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From electrophysiology to reaction-diffusion

e Asymptotic Bidomain model

A

E le(g, . 6Ue) + /appa In B x (Oa T)7

A (Cm + lion (Vi - - ) dlv(g

dIV(( c?) Vu )

—div (5}, : 6\/,77) ;

® Monodomain model

v, R |
A (cmﬁ o (Vi - - )) — diV(G - VV,y) = lop, In B x (0,7)

® Reaction diffusion system

0, on 9B x (0,7),

ou—YV - (DZ ) = flu), in B x (0,7),
(DVu)-n =
{ uO(X)) in 5.
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Electrocardiographic Imaging

)

Images (CT, IRM) Heart and torso geometries E

Computing inverse problem

Maps of electrical activation
(isochronous)

Electrodes vest (multiple Body surface potentials <y ¥
surface ECG recordings) LD
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From activation map to front propagation




Motivation

Traveling wave propagation phenomena modelled by reaction-
diffusion systems to be compared with front propagation

observations.

Other examples: Wild Fire propagation, Tumour growth, Chemotaxis

Objective: Data assimilation, namely state and parameter

estimation, using observer
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Outline

® [ntroduction to observer theory
e Observer for reaction-diffusion system based on front observations
» Formulation
» Mathematical analysis
» Discretization & Numerical illustrations
» Adaptive observers

» Perspectives
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Introduction to observer theory
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Observer: definition

e (Class of dynamical systems
Ve () =Alycw(®),0) +B(w(), tE€RT
le,w(O) = Yo T C

* Trajectory {yg(t),t € R"}

e Observations

z(t) = Clya(t),t) + x(t)  (¥y,D(y,t) = z(t) — C(y, 1))

® Observer or (state) estimator

| 70 =AG0 +G6(,0D( (), teRY
\ y(0) = yo
e Objective here ¥(t) = ym(t) — y(t)
Vt,w(t) =0, x(t) = 0 = y(t) i 0

or at least 9 contracting map B | ||y(t)|| < B(||y(s)|,t —s), Vt=>s.
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Observer: the wave example

* Wave equation y(t) = (u(t) w(t))T € H'(Q) x L*(Q)
i — AU = f, in{)
u=g on 0

U(O) — U<>+Cu> U(O) :V<>‘|‘Cv
® Observations z = u,,

<

e Observer

(é—czAO:f—l—v(z—Xwﬁ), in ()

<\G =g, on Of)

6(0) = us, 0(0) = v,
® Frror Theorem. The observer converges to the

.. : :
) U+ XwU — cCAI=0 inQ WEZE iTwaéeCC;tgg.is satisfied the convergence is
u =0, on 0Of) exponential.

\U
D(O — Cw L](O) — Cv
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Observer: the wave example

* Wave equation y(t) = (u(t) w(t))T € H'(Q) x L*(Q)

( 1
<u—c:zAu:f, in € .

IsoValue

u=g on 0
U(O) = Uo T Cua U(O) = Vo + C\/ | i
e Observations z = (, //
/
® Observer
/ oo . .
<u—c:ZAu:f—l—v(z—xwu), in
\G =g, on Of)
CI(O) — U<>, CI(O) — V<>
® Frror Theorem. The observer converges to the
/oo . :
:: L A~ . target trajectory.
) U+ Xl —cAU=0 in{} When the GCC is satisfied the convergence is
u=0, on 0Of) exponential.
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Observer: the Saint-Venant system example

® Saint-Venant system
(&h + 0.hu = 0, in )

< 2
Oi(hu) + Oy (hu* + %) =0, inQ

h(O) = he + (p, U(O) = Uy + (,
e Observations z = h

* Observer A
O:h + Oshl = ~(z — h), in
{at(ﬁa) + 0 (ho? + &) =iz —F), inQ
h(0) = ho, G(0) = u,
® ErrPr (non—linAear) £ ) , Veostyumm
0 +0,(0(€ +5%)) < (€~ &) -

or use kinetic representation

m A.C. Boulanger, P. Moireau, B. Perthame, J. Sainte-Marie Data Assimilation for hyperbolic conservation

laws — A Luenberger observer approach based on a kinetic description. Comm Math Sci 2015
e ———— R ——
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Observer: the Saint-Venant system example

® Saint-Venant system
(&h + 0.hu = 0, in )

< 2
O (hu) + Ok (hu? + %) =0, inQ

h(O) = he + (p, U(O) = Uy + (,
e Observations z = h

* Observer A
O:h + Oshl = ~(z — h), in
{at(ﬁa) + 0 (ho? + &) =yi(z—F), inQ
h(0) = ho,  G(0) = us
® Error (non-linear) -, Velocity u (m/s)

A ~/ A h A St
0. +0.(6(6 +85)) <UE-E) i e

o 2 | 2.7 27
or use kinetic representation

w A.C. Boulanger, P. Moireau, B. Perthame, J. Sainte-Marie Data Assimilation for hyperbolic conservation

laws — A Luenberger observer approach based on a kinetic description. Comm Math Sci 2015
T e — et
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Observer: the Saint-Venant system example

® Saint-Venant system
J@th + 0.hu = 0, in
O (hu) + O (hu? + %) =0, inQ

h(O) = he + (p, U(O) = Uy + (,
e Observations z = h

° Ob§erverA A
O:h + 0hi = v(z — h), in
DA ™ A h? A 25 : elocity u (m/s
[ 9:(hd) + O (ht? + &) =~yi(z—h), INQ s MX, 220 075 S
h(O) - ho, CI(O) — U<> 0.7

® Error (non-linear) ;
0& +0,(0(€ +275)) < (€ — &)
or use kinetic representation

w A.C. Boulanger, P. Moireau, B. Perthame, J. Sainte-Marie Data Assimilation for hyperbolic conservation

laws — A Luenberger observer approach based on a kinetic description. Comm Math Sci 2015
T e ——— eSS
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Observer: the Saint-Venant system example

® Saint-Venant system
O (hu) + O (hu? + %) =0, inQ

h(O) = he + (p, U(O) = Uy + (,
e Observations z = h

° Ob§erverA A
O:h + 0hi = v(z — h), in
0.(h0) + 8,(A + ) =tz —h), Qs $EVITY o
I%(O) - ho, CI(O) — U<> 0.7 0.7

® Error (non-linear) ;
0& +0,(0(€ +275)) < (€ — &)
or use kinetic representation

w A.C. Boulanger, P. Moireau, B. Perthame, J. Sainte-Marie Data Assimilation for hyperbolic conservation

laws — A Luenberger observer approach based on a kinetic description. Comm Math Sci 2015
e S
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Observer for reaction-diffusion

system based on front observations
Part I: Observer formulation
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The "depolarization™ front

® Reaction diffusion model

[ Qu—V-(DVu) = Kfu), inBx(0,T)
X (DVu)-n = 0, on 9B x (0,7),
\ u(x,0) = up(x), inB.

® \We define ¢ as the depolarisation constant, namely the depolarisation area Is
given by Q,(t) ={x € Blu(x,t) > cn}

* \We can represents by a level-set ¢, (t)
(1) = {x € B pu(t) > 0}
Ly(t) = {x € B|¢u(t) =0}

o And this level-set Is solution of an Eikonal model

6, = 196 (DX - (54 + VPkao).

_ Keener,An eikonal-curvature in B x (O T)
w equation for action potential 7

propagation in myocardium. 1991.
e
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Eikonal equation from asymptotic analysis

* We define a time-dependent coordinate system (&1, &2, &3) designed to follow

the front over time

82u 80,-/ ou ou p— %
® The frontis sharp O(e) = qg;; = O(E_l)a
24 ou
2
olal 8&2 (O’ Vv, a+d t>_<) D¢, flu)

which Is a second order ODE where we seek for
decreasing solutions u” + cou’ + flu) = O

Kio =0V, -a+a-0x
k V, ¢

o |V, du|
Vo, 0x+ 0p, =0

|1Q
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Observer for the Eikonal equation

® |n iImage processing theory (in segmentation) there are Eikonal models
associated with data-fitting terms.

® [or instance using the Mumford-Shah functional or its Chan-Vese version
7(9) =al| + BT+ [ (2= Q@) oty [ - C@)P
Qg B\ Qg
C

= — Zdx
Q| Ja,

| Courtesy, Hintermuller, M. and Ring, W.

CH = zdx
: B\ Q| Jp\o, (ﬂ
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Observer for the Eikonal equation

® |n image processing theory (In segmentation) there are Eikonal models
assoclated with data-fitting terms. For instance the Mumford-Shah functional or

its Chan-Vese version

T(6) =a|Qq| + BITs| + 7 /

| e

= — Zdx
\Qqs!l Q.

B\ Q| Jp\a,
e Minimization by gradient projection method

¢u — _TVJ(gbu)

where C

Cy

Zdx

° Eikonal observer Vo
b= —ad(6) + 53 - (5)

+75(9) (—(z— C)* + (z— G)?)
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Observer for the Reaction-diffusion model

® Find a correction

analysis leads to t

on the reaction-diffusion system so that the asymptotic

he Eikonal observer

0 =Y - (DY) + kf(0)
| Voq
t70() Vg &za\ E( (2= Ci())" + (2 - CZ(QU))z)
A(Z6l) = =
® tikonal observer v gg

¢ = VkDco|Vos| + |V |V - (

Vi
+7(IV@a))6(ds) (—(z — C))* + (z — G)?)
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Observer for the Reaction-diffusion model

® Find a correction on the reaction-diffusion system so that the asymptotic

analysis leads to the Eikonal observer
- ™
u=Y - (DY) + kf(0)

7900 — ) (2 = G () + (2 = (%))

¢y = 0 —

® tikonal observer ,

| ) ) Vo
¢ = VkDco|V | + |V s | V. - (|vg}\

+7(IV@a))6(ds) (—(z — C))* + (z — G)?)
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Observer for reaction-diffusion

system based on front observations
Part liI: Elements of analysis
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Error Analysis (1)

® System

[ Ju—V-(DVu) = Kfu), B x (0,7),

\ (DZU)Q = 0, aBX(aTa

\ u(x,0) = uo(x) + ¢(x), B
*Observer  pa-v. vy = Ko

|
) 4900 x) g (— (= ) + (- Gl)"), B ()
(DVi)-n = O, OB x (0,7)

s 0(x,0) = us(x), B.

®fFrror !

< Yo
(DVi)-n = O, OB x (0,7),
\ u(x,0) = ¢(x), B

® or Linearized error around the target trajectory ¢
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Error Analysis (2)

® Lrror In variational form

/Batd —/BDVD-VvdX - /Bk(f(U)—f(U)VdX B

e C

Stabilizing term 7

O dx = —/D%ﬁadx + /k(f(u)—f(a))vdx
B B

'H/FA (2~ Q) ~ (2~ () ) T

Dissipative ?

® Dissipative property at least around the target trajectory

Qs (1) = /F \;ay ((z () — (z— Cz(Qa))z) Gdr.
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Shape optimisation based computations

Assuming that the contour Is closed

W
Vil

2

(daQa(x)57) = /F /W(NC’D((ZLJ —Ci(%)" — (2 — Cz(Qa))z) X dl

A o o) \ Delfour. Zolésio.
_/ 7l(|zu|) ((Zu —C (QU)) - (Zu - C2(QO)) ) X Onyp dI’ M Shapes and Geometry.
I . 2nde edition. 201 1.
AN A2~ 2 2 ~ Hintermiiller, Ring. An
. /F (2D 3702 = ()" = (2= ) ) x g T () Incect NewioncG e

| Active Contour Approach

+2 [ (190 9,2, (Co(6%) = C1(6) x ém T e M et
|u w A .I:lﬁ)itional. 2991.-*
2 / (= Ci(@0) [ T / T 2. ~ € ()
—z‘B\'Q&‘ / (e - Gls) T 1981 (2, = Co ) e
+ [ 2098 (2~ € (0) - (2~ Gl6)") O gy
(©6Q.(@):9) = 2(C) ~ () [ 1(Tu) 2z o
_2(C2(Qu) _C(Q“))2< | + l_’> i Yo ></F y(|Vul) udl’
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Stabilization property

Proposition. If the condition

23yt rB\lsm> (/ﬂ(‘v“‘)‘ﬁ“‘dr <. Wdr)z

is satisfied then the observer effect is energy-decreasing in
the linearized error

4
h, Object z defined
. from observations
< >;< >:< >
I_'u 3 r'u Observer front

< >
B :
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Stabilization property

Proposition. If the contrast condition

L>L<' . )W‘
h, =4\ B\Q,/)" "

is satisfied then the observer effect is energy-decreasing in
the linearized error

® Proof

' a7 ) -
(/FUW(‘ZUD‘ZU\ dl’ x /Fu NI dF> > /Fu (Soh e dr’ = |T, ],

and equalrty with

Y(|Vul) = Vol
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Observer for reaction-diffusion

system based on front observations
Part Ill: Numerical illustrations

»~
”~
&LW P. Moireau — Team M=DISIM




ID Case

® Reaction diffusion system of Mitchell-Schaeffer type (similar to Frtzugh-
Nagumo)

Time = 32ms

= = =larget
m— ODSeErver
s NO ODSErVeEr
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ID Case

® Reaction diffusion system of Mitchell-Schaeffer type (similar to Frtzugh-
Nagumo)

® \When time-sampling the data

Time = 32ms Time = 36ms

= = =larget
m— ODSeErver
s NO ODSErVeEr

‘-I-IIlIIIlll.IIII-IIIl.I‘

P. Moireau — Team M=DISIM
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3D (Surfacic) Case

e Surface bidomain model with Courtemanche-Ramirez-Nattel ionic model

specifically adapted to the atria (12 ionic currents and 20 other variables)
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3D (Surfacic) Case

e Surface bidomain model with Courtemanche-Ramirez-Nattel ionic model

specifically adapted to the atria (12 ionic currents and 20 other variables)
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3D (Surfacic) Case

e Surface bidomain model with Courtemanche-Ramirez-Nattel ionic model

specifically adapted to the atria (12 ionic currents and 20 other variables)

Y
\ m—|Arget

— Qbserver
== NO Observer
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3D (Surfacic) Case

e Surface bidomain model with Courtemanche-Ramirez-Nattel ionic model

specifically adapted to the atria (12 ionic currents and 20 other variables)

Time = 15ms
90

Time = 7.5ms

Errors L - norm

Time = 67.5ms
-20 20

Time = 37.5ms
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Observer for reaction-diffusion
system based on front observations

Part IV:Adaptive Observer for Parameter identification
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RoEKF applied to the parameter space

Principle: Apply a Kalman-based filter of reduced rank to the parameters space

where the uncertainties are now concentrated.

® System<()°/ = A(y, 0)

) =0 .

* Observer [y = A(p, 9) + ~dC*(z — C(y)) + LY
J = U™ L*dC*M(z — C()))

U= L*"dC*MdCL
[ = (8,A(7, ) —~ydC*dO)L + ByA(y, D)
e Conditions of application
v Use only discrepancies dC*(z — C(y)) = —dD™* D(y)
v Define a discrepancy D (with corresponding gain as dD”)

D=H(¢u)(z—Ci(oy)) + (I =H(¢u))(z = C(on))
dD* = (o) ((z — C

(( (¢u)) o (Z T C2(¢u)))
N —




Mathematical Analysis

e Only after linearization of the error (7, 9) small = (&7, 609)

® After a change of variable (9, 515) — (n = dy — L&D, 5@)

the system of the linearised error satisfied o Asymptotically Stable

7

7= (9,A —~dC* dO)n
69 = —U~'1*dC*M dCL§Y — U~ dC*M dCn
\ .
® Bibliography (Exponentially) Stable if the system is identifiable

w P. Moireau, D. Chapelle, P. Le Tallec Joint state and parameter estimation for distributed mechanical
systems Comput. Methods Appl. Mech. Engrg. 197 659-677 2008
I e e —

———eeeGeSEmmmSRRETEOTTTTT

» This strategy unifies two existing types of results

n Q. Zhang, A. Clavel Adaptive observer with exponential forgetting factor for linear time varying systems,
Decision and Control, 2001.

w DT Pham, ] Verron, and L Gourdeau Singular evolutive Kaiman filters for data assimilation in oceanography,
Comptes Rendus de I'Académie des Sciences-Series llA-Earth and Planetary Science, 326(4), 255-260 1996

————
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Discretized version with RoUKF

® S5plitting time-discretization scheme Time: 1
5| Generate r particles around the mean
> Samphng ( An — \/ Un_ | value using the covariance reduced to
parametric space

SV =V +LANO, 1 <i<

08 =0 +LIATIO, 1 <i<r

Sampling

) _ A [) - Apply the model to this particle to
> Pr‘ediC‘tiQn Y”+| n An—l—l |n(Y”|”’ 9 ) | SIS compute one time step

\ Yn—|—||n =Ea(Yy)0) :ZIQIYISI—)FIIH

Prediction
. ﬁn—|—| In — 19r1|n
4 CO rreCtIOﬂ Compute the discrepancy w.rt the
L _|_| — [ I ]D [ ] observations for each particle
n n+1|n
1 = By DT &
() _ ()—
Fﬂ—|—| D(Y +1 tht| ) Gather the errors to compute a mean
\ An—|—| — [Fn—I—I]D [/*]T value and a “parametric”’ covariance

Ur7—|—| — d‘|‘An_|_| n—I—IAn—I—I

A

Yn—|-||n—|—l — Yn—|—||n—I_Ln—|—|Uﬂ_—|—|IAI.’Ir-—|—IMﬂ+|(EOé( :—I—I))
9n+lln+l _9ﬂ+||ﬂ+Ln—|—|Un—l-lAn—l-l ﬂ+|(Ea(F:+I))

w P. Moireau, D. Chapelle, Reduced-Order Unscented Kalman Filtering With Application to Parameter
|dentification in Large-Dimensional Systems - ESAIM COCV 201 |

T —————————— e t————m
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ID Case

® |sotropic and spacewise-constant diffusion tensor

Time = 15ms

1072
1 3
— 2 :
| 1
- B
() n
2 :
S 1 :
s:,:~
0 0
0 10 0 10 20 30 40

Time (ms)

Oct 2014-
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ID Case

® Importance of the state estimator during identification

Time = Sms
1 T

| = Fven for a small error on the inrtial condition
0.8 =
= 06| :
= 1072
=~ 04 N \ \
02| ! 2
% 2 4 6 8 10 15|
X (cm) ‘—l‘
Time = 35ms %
! w1
0.8 = bE
05|
= 06 :
g
5 04l |
0 | | | | | ]
0l | 0 10 20 30 40 50
Time (ms)

10

X (CIm
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ID Case

® |sotropic and spacewise-constant diffusion tensor
» Good inrtial condition - Wrong parameter

Time = bms
1 \ T

0.8

: 1072
=~ 04

0.2

0 2 4 6 8 10
X (cm)

Time = 35ms
1 T T

0.8

0.6

(mV)

5 04

0 5! 10 15 20 25
Time (ms)

0.2

P. Moireau — Team M=DISIM
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ID Case

® |sotropic and spacewise-constant diffusion tensor
» Good initial condition - Wrong parameter

Time = bms

0.8} |
= 0.6 |
G
504l i
0.2} | 9l
0 ‘
0 9 4 8 10
(e - 1.5]
Time = 35ms 5
1 S
Q1+
0.8 B bE
= 06/ i 0.5
G
3
S5 04 |
. 0] | | | | | B
0921 B 0 10 20 30 40 50
Time (ms)

10

x (cm)
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ID Case

® |sotropic and spacewise-constant diffusion tensor
» Gooed Initial condition - Wrong parameter
= Delaying the joint state and parameter observer

Time = bms

0.8 |
= 06/ |
% 1072
=~ 041} . ‘
0.2 . 2t .
0 |
0 2 4 8 10 15| |
x (cm) 0 \
Time = 35ms g .“
1 < "y
IR i *
3 |
08| : & 1
3 1
—~ o5l | 0.5 o -
2° —N\
2 T | N st
=M | U | | | | | B
02l i 0 10 20 30 40 50
Time (ms)

10

x (cm)

V4
v d
I h%— P. Moireau — Team M=DISIM Oct 2014-



mms Target

3D (Surfacic) Case —— Opsenve

mmms= NO Observer

® [rst tests
» Good initial condition » Good init_ial condition

ol (mS.cm™1)

e Complete strategy

»Stage of Initial condition identification

Disp, of the applied currgt Disp, of the applied current

4 -

| | h | ’

0‘15 - : 8 = 20 EREERERENEEERENENEENEENEE NN
n 3 |
01F - ‘
2 -
5-1072
1 -
Of Qeesescecececeneneaen.-
! ! ! ! ]
0 5 5 10 15 20
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Observer for propagating phenomena
based on front observations

Part V: Perspectives
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A — Complete analysis

® Finalyze the actual analysis
» Existence of the observer
» Observability condition associated to the linearised error

® Via the Mumford Shah functional
» Consider a stationary pattern
» Define a functional associated with our observer
» Use the classical Mumford Shah theory to define a minimizer and show that

the observer converges to It
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B — Incorporate more information

® |Incorporate topological gradient associated to the Chan-Vese data fitting term

e Use multiple phase to handle multiple 1socontours
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C — Wave equation case

® \Wave equation with no b.c.
U—c*Au=0, inB
o Sp(ecial first order form
U+cV-v=0, inB
\y + cVu =0, n B
with €& = / u* 4 vAdx
B

<

® Observer with a partial measurement uj,

< 0+cV -V =9Xu(z—0), inB
\Q—I—CZLAJ:O, n B

° O:)server with a front observation ? ,
[+ eV 0= 30, 1957 (~ (2= C1(60)) " + (2= Ga(@0))), inB
v+ Vi =0, in B

I &:L'z/a/—r B




To be continued ...
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