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Introduction and modelization

We consider the wave equation on Q C R", open, connected and convex :

ytt_Ay:O (th)EQX(O7T)7

y=0 (x,t) € 92 x [0, T], )
y(t=0, )=y x€Q

y(t=0," )=y x€Q

with yo € H3(Q) and y1 € L*(R).
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Introduction and modelization

We consider the wave equation on Q C R", open, connected and convex :

ytt_Ay:O (th)EQX(O7 T)7
y =0 (x,t) € 9Q x [0, ],
y(t:07):y0 X€Q7
y(t=0," )=y x€Q

1)

with yo € H3(Q) and y1 € L*(R).

We define the observation domain X C 99,
such that |X| = L|0Q)].

The purpose is to find the optimal shape and position for X.
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Introduction and modelization

The system (1) is said observable on X in time T if there exist a positive constant
Cr(xz) > 0 such that

T dy 2
Cr(x yo, 1) |2 S/ / —(t,x)| dodt, 2
7O o,y ) 2 (@) s 5, (5%) (2)

holds for all yo(-) € H3(Q) and yi(-) € L*(Q).
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Introduction and modelization

The system (1) is said observable on X in time T if there exist a positive constant

Cr(xz) > 0 such that

]
el e < [ [

holds for all yo(-) € H3(Q) and yi(-) € L*(Q).

dy
%(R X)

2
dodt,

)

We want to maximize Cr(xx) over all possible subdomains ¥ of 9 of Hausdorff

measure L|09Q|.

Cr(xs) =

T 2
o Iy Js %(t,x)| dodt
y solution of (1) | (vo,y1) Hf—/&xﬂ
with ()/0-}/1) 5& (OO)
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Introduction and modelization Random Selection of Initial C

In practise, this observability constant appears to be very pessimistic. In fact, it takes into
account every initial condition, whereas usually only a large number of them can be
considered.

Let us introduce a Hilbert basis of L?(2) consisting in (¢;);>1 the eigenfunctions of —A,
and the associated eigenvalues (););j>1.

In this case, the solution of the wave equation y writes :

+oo

y (tx) =) ( e VV e A"t) bj(x),

j=t

with, for all j € N* :

1( , i1 1( o I
5= 3 <y ()~ (x)) ald b= [ 3 (y () + 7y (x)) (x) dx.

This lead to

2
dodt.

Crxz) = |nf

z (a +b2

iv/Ajt bj —iy/Ajt 0¢J
( A W an (&%)

Jj
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Introduction and modelization Random Selection of Initial C

In practise, this observability constant appears to be very pessimistic. In fact, it takes into
account every initial condition, whereas usually only a large number of them can be

considered.
Let us introduce a Hilbert basis of L2(£2) consisting in (¢;);>1 the eigenfunctions of —A,

and the associated eigenvalues (\;);j>1.
In this case, the "random” solution of the wave equation y,.,g writes :

+
Yrand(t, X) Z (5fjaje'ﬁt + ﬁfjbjef'ﬁt) bj(x),

with
w w 1 w w
]P)(ﬂj,l = :l:l) = P(ﬂj’g = :l:l) = E and E(/Bj,lﬁk,2) = O
This lead to
T RR (Ba B5b; o ’
Cr(xs) = inf ) E/ / Z( 1/\J ! \Ft 2>\J je_iﬁt> 99; (t,x)| dodt.
(3):(bj)et“(R) Jo Jx |"H \j \j On
3T (e ?+b7)=1

Pierre JOUNIEAUX (LJLL) Rencontre Contrdle et Problemes Inverses 30 septembre 2014 4/ 16



Introduction and modelization

of Initial C

In the end, we want to maximize the following function

j Joan

J(xz) = jgng* Al Y= (x) (8@' (X)) do, (3)

over all subdomains X of 9Q of Hausdorff measure L|0Q]|.
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Relaxation and No-Gap theorem.

We do not know a priori wether Problem (3) is well-posed or not, and we thus propose
here a relaxation procedure : Let us define

o Uy ={xz | X C 90 of Hausdorff measure |X|= L|0Q|},
o U, = {a € L>=(0%;(0,1)) | / a(x)do = L|BQ|}.
lo)

Problem (3) is now well-posed on I/, and there exist at least one solution !

1. cf A. Hassel, S. Zelditch, Quantum ergodicity of boundary values of eigenfunctions Commun.
Math. Phys. 248, 119-168 (2004).
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Relaxation and No-Gap theorem.

We do not know a priori wether Problem (3) is well-posed or not, and we thus propose

here a relaxation procedure : Let us define
o U ={xz | £ C 09 of Hausdorff measure |X|= L|0Q|},

o U = {a € L(0%; (0,1)) | /BQ a(x)do = L|as2|}.

Problem (3) is now well-posed on I/, and there exist at least one solution !

No-Gap Theorem

Under geometric assumptions on €2, one has

sup J(xz) = max J(a).

Xz €UL acly

Geometric conditions on ( :

° )\ij (%) converges vaguely to . ( WQEB Condition )
This hold true for p|eceW|se smooth and ergodic domains®.

@ 3A > 0 such that H 9, |

< A)j.
Lo°(09)

1. cf A. Hassel, S. Zelditch, Quantum ergodicity of boundary values of eigenfunctions Commun.
Math. Phys. 248, 119-168 (2004).
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Relaxation and No-Gap theorem.

A particular solution

If Q is piecewise smooth, thanks to a Rellich-type formula, one has Vx; € R" :

2\ = AQ(XfXO.n) (%‘ff (x))2d(r 5)
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Relaxation and No-Gap theorem.

A particular solution

If Q is piecewise smooth, thanks to a Rellich-type formula, one has Vx; € R" :

2)\j:/m<x7x0.n) (%?(x))2da 5)

Moreover :

° (x — x0.n)do = n|Q].

aa R

. .1 [0g; 2

WQEB lies — [ =2 | — ——=

e WQ implies 5 <8n> Q]
. « _ LoQ]
Thus, setting a;, = te] (x — x0.n)
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Relaxation and No-Gap theorem

A particular solution

If Q is piecewise smooth, thanks to a Rellich-type formula, one has Vx; € R”"

2\ = /m<x — x0.n) (%‘ff(x)f do

Moreover :
° (x — x0.n)do = n|Q].
o0 R
1 (04 2
WQEB implies — | =2 | — —
e WQ implies 5 <8n> Q]

L|OQ2
Thus, setting ay, = r‘7\89|| (x — x0.n) one has

L\ 21|09
J(a,) = < max J
(a%) ) S max (a)
o1 b; 1 od; , \\° 21169
= il - < - - =
J(a) = jinf, A,-/a alx )(a (X)) do< lim 5 ma(x)(an (X)) do==Tq
And thus :

L 2L09]
J(a) = J(a-) =
max (a) = J(ay) L]
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Relaxation and No-Gap theorem.

A bifurcation phenomenon ?

. 199 _—
= n|Q\ (x.n) cU,?
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Relaxation and No-Gap theorem.

A bifurcation phenomenon ?

. 199 _—
= n|Q\ <x.n> cU,?

° / a*(x)do = L|0Q]| : Ok!
Elol
e 0 < a": Okif Qis star-shaped.
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Relaxation and No-Gap theorem.

A bifurcation phenomenon ?

«_ L]oQ] = o
= (x.n) €U,

Q
0 < a" : Ok if Q is star-shaped.
< 1: For instance, if Q is convex and included is a ring of radii such that :

o) =i

/ x)da—L|8Q| Ok!
a

.\H,
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Particular Cases

For some particular domains €2, one can compute directly the optimal value, and thus
find particular solution for Problem (3). Here are several examples :

1- The square : If Q = (0,7) x (0, 7) one has

max J(a) = J(L) = wL
acU

and the equality J(xx) = 7L is reached on U, iff L € {0 1

1472040

i T(_I [ T}F

2- The disk : If Q is the disk of radius R one has

max J(a) = 7RL
acU,

and the equality J(xs) = J(L) = nRL is reached on U, iff L € {0, }

7472745

20 YO0
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Truncated Problem

The truncated problem

We propose here to truncate the criterion at some order N € N*, and thus to maximize

In(xs) =

1
min —
1SN A Jag

xz(x) (

on

%(X))z do

over all subdomains X of 9Q of Hausdorff measure L|0%2|.
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Truncated Problem

The truncated problem

We propose here to truncate the criterion at some order N € N*, and thus to maximize

In(xs) =

1
min —
1SN A Jag

xz(x) (

on

a@(x)f do

over all subdomains X of 9Q of Hausdorff measure L|0%2|.

Why ?

@ Because this is the criterion used in practise.

@ Because one can prove that, now, for a large class of domains 2 there exist a

solution in U, denoted by xx:.
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Truncated Problem

The truncated problem

We propose here to truncate the criterion at some order N € N*, and thus to maximize

In(xs) =

1
min —
1SN A Jag

xz(x) (

on

a@(x)f do

over all subdomains X of 9Q of Hausdorff measure L|0%2|.

Why ?

@ Because this is the criterion used in practise.

@ Because one can prove that, now, for a large class of domains 2 there exist a

solution in U, denoted by xx:.

@ Because one has the following -convergence of Jy to J in U, :
° Xz — a*, with a* € U; maximizing J.

(xsg)-

e max J(a)= Ilim Jy
acl; N—+o0
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Truncated Problem

When a} ¢ Q, or when Q does not satisfy all the geometric conditions :

The study of the truncated problem gives the optimal value of J on U/, and thus on U,
(No-Gap). This helps measuring the efficiency of a given position for . This also helps
giving a domain X accurate for Jy for a given €, when it is not possible to build a
maximizing sequence for J.

2. cf P. Hebrard, A. Henrot, A spillover phenomenon in the optimal location of actuators, SIAM
J. Control Optim. 44 (2005), 349-366.
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Truncated Problem

When a} ¢ Q, or when Q does not satisfy all the geometric conditions :

The study of the truncated problem gives the optimal value of J on U/, and thus on U,
(No-Gap). This helps measuring the efficiency of a given position for . This also helps
giving a domain X accurate for Jy for a given €, when it is not possible to build a
maximizing sequence for J.

Nevertheless,
(nlaeg) = Ja) # (Jsy) = I

which is the case, for example, of the square, and can be explained by the spillover
pheomenon 2.

2. cf P. Hebrard, A. Henrot, A spillover phenomenon in the optimal location of actuators, SIAM
J. Control Optim. 44 (2005), 349-366.
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Truncated Problem

How to build Xz 7

Through optimality conditions, one can prove that :

v C{e" >N}

o A is the Lagrange multiplier associated to the area constraint.

2
* * 1 j * RT . .
o p = E o /\—J (%> » Where o are the Lagrange multipliers associated with

- on
1<j<N
the constraint on the infimum.
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Truncated Problem

How to build Xz 7

Through optimality conditions, one can prove that :

v C{e" >N}

o A is the Lagrange multiplier associated to the area constraint.

2
* * 1 j * RT . .
e ' = E o /\—J (%) » Where o are the Lagrange multipliers associated with

1<j<N
the constraint on the infimum.

Remark : If Q has an analytic boundary, then ¢ is analytic on 9Q. Thus :
o Ether the measure of {©* = A"} is null, and thus X}, is the following level-set
Ty ={¢" 2N}
@ Or " = A" on 99, and thus one cannot determine a priori X}y ...
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Truncated Problem

Examples of solutions for the square for L =1/3, L =2/3 and for 2 and 5 modes :
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Truncated Problem

Examples of solutions for the square for L =1/3, L =2/3 and for 2 and 5 modes :

Examples of solutions for the ellipse for L =1/3, L = 2/3 and for 5, 10 and 20
modes :

(2 O
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Truncated Problem

Examples of solutions for the square for L =1/3, L =2/3 and for 2 and 5 modes :

Examples of solutions for the ellipse for L =1/3, L = 2/3 and for 5, 10 and 20
modes :

(2O OO
o O
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Truncated Problem

The disk provides a case where " is constant. (L = 1/3)
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Truncated Problem

The disk provides a case where " is constant. (L = 1/3)

SR
RS

Pierre JOUNIEAUX (LJLL) Rencontre Contrdle et Problemes Inverses 30 septembre 2014 14 / 16



Truncated Problem

The disk provides a case where " is constant. (L = 1/3)

SRR
ORGRS
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Outlook

o Extend those results to other PDEs.

@ Study the optimal value when the Rellich-type solutions ay, are no more admissibles.
o Compute maximizing sequences when ay, € U.

@ Study the numerical behaviour of the observability constant.

Bibliography :
1- A. Hassel, S. Zelditch, Quantum ergodicity of boundary values of eigenfunctions
Commun. Math. Phys. 248, 119-168 (2004).

2- P. Hebrard, A. Henrot, A spillover phenomenon in the optimal location of actuators,
SIAM J. Control Optim. 44 (2005), 349-366.

3- A. Munch, P. Pedregal, F. Periago, Optimal design of the damping set for the
stabilization of the wave equation, Journal of Differential Equation, 231(1), 331-358
(2006).

4- Y. Privat, E. Trélat, E. Zuazua, Optimal observability of the multi-dimensional wave
and Schrédinger equations in quantum ergodic domains, to appear in J. Eur. Math.
Soc.

Pierre JOUNIEAUX (LJLL) Rencontre Contrdle et Problemes Inverses 30 septembre 2014 15 / 16



Conclusions and outlook.

Thank you for your attention.
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