in the force term

= (c) a=0.85
(d) @« =0.95 (e)a=1 (f) deterministic optimal design

Figure: Experiment 1. Optimal design s(x, y) for different values of «. Case (a)
corresponds to minimal variance, case (e) minimal expectation. L = 0.1
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Experiment 1: Uncertainty in the force term
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Figure: Experiment 1. Convergence history of the algorithm for o = 0 (left), and
Pareto front of optimal solutions in circles (right).
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Experiment 2: Uncertainty in the boundary conditions

—V - -Vu(,w)+s(u(,w) =1 inD={(x,y) eR*: x* +y*> <1}
u(,w) =0 onTlpw),

—n(~,w) =0 on MNy(w),
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Experiment 2: Uncertainty in the boundary conditions

—V - -Vu(,w)+s(u(,w) =1 inD={(x,y) eR*: x* +y*> <1}
u(,w) =0 onTlpw),

—n(~,w) =0 on MNy(w),

Mp(w) is parametrized by yp(w) : /(w) — R? with vp(w, ) = (cos @, sin ),

@) =155 -2UG+% 7= 51U+ 5. T - S1US +%.20- %)
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Experiment 2: Uncertainty in the boundary conditions

—V - -Vu(,w)+s(u(,w) =1 inD={(x,y) eR*: x* +y*> <1}
u(,w) =0 onTlpw),

—n(~,w) =0 on MNy(w),

Mp(w) is parametrized by yp(w) : /(w) — R? with vp(w, ) = (cos @, sin ),

@) =155 -2UG+% 7= 51U+ 5. T - S1US +%.20- %)

w is a random variable that follows a truncated normal distribution with zero
mean and o = /12 standard deviation. The lower/upper truncation point of
the distribution is —20/ + 20.
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Experiment 2: Uncertainty in the boundary conditions

—V - -Vu(,w)+s(u(,w) =1 inD={(x,y) eR*: x* +y*> <1}
u(,w) =0 onTlpw),

—n(~,w) =0 on MNy(w),

Mp(w) is parametrized by yp(w) : /(w) — R? with vp(w, ) = (cos @, sin ),

@) =155 -2UG+% 7= 51U+ 5. T - S1US +%.20- %)

w is a random variable that follows a truncated normal distribution with zero
mean and o = /12 standard deviation. The lower/upper truncation point of
the distribution is —20/ + 20.
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Experiment 2: Uncertainty in the boundary conditions

| —

s g E E )

(a) (b)

Figure: Experiment 2. Expectation (a) and standard deviation (b) of the uncontrolled
(s = 0) solution.
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Experiment 2: Uncertainty in the boundary conditions

T I A
08/ ‘ \\\ns 9 ) n;,' ‘ 1

(Qa—o085

(d) @ =0.95 (e) a= (f) deterministic optimal design

Figure: Experiment 2. Optimal design s(x, y) for different values of «. Case (a)
corresponds to minimal variance, case (e) to minimal expectation. L = 0.25
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Other functional costs: risk averse shape optimization

The variance is widely used as a measure of deviation in robust optimization.
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Existence and Numerical Results Numerical resolution of the optimization problem

Other functional costs: risk averse shape optimization

The variance is widely used as a measure of deviation in robust optimization.

However, in risk averse optimization semi-variance or semi-deviation below the
mean or some target, i.e.,

E(max{X — E(X),0}") or E(max{X —6,0}"), m=1,2.

with X(w) = [, f(x,w)u(x,w) dx seem more appropriate.
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Other functional costs: risk averse shape optimization

The variance is widely used as a measure of deviation in robust optimization.
However, in risk averse optimization semi-variance or semi-deviation below the
mean or some target, i.e.,

E(max{X — E(X),0}") or E(max{X —6,0}"), m=1,2.

with X(w) = [, f(x,w)u(x,w) dx seem more appropriate.
A simple way to deal with this type non-differentiable functional is by
approximating it, e.g. for m=1,

J(lo) = / [\/5 T (X(@) = E(X)) + (X(w) — E(x))] dP(w), 0<e< 1.
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Other functional costs: risk averse shape optimization

The variance is widely used as a measure of deviation in robust optimization.
However, in risk averse optimization semi-variance or semi-deviation below the
mean or some target, i.e.,

E(max{X — E(X),0}") or E(max{X —6,0}"), m=1,2.

with X(w) = [, f(x,w)u(x,w) dx seem more appropriate.
A simple way to deal with this type non-differentiable functional is by
approximating it, e.g. for m=1,

J(lo) = / [\/5 T (X(@) = E(X)) + (X(w) — E(x))] dP(w), 0<e< 1.

“(;)“ o (b)

Figure: Experiment 2. Minimal variance (a). Minimal semi-variance (b) (¢ = 0.01).
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Conclusions and related open problems

@ The topic of control under uncertainty is of a major importance in
real-world applications, and it is almost completely open.
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@ There are probabilistic and numerical tools (numerical resolution of SPDE)
to address this type of problems from a numerical point of view.
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An open problem: Controllability under uncertainty for the heat equation
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@ The topic of control under uncertainty is of a major importance in
real-world applications, and it is almost completely open.

@ There are probabilistic and numerical tools (numerical resolution of SPDE)
to address this type of problems from a numerical point of view.

An open problem: Controllability under uncertainty for the heat equation

ye — V- la(x,w)Vy(x,w)] = u(x,t)lo in (0,T)x D xQ
y=0, on (0,T)xdDxQ
y(x,0) = y°(x) in D

Averaged null controllability: Given T > 0, find a control u(x, t) such that

\/Qy(-7 T7w) dP(UJ) =0 inD.
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@ The topic of control under uncertainty is of a major importance in
real-world applications, and it is almost completely open.

@ There are probabilistic and numerical tools (numerical resolution of SPDE)
to address this type of problems from a numerical point of view.

An open problem: Controllability under uncertainty for the heat equation

ye — V- la(x,w)Vy(x,w)] = u(x,t)lo in (0,T)x D xQ
y=0, on (0,T)xdDxQ
y(x,0) = y°(x) in D

Averaged null controllability: Given T > 0, find a control u(x, t) such that
/y(-, T,w)dP(w) =0 in D.
Q

Averaged null controllability is equivalent to the averaged observability
inequality

]
I / 2(x,0,0) dP(@) ooy < C / / | / o(x t,0) dP(w) 2 dxdt
Q 0 (@) Q

for all adjoint solution ¢. This inequality is open.
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@ E. Zuazua, Averaged control, Automatica, to appear.

@ M. Lazar and E. Zuazua, Averaged control and observation of
parameter-depending wave equations , C. R. acad. Sci. Paris, Ser. | 352
(2014) 497-502.
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@ M. Lazar and E. Zuazua, Averaged control and observation of
parameter-depending wave equations , C. R. acad. Sci. Paris, Ser. | 352
(2014) 497-502.

In order to increase the effectiveness of the control for each realization of the

random parameter w it is natural to look for the averaged null control that

minimizes the variance of the null controllability condition.
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@ E. Zuazua, Averaged control, Automatica, to appear.

@ M. Lazar and E. Zuazua, Averaged control and observation of
parameter-depending wave equations , C. R. acad. Sci. Paris, Ser. | 352
(2014) 497-502.

In order to increase the effectiveness of the control for each realization of the

random parameter w it is natural to look for the averaged null control that

minimizes the variance of the null controllability condition.

An Optimal Control approach of the Robust Averaged null controllability

problem is: given T > 0, find a control u(x, t) that minimizes the functional

Jo (1) = aE(X) + (1 = a)Var(X) +llul, 0<a<1y>0

where
X(@) = [ 1200 Tw) o
D
and
ye — V- la(x,w)Vy(x,w)] = u(x,t)lo in (0, T)x D xQ
y =0, on (0,T)x9DxQ

y(x,0) = y°(x,w) in D
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s =a [ ([ 1) dP(w))2 et (1-a)Var(y(T)) ooy, 0<a<1,
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Other functional costs

s =a [ ([ 1) dP(w))2 et (1-a)Var(y(T)) ooy, 0<a<1,

Structure of the controls
In some applications, a more realistic model is

u(x, t,w) = T(x, t) + u'(x,w)
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Other functional costs

2
Ju(u) = a/ (/ yix, T,w)dP(w)) det (1-) [Var(y(T)) [20p, 0 < < 1,
p \Ja
Structure of the controls
In some applications, a more realistic model is

u(x, t,w) = T(x, t) + u'(x,w)

@ T(x,t) is a deterministic control to be computed
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Other functional costs

s =a [ ([ 1) dP(w))2 et (1-a)Var(y(T)) ooy, 0<a<1,

Structure of the controls
In some applications, a more realistic model is

u(x, t,w) = T(x, t) + u'(x,w)

@ T(x,t) is a deterministic control to be computed

@ u'(x,w) is a zero-mean random control (which is assumed to be known or
at least estimated) which models uncertainty in the physical controller
response for a given instruction.
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Other functional costs

s =a [ ([ 1) dP(w))2 et (1-a)Var(y(T)) ooy, 0<a<1,

Structure of the controls
In some applications, a more realistic model is

u(x, t,w) = T(x, t) + u'(x,w)

@ T(x,t) is a deterministic control to be computed

@ u'(x,w) is a zero-mean random control (which is assumed to be known or
at least estimated) which models uncertainty in the physical controller
response for a given instruction.

@ it is also very natural impose a constraint on the size of U, namely,

[a(x,t)] < C x€D,t>0.
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http://www.ifma.fr/summerschool2014

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Conclusions and open problems

Conclusions and related open problems

People - groups - Links...

Engineering community

o IFMA at Clermont-Ferrand (M. Lemaire, N. Gayton, J. M. Bourinet)
http://www.ifma.fr/summerschool2014

e UQ Lab at Stanford Univ. http://web.stanford.edu/group/uq/

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Conclusions and open problems

Conclusions and related open problems

People - groups - Links...

Engineering community

o IFMA at Clermont-Ferrand (M. Lemaire, N. Gayton, J. M. Bourinet)
http://www.ifma.fr/summerschool2014

e UQ Lab at Stanford Univ. http://web.stanford.edu/group/uq/
@ Bruno Sudret (Zurich), Wei Chen (Northwestern Univ.), etc...

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Conclusions and open problems

Conclusions and related open problems

People - groups - Links...

Engineering community

o IFMA at Clermont-Ferrand (M. Lemaire, N. Gayton, J. M. Bourinet)
http://www.ifma.fr/summerschool2014

e UQ Lab at Stanford Univ. http://web.stanford.edu/group/uq/
@ Bruno Sudret (Zurich), Wei Chen (Northwestern Univ.), etc...
Applied Mathematics community

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Conclusions and open problems

Conclusions and related open problems

People - groups - Links...

Engineering community

o IFMA at Clermont-Ferrand (M. Lemaire, N. Gayton, J. M. Bourinet)
http://www.ifma.fr/summerschool2014

e UQ Lab at Stanford Univ. http://web.stanford.edu/group/uq/
@ Bruno Sudret (Zurich), Wei Chen (Northwestern Univ.), etc...
Applied Mathematics community

@ SIAM group on UQ (Chair: Max Gunzburger)
http://www.siam.org/activity/uq/

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Conclusions and open problems

Conclusions and related open problems

People - groups - Links...

Engineering community

o IFMA at Clermont-Ferrand (M. Lemaire, N. Gayton, J. M. Bourinet)
http://www.ifma.fr/summerschool2014

e UQ Lab at Stanford Univ. http://web.stanford.edu/group/uq/
@ Bruno Sudret (Zurich), Wei Chen (Northwestern Univ.), etc...
Applied Mathematics community

@ SIAM group on UQ (Chair: Max Gunzburger)
http://www.siam.org/activity/uq/

@ MOX team at Milano (A. Quarterony, F. Nobile, ... http://csqi.epfl.ch/ )

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Conclusions and open problems

Conclusions and related open problems

People - groups - Links...

Engineering community

o IFMA at Clermont-Ferrand (M. Lemaire, N. Gayton, J. M. Bourinet)
http://www.ifma.fr/summerschool2014

e UQ Lab at Stanford Univ. http://web.stanford.edu/group/uq/
@ Bruno Sudret (Zurich), Wei Chen (Northwestern Univ.), etc...
Applied Mathematics community

@ SIAM group on UQ (Chair: Max Gunzburger)
http://www.siam.org/activity/uq/

@ MOX team at Milano (A. Quarterony, F. Nobile, ... http://csqi.epfl.ch/ )

o |. Babuska, A. Cohen, G. J. Lord, C. E. Powell,T. Shardlow ...(Numerics
for SPDE)

Francisco Periago Robust Shape Optimization for Elliptic PDEs with random input data



Conclusions and open problems

Conclusions and related open problems

People - groups - Links...

Engineering community

o IFMA at Clermont-Ferrand (M. Lemaire, N. Gayton, J. M. Bourinet)
http://www.ifma.fr/summerschool2014

e UQ Lab at Stanford Univ. http://web.stanford.edu/group/uq/
@ Bruno Sudret (Zurich), Wei Chen (Northwestern Univ.), etc...
Applied Mathematics community

@ SIAM group on UQ (Chair: Max Gunzburger)
http://www.siam.org/activity/uq/

@ MOX team at Milano (A. Quarterony, F. Nobile, ... http://csqi.epfl.ch/ )

o |. Babuska, A. Cohen, G. J. Lord, C. E. Powell,T. Shardlow ...(Numerics
for SPDE)

o E. Rosseel, G. N. Wells, A. Borzi, G. von Winckel ... (Stochastic
Optimization)
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...le petit nombre des choses que nous pouvons savoir avec certitude, dans les
sciences mathématiques elles-mémes, ..., se fondent sur les probabilités, en
sorte que le systeme entier des connaissances humaines, se rattache a la théorie
exposée dans cet essai.
Essai de philosophie sur les probabilités
M. LE MARQUIS DE LAPLACE, 1825
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