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Motivations

Letbe T >0andw c Q c RN,
If we consider, for example, the following parabolic system

Find y := (y1, y2)* : Qr — R2? such that
oy1 =Ay1+yo+1,u inQr:=Qx(0,T),

Otye = Ay in Qr,
y=0 onXr:=002x(0,T),
¥(0) = yo in Q,

can we find, for all initial condition yq, a control u such that

yi(T; yo,u)=07
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Setting

We consider here the following system of n linear parabolic
equations with m controls

y=0 on¥r:=00Qx(0,T), (1)

{ oy=Ay+Ay+Bl,u inQr:=Qx(0,7),
y(0) = ¥o in {2,

where A := (a;); and B := (bi) With aj, by € L>°(Qr) for all
1<ijj<nand1<k<m
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Setting

We consider here the following system of n linear parabolic
equations with m controls

y=0 on¥r:=00Qx(0,T), (1)

{ oy=Ay+Ay+Bl,u inQr:=Qx(0,7),
y(0) = ¥o in {2,

where A := (a;); and B := (bi) With aj, by € L>°(Qr) for all
1<ijj<nand1<k<m

We denote by
P: RPxR™ — RP,
W, 2)" = oy
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Definitions

We will say that system (1) is

@ partially approximately controllable on (0, T) if for all e > 0
and yo, yr € L?(Q)" there exists a control u € L2(Qr)™ such that

1Py (-, T: yo, u) — PyT(')HLz(Q)p <e
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Definitions

We will say that system (1) is

@ partially approximately controllable on (0, T) if for all e > 0
and yo, yr € L?(Q)" there exists a control u € L2(Qr)™ such that

1Py (-, T: yo, u) — PyT(')HLz(Q)p <e
@ partially null controllable on (0, T) if for all y, € L2(Q)", there

exists a u € L?(Qr)™ such that

Py(-, T; yo,u) =01in Q.
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Plan

0 Partial null controllability
@ Autonomous case for differential equations
@ Constant matrices
@ Time dependent matrices

e Open problem

e Conclusions and perspectives
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Partial null controllability
[ Je]e]e]

Autonomous case for differential equations

System of differential equations

Assume that A € £L(R") and B € £(R™,R") and consider the system

{8,y—Ay+Bu in (0, 7), @)
y(0)=yo € R.
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Partial null controllability
[ Je]e]e]

Autonomous case for differential equations

System of differential equations

Assume that A € £L(R") and B € £(R™,R") and consider the system

{ oy =Ay+Bu in(0,T),

y(0)=yo € R. @

THEOREM (Kalman, 1969)

System (2) is controllable on (0, T) if and only if

rank(B|AB|...|A"'B) = n.

Partial controllability of parabolic systems Sept. 30th 2014



Partial null controllability
[ Je]e]e]

Autonomous case for differential equations

System of differential equations

Assume that A € £L(R") and B € £(R™,R") and consider the system
{ oy =Ay+Bu in(0,T), @) P: RPXxR"™P — TP
y(0) =yo € R. .y = n.

THEOREM (Kalman, 1969)
System (2) is controllable on (0, T) if and only if

rank(B|AB|...|A"'B) = n.

v

THEOREM

System (2) is partially controllable on (0, T) if and only if

rank(PB|PAB|...|PA"'B) = p.

A\
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Partial null controllability
0e00

Autonomous case for differential equations

Sketch of proof for the null controllability for n=3, m=1

e Let us first consider the variable change : z := y — ny, where
{ oy = Ay in [0, T],
yO0)=yeR
and n € C*[0, T] with the following form

y

1

’

0

wl—
3
%

Thus, if h:= -9y, z is solution to

Oz=Az+Bu+h in[0,T],
z(0)=0.
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Partial null controllability
[e]e] o]

Autonomous case for differential equations

Sketch of proof for the null controllability for n=3, m=1

o We recall that
Oiz=Az+Bu+h in[0,T], 2)
z(0)=0.
If we search a solution of the form z := Kw with K := (B|AB|A?B)
invertible, w satisfies
Koyw = AKw + Bu + h.

Using the Cayley Hamilton Theorem, A® := agl + a1 A + a A%

0 0 «o
_ 2 3 _ 0
Thus AK = (AB|A°B|A°B) = KC, with C = 1 0 o .
Key = B7
O 1 (6%

Sept. 30th 2014 9/29

Partial controllability of parabolic systems



Partial null controllability
[e]e]e] ]

Autonomous case for differential equations

Sketch of proof for the null controllability for n=3, m=1

We recall that h := —0ny.
Thus w is solution to

owy = agws + hy + U,
Oowe = wi+ ayws + hy,
ows = Wo+ oWz + h3,
w(0) = 0.
We choose

Wy = 07

W = _h37

Wy = OWe —aqWe — ho,

u = 0wy —agW — hy.

Conclusion :

wj(0) =w;(T)=0forallic {1,2,3}. O
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Partial null controllability
®0000000000

Constant matrices

Constant matrices

Assume that A € L(R") and B € £(R™,R") and consider the system

y=0 onXr, (2)

{8,y:Ay+Ay+B]lwu in Qr,
y(0) = yo in Q.
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Partial null controllability
®0000000000

Constant matrices

Constant matrices

Assume that A € L(R") and B € £(R™,R") and consider the system

y=0 onXr, (2)

{8,y:Ay+Ay+B]lwu in Qr,
y(0) = yo in Q.

THEOREM (Ammar-Khodja et al, 2009)

System (2) is null controllable on (0, T) if and only

rank(B|AB|...|A"'B) = n.
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Partial null controllability
®0000000000

Constant matrices

Constant matrices

Assume that A € L(R") and B € £(R™,R") and consider the system

oy =Ay + Ay +Bl,u in Qr,
y=0 on X, (2)
y(0) =y in Q.

THEOREM (Ammar-Khodja et al, 2009)

System (2) is null controllable on (0, T) if and only

rank(B|AB|...|A"'B) = n.

THEOREM

System (2) is partially null controllable on (0, T) if and only

rank(PB|PAB|...|PA"~'B) = p.
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Partial null controllability
O®000000000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

Let us consider the system

a
oy = Ay+ | a
azy
y = 0
y©0) = %

a2 ais b
ap a3 |y+| b |1,u inQr,
a3 as3 bs
on ZT,
in Q.
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Partial null controllability
O®000000000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

Let us consider the system

aiq
oy = Ay+ | az
azy
y = 0
y©0) = %

a2 ais b
ap a3 |y+ | b |1,u inQr,
a3 as3 bs

on ZT,
in Q.

Goal : Find u € L?(Qr) such that

y1(T;y,u) =0.
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Partial null controllability
O®000000000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

Let us consider the system

an a2 ais b
Oy = Ay+ | a1 ax as |y+ | b |1lou inQr,
a3t aszp ass b3
y =0 onxr,
y(©0) = x in €.

Goal : Find u € L?(Qr) such that

y1(T;y,u) =0.

Strategy : Find a variable change y = M(t)w with w solution of a
cascade system and use

[1] Gonzalez-Burgos M, de Teresa L. : Controllability results for cascade systems of m
coupled parabolic PDEs by one control force
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Partial null controllability
00@00000000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

Let be
K := [A|B] = (B|AB|A%B),
s := rank(K),
X := span(B, AB, A°B).

M. Duprez Partial controllability of parabolic systems Sept. 30th 2014 13/29



Partial null controllability
00@00000000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

Let be
K := [A|B] = (B|AB|A%B),
s := rank(K),
X := span(B, AB, A°B).

(i) s=1:

Since { B#0

rank(B|AB|A2B) — 1) » hen X = span(B).

In particular
AB:= 1B and A’B:= ayB.

M. Duprez Partial controllability of parabolic systems Sept. 30th 2014 13/29



Partial null controllability
000e0000000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

Let us suppose that rank(PK) = 1.
We define
M(t) = (B|Ma()|Ms(t)),

where
{ OtMo = AMo, d { OtMs = AMs,
Mg(T) = €2 M3(T) = es3.

We have b; # 0, indeed
rank( PB|PAB|PA2B)

rank( PB|a PB|a2 PB)
rank(b1 ‘Oé1b1 |042b1) =1.

Then M(T) is invertible and there exists T* such that M(t) is
invertible in [T*, T].
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Partial null controllability
0O000@000000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

Matrix M satisfies

{ _9:M(t) + AM(t) = (AB|0|0) = M(1)C,
M(t)e1 = B,

QA 00
C .= 0 0 0 ].
0 0O

If T* = 0 : Since M(t) is invertible on [0, T], y is the solution to
system (2) if and only if w := (wy, we, w3)* = M(t)~ 'y is the solution
to the cascade system

with C given by

w=0 onXxr,

ow = Aw + Cw + el,u  in Qr,
w(0) = wp in Q.
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Partial null controllability
0O0000e00000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

We recall that y = M(t)w in Qr and

by 0 0
MT)=| b 1 0 |.
bs 0 1

Thus y1(T) = bywy(T) =0in Q.

And it is possible to find u € L2(Qr) such that the solution to cascade
system satisfies

W1(T)=Oin Q.

M. Duprez Partial controllability of parabolic systems Sept. 30th 2014 16/29



Partial null controllability
0O0000e00000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

We recall that y = M(t)w in Qr and

by 0 0
MT)=| b 1 0 |.
bs 0 1

Thus y1(T) = bywy(T) =0in Q.

And it is possible to find u € L2(Qr) such that the solution to cascade
system satisfies

/4] ( T) =0in Q.
IfnowT" #0:
The system is considered without control until 7* and we control only
on|[T*, T].
M. Duprez
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Partial null controllability
00000080000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

If now rank(PB|PAB|PA?B) # 1. Let us remark that

rank P[A|B] < rank[A|B] = s = 1.

Thus rank(PB|PAB|PA?B) = 0 and PB = PAB = PA’B = 0.
Since B # 0, let us suppose that b, # 0.

We define
0 1 0
M = (B|e1|e3) = b 0 0 .
bs 0 1
We have Aey := C12B + Co0€1 + C3ne3, Aes := ¢13B + cx3€1 + C3365.
Hence
AM = (041 B|Ae1 ‘Aeg,) = MC,
{ Ke1 = B,
a1 Ci2 C13
with C given by C := ( 0 ©cp cCos )
0 32 a3
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Partial null controllability
00000008000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

Since K is invertible, y is the solution to (2) if and only if
w = (wy, wo, w3)* = M~y is the solution to cascade system

ow = Aw + Cw + el,u  in Qr,

w=0 onir,
w(0) = M~y in Q.

M. Duprez Partial controllability of parabolic systems Sept. 30th 2014 18/29



Partial null controllability
00000008000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

Since K is invertible, y is the solution to (2) if and only if
w = (wy, wo, w3)* = M~y is the solution to cascade system

w=20 on X,

ow = Aw + Cw + el,u  in Qr,
w(0) = M~y in Q.

Since M is given by
0 10
M = (B|e1 |e3) = b2 0 0 .
bs 0 1

Thus we have

yi(T)=0inQ < wo(T) =01in Q.
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Partial null controllability
00000000800

Constant matrices

Remark on the general dual system :

“Oe =RBpt Ay inQr Ly pe. Re L, RPxROP
=0 on X,

o(T,")=P*or in Q. o1 = (o1,0n-p)".
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Partial null controllability
00000000800

Constant matrices

Remark on the general dual system :

“Oe =RBpt Ay inQr Ly pe. Re L, RPxROP
=0 onXYr,

SD(T;') = P*or in Q. YT = (‘PTvOn—p)*.

PROPOSITION

@ System (1) is partially null controllable on (0, T), if and only if
there exists Cops > 0 such that for all o7 € L2(Q)P

)
1P (O)]x qyr < Cops /0 186 s

with o the solution to the dual system.
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Partial null controllability
00000000800

Constant matrices

Remark on the general dual system :

“Oe =RBpt Ay inQr Ly pe. Re L, RPxROP
=0 onXYr,

SD(T;') = P*or in Q. YT = (‘PTvOn—p)*.

PROPOSITION

@ System (1) is partially null controllable on (0, T), if and only if
there exists Cops > 0 such that for all o7 € L2(Q)P

)
1P (O)]x qyr < Cops /0 186 s

with o the solution to the dual system.

@ System (1) is partially approx. controllable on (0, T), if and
only if for all o1 € L?(Q)P the solution to the dual system satisfies

B*¢p=0inwx (0,T) = ¢ =0in Qr.

M. Duprez Partial controllability of parabolic systems Sept. 30th 2014 19/29



Partial null controllability
00000000080

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

The previous cascade system is partially null controllable if and only if
there exists C > 0 such that for all ¢} € L2(Q) the solution to the dual
system

=01 = Ap1 + 14 in Qr,
—Oip2 = A2 + Crap1 + Coo2 + Ca203  in Qr,
—0ip3 = A3 + C13p1 + Cozpa + a3z in Qr,
p=0 onXr,
¢(T) = (0,¢f,0)" in Q

satisfies the observability inequality

/w(O)2 < C/ oF.
Q wx(0,T)
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Partial null controllability
00000000080

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

The previous cascade system is partially null controllable if and only if
there exists C > 0 such that for all ¢} € L2(Q) the solution to the dual
system

=01 = Ap1 + 14 in Qr,
—Oip2 = A2 + Crap1 + Coo2 + Ca203  in Qr,
—0ip3 = A3 + C13p1 + Cozpa + a3z in Qr,
p=0 onXr,
¢(T) = (0,¢f,0)" in Q

satisfies the observability inequality

/w(O)2 < C/ 5.

Q wx(0,T)

We have ©1(T)=0inQ = ¢ =0in Qr
and ©J #0in Q = (¢2(0), p3(0))* # 0in Q.

Thus the observability inequality is not satisfy.
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Partial null controllability
0000000000

Constant matrices

Proof in the case n=3,m=1, p=1, P=(1,0,0)

(if) s=2: We take M(t) := (B|AB|Ms(t)) with Ms(T) = e, or es.
(iiii) s=3: We take M := K = (B|AB|A2B).

Remark : We prove also the partial approximate controllability.
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Partial null controllability
e0

Time dependent matrices

Time dependent matrices

Let us suppose that A € C"~'([0, T]; £L(R")) and
B e C([0, T]; L(R™; R")) and define

{ Bo(t) := B(1),
B,(t) = A(t)B,,1(t) — 8[8,',1(1‘), 1<ig<n-1.

We can define for all t € [0, T]

[A|B](t) := (Bo(t)|Bi(t)]...|Bi—1(1)).
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Partial null controllability

oe

Time dependent matrices

THEOREM (Ammar-Khodja et al 09)
@ Ifthere exist ty € [0, T] such that

rank[A|B](ty) = n,

then system (1) is null controllable on (0,T).

@ System (1) is null controllable on every interval (Ty, T1) with
To < Ty < T ifand only if there exists a dense subset E of (0, T)
such that rank[A|B](t) = n forevery t € E.
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Partial null controllability

oe

Time dependent matrices

THEOREM (Ammar-Khodja et al 09)
@ Ifthere exist ty € [0, T] such that
rank[A|B](ty) = n,

then system (1) is null controllable on (0,T).

@ System (1) is null controllable on every interval (Ty, T1) with
To < Ty < T if and only if there exists a dense subset E of (0, T)
such that rank[A|B](t) = n forevery t € E.

THEOREM

If

rank P[A|B](T) = p,
then system (1) is partially null controllable on (0,T).
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Open problem

Plan

e Open problem
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Open problem

An example with A = A(t)

Let us consider the control problem
oy =Ayi +ay: + 1,u in Qr,
Ory2 = Ay» in Qr.

y=0 onXr,
y(0) =y, y1(T)=0 in Q.

If a := a(t), let us consider the change of variable zy := y1 + pys
(0t — A)z1 = (Ot + @)y2 + 1, u in Q7.
If we choose p solution to

{ Btu = —ain [0, T],
u(T) =0,

the system is not coupled. And thus it is partially null controllable.
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Open problem

Difficulty when A = A(x)

Let us consider the same control problem

otyy = Ay +ay. +1,u  in Qr.

Otys = Ayo in Qr,
y=0 on X,
y(0) =y, y1(T)=0 in Q.

If now a := a(x), let us consider the change of variable z; := y1 + uys
(O —D)zy =(a—Opp+ Ap+2Vu-V)ys + 1,uin Qr

What kind of ¢ can be chosen in this situation ???
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Open problem

Difficulty when A = A(x)

Let us consider the same control problem

otyy = Ay +ay. +1,u  in Qr.

Otys = Ayo in Qr,
y=0 on X,
y(0) =y, y1(T)=0 in Q.

If now a := a(x), let us consider the change of variable z; := y1 + uys
(O —D)zy =(a—Opp+ Ap+2Vu-V)ys + 1,uin Qr

What kind of ¢ can be chosen in this situation ???

[1] Benabdallah A.; Cristofol M.; Gaitan P.; De Teresa, Luz : Controllability to
trajectories for some parabolic systems of three and two equations by one control force
(2014).

[2] Coron J-M, Lissy P. : Local null controllability of the three-dimensional Navier-Stokes
system with a distributed control having two vanishing components (2014)
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Conclusions and perspectives
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Q Conclusions and perspectives

M. Duprez Partial controllability of parabolic systems Sept. 30th 2014 27/29



Conclusions and perspectives

Conclusions :
@ Necessary and sufficient conditions in the constant case.
@ Sufficient conditions in the time dependent case.

© Same conditions concerning the (partial) approximate
controllability.
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Conclusions and perspectives

Conclusions :
@ Necessary and sufficient conditions in the constant case.
@ Sufficient conditions in the time dependent case.

© Same conditions concerning the (partial) approximate
controllability.

Perspectives :

@ Example of non partial controllability in the space dependent
case.

© Numerical simulations and analysis.
@ Partial controllability of semilinear parabolic systems.
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Conclusions and perspectives

Thank you for your attention !
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