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2d fluid — rigid body interaction system

S0 =htRyS
F(h,6) =0\ S(h,6)

~ |cos(0) —sin(0)
Ry = Lm(e) cos(0) }




The stationary system
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The stationary system
[ (v V)0 — A +VpS = £ in F(R5,6%),

dive® =0 in F(h%,6%),

—/ (x —h5)LE - T, p)n dl' + ff =0
L dS(h5,09)

T(v,p) = 2vD(v) — pId, with D(v) = 2((Vv) H(Vv)),



The controlled evolution system

Fh(t).00t)
S(h(t).0() v(t, z)
ot
W ——
- p(t, x)
u(t, x)

vr(t,x) = B(t) + 0'(t)(x — h(t)*




The controlled evolution system

Ov+ (v- Vv —vAv+Vp=f5 in F(h(t),0(t)),
dive =0 in F(h(t),0(t)),
v(t,z) = h'(t) +0'(t)(xz — h(t))t, =€ dS(h(t),0(t)),

v(t,z) = b5 (x) +u(t,z), z€dQ,

ME' = —/ T(v,p)n dT + f3;,
aS(h(1),6(t))

10" = —/ (x —h)Lt - T(v,p)n dT + f7
S (h(t),0(1))

h(0) = K0, 6(0)=6° AK(0)=h' @(0)=6"
v(0,z) =%(z) =z € F(h,6°).




The stabilization problem
Q1. Can we find a feedback control of the form

u(t) = F(o(t), h(t), W' (2),0(2),6'(t)),
such that for
(0%, h%, !, 6°,0)  “close to” (US, he,0,6%, 0)
the following exponential decay holds :

o(t) = oS ]|+ 11 (8)|+ 16/ ()] + [(8) — BS] + 16() 05| < Coe™" 7
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The stabilization problem
Q1. Can we find a feedback control of the form

u(t) = F(o(t), h(t), W' (2),0(2),6'(t)),
such that for
(0%, h%, !, 6°,0)  “close to” (US, he,0,6%, 0)
the following exponential decay holds :

lo(t) = %[+ [ ()] + 16/ (£)] + |a(£) = h®| +6(2) — 67| < Coe™" ?
Q2. Is it possible to find a finite dimensional feedback law, i.e

e ?
u(t,@) = Y Fj(u(t), h(t), B (),6(2), 6'(t))v; () !
j=1

Q3. The rate o > 0 may be chosen arbitrarily large ?
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Comments

» Case of “finite dimensional” deformable structure :
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) +Qr=— [ MTT(v,p)ndl
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» Control on the body :
v(t,x) = W (t) + 6 (t)(x — h(t)t +u(t,z), z € IS(h(t),0(t)),

o(t,z) = b%(z), =z e€dq,



Comments

» Case of “finite dimensional” deformable structure :
v(t,z) = Mr'(t), t>0,z€Tl;

) +Qr=— [ MTT(v,p)ndl
T

» Control on the body :
v(t,x) = W (t) + 6 (t)(x — h(t)t +u(t,z), z € IS(h(t),0(t)),

o(t,z) = b%(z), =z e€dq,

ME = _/ T(v,p)n dal’ + f]\% + 9M<t>’
AS(h(t),0(t))

18 = / (& — h)* - T(v,p)n dT + £5 + gaa(2),
OS(h(t),0(t))



References
Null controllability of Fluid-rigid body interaction syst.
» Imanuvilov and Takahashi (2007), 2d, ball.

» Boulakia and Osses (2008), 2d, symmetry assumption, H3
initial datum.

» Boulakia and Guerrero (2013), 3d, H? i. d..

» Raymond and Vanninathan (2010, 2009), Lequeurre (2013),
finite dimensional approximation of deformable solid.

Stabilization of Fluid-deformable body interaction syst.
» Raymond (2010), coupling with a controlled damped beam.

» Court (2014), control through the deformation of the
moving solid.

In all above references the target state is zero (v° = 0).
It is stable!
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The 1-d case



Stabilization of a 1d fluid — particle system

@ Feedback stabilization of a simplified 1d fluid—particle system, M. B.
and Takéo Takahashi, Annales de 'Institut Henri Poincaré. Analyse Non
Linéaire, vol. 31, n. 2, pp. 36-389, 2014.
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Simplified 1d fluid — particle system
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Simplified 1d fluid — particle system

vo(z) vo(x)
t=0: [
-1 ho 1

v(t, x) v(t, x)
t> 0 u(t) e————— e ———
=1l h(t) — H® 1



Stationary states

For f, r®, a® and b° given :
S Sy S _ ¢S s
_Vyy+v Vy _f (ye(_lvl)\{H })7
VS(_]') = asv VS(HS) = 07 VS(]') = bS,
0= [V21(HS) + mrS.

where [f](z) = f(2*) = f(z7).

If £ =0, r%=0then V¥ is of the form :
» V3(y) = 2ctan(c(y — HY)), ¢ >0
» V5(y) = —2ctanh(c(y — H%)) ¢ >0



Simplified 1d fluid — particle system

vo () vo(x)
t=0 e ——————
1 ho 1
v(t,x) v(t, )
>0 u(t) — e ——
-1 h(t) — H® 1

v =v(t,x) is the velocity of the fluid; h = h(t) is the position of
the particle; u = u(t) is the control

Vi — Vg + Vg = f° (t=>0, ze(-1,1)\{r®)}),

v(t, h(t)) = h(t),

mh(t) = [v ]( h(t)) +mr®  (t>0),
v(t,—1) = a® +u(t), wv(t,1) =05, (t>0),
[ h(0) =ho, h(0)=4lo, v(0,z)=wo(z) x€(~1,1)\ {ho}.




Feedback Stabilization result

Theorem

Assume f° € W2°((—1,1)) and VS € WH((=1,1)). There
exists o9 > 0 such that for all o € (0,00), there exist p1 > 0 and
(?,9, /k\) € L%(—1,1) x R?, such that, if

lvo = Vllz2(—1,1)) + [hal + [ho — H| <
then there exists a unique solution
CAS LZQOC(R+7 Hl(_lv 1)) N C(R+’ L2(_1a 1))a h e Hlloc(RJr)?
with 1
u(®) = [ (o0t X(h(2),)) ~ V() By + mh() + A(OF.
=l
Moreover, there is a constant C > 0 such that
lo(t) = V¥l pa—rp) + 1A(E)] + [A(t) — HP|
< Ce™ (Jlvo = V2l 21,0y + [Pl + [ho — H)) .



Feedback Stabilization result for an arbitrary rate o

Theorem
Assume also that V° satisfies one of the two conditions

VI(H®) >0
or

Ve(y)

1 7 2
vy e (H%,1), V7 (H%)+ 5 +4(V5(y))2+< >>0.

Then, we can take o9 = 0o in above Theorem.



Comments

1. We can construct a stationary state V¥ such that system is
not stabilizable for rates o < o9 & —VyS (H9).

2. An analogue stabilization result is available with two
controls, one on each side. In that case o¢g = cc.

3. An analogue stabilization result is available in the case of
N particles.



References

Well-posedness.
» Vizquez and Zuazua (2003, 2006)

Controllability results.

» Doubova and Fernandez-Cara (2005), V° = 0, use of two
controls, one at each boundary.

» Liu, Takahashi and Tucsnak (2012), V' = 0, use of a single
control.



General methodology for feedback stabilization

(Applied to N-S-E, Boussinesq, MHD, ...)

Step 1 : rewrite PDE system in the form
Y =AY +G(Y,u)+Bu, Y(0)=Yo€eH
Step 2 : find a finite rank operator F': H — U such that system
Y' =AY +Bu, Y(0)=YoeH

with
u=FY

satisfies
1Y ()l < Ce™|[Yollm

Step 3 : for Yo small enough, obtain a stable solution to
Y' =AY + BFY +G(Y,FY), Y(0)=Y,
—_—— . ,
ArFY N(Y)

with a fixed-point procedure.



Step 1. Change of variables

X (h(t),y) = y+n(y)(h(t) — H),
with n € C*°((—1,1)) satistying
> (H®) =1, n,(H%) = 0,
> (1) =n(=1) = 0.
We set

V(t,y) o, X(h(t),y)) and V=W +V?

To simplify we assume for the following :

HS =0.



Step 1. System after change of variables

Wi =Wy + b (1'Vy —nf%) + (VIW), —ntVP = G (W, h)

W(0,y) = Voly) —V(y) ye(-1,1)\{0}.



Step 1. Abstract setting

H % [%((-1,1)) x R?

w
DA) & { { {| <] e VEDREILY) }
h

W Wyy —h (V7 —0f®) — (VW) + vy}
Ale| 1
ol —[W,(0)
(




Step 2. Stabilizability of the homogeneous linear system
Summary. The 1-d linearized fluid-particle system rewrites
Y' =AY + Bue [D(AY)), Y0)=Yoe H (1)

where

» A:D(A) C H— H generates an analytic semigroup on H
and has compact resolvent.

» B:U — [D(A%)) and (Ao — A)!=¢B : H — H bounded.

Goal.
For o > 0 find a feedback control of the form
No
u(t) =Y (Y(t),&;)mv;
j=1

such that VYy € H :

Y @)l < Ce*|[Yolla



Step 2. Stabilizability of the homogeneous linear system

Theorem (Hautus/Fattorini criterion for stabilizability)

System (1) is stabilizable by a finite dimensional feedback

control of the form N

u(t) = S (Y (1), Iy s

=1
for an exponential rate of glecrease o > 0 if and only if for all
AeECRA> —0 :

AY - AY=0 and B'Y=0 = Y=0. (2

Remark.
» N, must be > to the maximum of geometric multiplicities
of A’s eigenvalues with real part greater that —o.
» The set of admissible families v = (v,...,vy,) form an
open and dense subset of UNe.
» II is calculated from a finite dimensional Riccati equation.
Ref.
Fattorini (1966), Triggiani (1975), B., Takahashi (2011, 2013).
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Step 2. Criterion for stabilizability

Assume
AeC, RA> —o0,
and S
Ap — yy — V20, =0, ye(-1,1)\{0},
¢(0) =g, X
mAg = [0,)(0) + & + / Vedy,
1 _
_ A s
Ak—/l( n'Vy +nf”), edy,
( ¢(—1) = (1) =0,
and

py(—=1) =0.

Do we have g=k=0and p =01in (—1,1)?



Step 2. Criterion for stabilizability

Standart uniqueness result yield ¢ =0 in (—1,0) and then
g =¢(0) =0 and

Ap — oy — V30, =0, ye(0,1),
©(0) = ¢(1) =0,

1 1
Mpy(0) = [ (fVE —ni®), dy - /0 XV Eidy



Step 2. Criterion for stabilizability

Standart uniqueness result yield ¢ =0 in (—1,0) and then
g =¢(0) =0 and

Ap — oy — V30, =0, ye(0,1),
©(0) = ¢(1) =0,

1 1
Aipy(0) = /O ('Vy —nf®), edy — /O AV pdy
Mutliplying by nVyS and integrating by parts, we obtain

0= (A—V;7(0))py(0). (3)

If A # Vys (0) then standart uniqueness result yields ¢ = 0 in
(0,1). But if X = V;7(0)...



Step 2. Existence of an uncontrollable mode

Does there exists a non null solution to the following problem ?

{ VyS(O)w — By — VScpy =0, ye(0,1), )
©(0) = ¢(1) =0.



Step 2. Existence of an uncontrollable mode

Does there exists a non null solution to the following problem ?

{ VyS(O)w — By — VScpy =0, ye(0,1), )
©(0) = ¢(1) =0.

e The answer is negative if

o VS(y)

1
Yy € (0,1), Vys(0)+ y2 +Z(Vs(y))2+7r2>0.

In this case we set gy = o0.



Step 2. Existence of an uncontrollable mode

Does there exists a non null solution to the following problem ?

{ VyS(O)w — By — VSpr =0, ye(0,1), )
©(0) = ¢(1) =0.

e The answer is negative if

o VS(y)

1
Yy € (0,1), Vys(0)+ y2 +Z(Vs(y))2+7r2>0.

In this case we set gy = o0.
e There exists V* € C*([0, 1]) for which the answer is positive.

In this case we set o9 = —VyS(O).



Step 3. Stabilization theorem for nonlinear system

Theorem
For all o € (0,00) there exist n> 0, (3,9, k) € L2(—1,1) x R2,
such that, if
Woll z2((=1,1)) + [fo| + [ho| < p
then system
(( Wi—=Wyy +h (V7 = nf5) + (VIW), —nlV7 = G(W,{,h)
W (t,0) = £(t) (t>0),
mi(t) = [W,)(1,0) (¢ >0),
h(t) =L(t)  (t>0),
W (t,—1) = [}, W(t)gdy + mh(t)g + h(t)k (¢ = 0).
W(0) =Wy, £(0)=2¢y, h(0)= h.

\

admits a unique solution
We L (R+7H1(_17 1)) N C(R-HLQ(_L 1))7 h € CI(R"F)

loc

Moreover, there exists C > 0 such that
W ()l 21,1y D HRE)] < Ce™" ([[WollL2((~1,1) + o] + |hol) -



Outline

The multi-d case



Stabilization of a Fluid-Rigid body Interaction System

@ Feedback Stabilization of a Fluid-Rigid body Interaction System, M. B.
and Takéo Takahashi, Advances in Differential Equations, vol. 19, n. 11-12,
pp. 1137-1184, 2014.



The stationary system

Q




The stationary system
[ (v V)0 — A +VpS = £ in F(R5,6%),

dive® =0 in F(h%,6%),

—/ (x —h5)LE - T, p)n dl' + ff =0
L dS(h5,09)

T(v,p) = 2vD(v) — pId, with D(v) = 2((Vv) H(Vv)),



The controlled evolution system

Fh(t).00t)
S(h(t).0() v(t, z)
ot
W ——
- p(t, x)
u(t, x)

vr(t,x) = B(t) + 0'(t)(x — h(t)*




The controlled evolution system

Ov+ (v- Vv —vAv+Vp=f5 in F(h(t),0(t)),
dive =0 in F(h(t),0(t)),
v(t,z) = h'(t) +0'(t)(xz — h(t))t, =€ dS(h(t),0(t)),

v(t,z) = b5 (x) +u(t,z), z€dQ,

ME' = —/ T(v,p)n dT + f3;,
aS(h(1),6(t))

10" = —/ (x —h)Lt - T(v,p)n dT + f7
S (h(t),0(1))

h(0) = K0, 6(0)=6° AK(0)=h' @(0)=6"
v(0,z) =%(z) =z € F(h,6°).




The stabilization result
e Expression of the feedback control.

uta) = 3 B0 HOHOI00O0E

t>0, z €09,
where

Fj(v,h,£,0,7) = MRgs_ol - & + Ir¢; 4+ (h — h°) - aj + (8 — 65)b;

+/ (Cof (VX (R, 0, y))*v(t, X (h,6,y)) — v (y)) - ¢j(y)dy
F(h5,65)

> X (h,0,-): Q2 — Qis a smooth change of variables such that
X (h, 0, F(h%,0%)) = F(h,0)

> N, €N, v; € L2(9),
> (Sojvgjugj)ajabj) € L2(I(hs’95)) X RG'



e Notation.

o(t.2) = { o(t,z) in F(h(t),0(t))
’ W(8)+6/(t)(x — h(t))  in S(h(t),6(t))

WO(z) = { v0(z) in F(h,0°)
T AP+ 02— RO in S(RO,09)

Theorem (2d feedback stabilization)
Assume 5 € W™ and (v¥,p%) € W™ x Wb and
W =h% and 6°=06°
For all o > 0, there exist a feedback control of the form (4) such
that if v € L%(Q) satisfies ||v° — vS||L2(Q) < cg, then there

exists a closed-loop solution (v,p,h,0) satisfying :

lo(t) = v Loy + () =~ +18(t) = 8°] < Ce™|vo —v° |2 ()



Comments

1. Initial perturbations of initial positions are not allowed in
the feedback control case (i.e. ¥ = h¥, 89 = §%).

2. An analogue stabilization result for strong solutions
(v9 € HY(Q) + c.c.) is available for perturbed initial
positions, and even in 3d, but with a dynamical control.

3. The uniqueness of the controlled solution is not proved.
~~ c.f. Glass and Sueur (2012).



Stepl. Change of variables
e To simplify we assume for the following :

s _ S _ S(h®,0°) =8
h = 0, 0 = O, <then { f.(hs’es) _ f .

e We define the change of variables
X (h(1),0(),y) = y +n(y) [2(t) + (Roy — L2)y]
with n € C°°(Q2) such that

B y near Of)
X(h(t),ﬁ(t),y) - { h(t) + Re(t)y near 0S

e We set
o(t,y) = Cof (VX (h(t),0(t), y)) v(t, X (h(t),0(t),y)), & = w + v
Bt y) < pt, X (h(1),0(t),y)), p=q+p°
((t) E R_gyl'(t), w(t) = 6'(t)

e The new unknowns are : w, q, ¢, w,h, 0.



Stepl. System after change of variables

( Oyw — vAw + T3 (h,0,0,w) + (w- V)0 + (v° - V)w + Vg =
Gl(wv ha 0,[,&)) + G2(ha 9,8tw,Q) in (07 +OO) X ‘/—:7

divw =0 1in (0,+00) X F,
w="/+wyt on (0,400) x IS,
w=wu on (0,+00) x 99,

M/ = —/ T(w, q)n dI' — 6(f3)" + gs(6,w,€), >0,
oS

Iw’:—/ yt - T(w,q)n dl, >0,
oS

B =10+ g4(0,0), t>0,
0 =w, t>0,
h(0) = RO, 6(0) =6° £(0) =/ w(0)=u",
w(0,y) =w’(y) yeF.




Stepl. System after change of variables

( Oyw — vAw +T9(h,0,0,w) + (w- V)0 + (v¥ - V)w + Vg =
Gl(wv ha 0,[,&]) + G2(ha 9,8tU),Q) in (07 +OO) X ‘/—:7

divw =0 1in (0,+00) X F,
w="/+wyt on (0,400) x IS,
w=wu on (0,+00) x 99,

M = —/ T(w, q)n dI' — 6(f3)" + gs(6,w,€), >0,
oS

Iw’:—/ yt - T(w,q)n dl, >0,
oS

B =10+ ga(0,0), t>0,
0 =w, t>0,
h(0) = RO, 6(0) =6° £(0) =/ w(0)=u",
w(0,y) =w’(y) yeF.




Stepl. System after change of variables

Ow—vAw + FS(h, 0,0,w)+ (w - V)'US + (’US -V)w + Vg =
Gl (wv ha 07 65 W) + GQ(ha 9, 8tw7 q) in (07 +OO) X ]:7

divw =0 1in (0,+00) X F,
w={+wy- on (0,+00) x IS,
w=u on (0,+00) x 09,

MU = / T(w, g)n dT' — 0(f3) " + g3(8,w,£), t >0,
oS

I = / yt - T(w,q)n dl, >0,
aS

B =04 g4(0,0), t>0,
0 =w, t>0,
h(0) = RO, 6(0) =6° £(0) =/ w(0)=u",
\ w(0,y) =w’(y) yeF.




Stepl. System after change of variables

( Oyw — vAw + T3 (h,0,0,w) + (w- V)0 + (v° - V)w + Vg =
Gi(w, h,0,0,w) + Ga(h,0, 0w, q) in (0,400) X F,

divw =0 1in (0,+00) X F,
w="/+wyt on (0,400) x IS,
w=wu on (0,+00) x 99,

MY = —/ T(w,q)n dI" — 9(]‘}\9/[)L +93(0,w,0), t>0,
oS

Iw’:—/ yt - T(w,q)n dl, >0,
oS

B =10+ g4(0,0), t>0,
0 =w, t>0,
h(0) = RO, 6(0) =6° £(0) =/ w(0)=u",
w(0,y) =w’(y) yeF.




Step 1. Abstract setting

_1;_ w-n=+wyt) n onds,
HE 2 € L*(F) xR w-n=0 on 09, .
0

divw =0 in F,

w =0 on 0N,

] w € H(F)

D(A)d:ef w| € Hl w=/{+wy*- ondS,
h
0

vAw —T9(h,0,4,w) — (w- V)vd — (v9 - V)w]

-M! 2uD(w)n dT — M1O(f3)*
aS

—I_l/ yt - 2uD(w)n dT
oS

14

w
l
Alw d:efPH
a
0

A generates an analytic semigroup and has a compact resolvent.



Stepl. Abstract setting

B:V%0Q) — [D(A*)], B* = —T(p,m)n

> Q NMK

w Gi(w, h,0,0,w) + Ga2(h,0, 0w, q)
/ g3(0,w, 0)
X & ,G(X, 0w, q) < Py 0
h 94(6,0)
0 0

(I-Py)X = (I - Py)Du,
PyX' = APyX + Bu+ G(X,dw,q) in [D(A%)],
PyX(0) = PyX°

e [inal abstract formulation :

Y' =AY + G(Y,0,w,q) + Bu, Y(0)=Y"



Step 2. Criterion for stabilizability
Assume A € C, RA > —o and

Mo — vAp + (Vo) o — (v5 - V)p+Va =0 in F, mdl" = 0,
o0

dive =0 in F,
p=E+Cy" onds,
=0 and T(p,m)n=0 on 99,
/M-wdy
M>\5+/ T(p,7)n dT' + |*7 —a=0,
oS /fl"5<<pdy

I/\C+/ yL'T(%?T)ndF—l-/F6-<pdy—b:07
S

_F
o+ /].__Flwpdy o,
/Fl"awdy

)\b—&—(fja)L-f—l—/Fgwpdy:O.
F

Do we have (p,¢,(,a,b) = (0,0,0,0,0)?



Step 3. Construction of a fixed-point solution
Oyw — vAw +T5(h, 0,0,w) + (w - V)o¥ + (v° - V)w + Vg =
Gi(w, h,0,0,w) + Ga(h,0, 0w, q) in (0,+00) x F,
divw =0 in (0,+00) X F,
w=/{4+wyt on (0,+00) x IS,
w=Fo(w,l,w,h,0) on (0,+00) x N,

Mgl = _/ T(w’Q)n dl' — o(fij)J_ +g3(05wa€)a t> Oa
oS

Iw' = —/ yt - T(w,q)n dl, t>0,
oS
h':[+g4(0’£)’ t>03
0 =w, t>0,
h(0) = h%, 6(0) = 6°, £(0) = £°, w(0) = w°, w(0,y) =w’(y) y € F.

NU
Fo(w, bow,h,0) = (/ w.gojdy+Me-§j+Iw¢j+h-aj+9bj> v;
gl



Step 3. Construction of a fixed-point solution

~

Find a fixed-point to : (@,@,Z@,ﬁ,@) — (w, q,4,w, h,0)

dw — vAw +T5(h,0,0,w) + (w- V)US+(S Viw+ Vg =
G1(@,h,0,0,8) + Ga(h, 8, 0,,7) in (0, +00) x F,

divw =0 in (0,+00) x F,
w="{+wy" on (0,400) x IS,
w = Fo(w,l,w,h,0) on (0,+00) x 09,

o~

M = */ T(w, q)n dT — 0(f3)* +g3(0,8,0), >0,
oS

Iw’:—/ yt - T(w,q)n dl, t>0,
oS

o~

W =0+ gi(0,0), t>0,
0 =w, t>0,
h(0) = RO, 6(0) = 6°, £(0) = £, w(0) = w°, w(0,y) = w'(y) y € F.




Step 3. Construction of a fixed-point solution

Difficulty.

We must look for °

‘weak” solution...
~~ otherwise : w%(z) = Fo(w’, 2, w0 K0, 6°) (), z € ON

But for w® only in L?(F), d;w, ¢ are not integrable in time!



Step 3. Construction of a fixed-point solution

Difficulty.

We must look for °

‘weak” solution...
~~ otherwise : w%(z) = Fo(w’, 2, w0 K0, 6°) (), z € ON

But for w® only in L?(F), d;w, ¢ are not integrable in time!
Solution.
» The singularity is localized at time ¢ =0 :
tO;w and tp are square integrable in time
» If b0 = h¥ =0 and #° = 6° = 0 we have

|G2(h, 6, 8rw, q) (1) || < C(Ih(@)] + 10@) ) ([[:w ()] + [lg(B)]])

<
< Ct([|osw@)] + [la(®)])



Extensions and perspectives

1. Use of dynamical control to define strong solutions :

No

u(t,x) = Zuj(t)vj(x) t>0, x e,
j=1

= (u,...,un,)

No
@+ AG =Y Fj(v(t),h(t), 1 (t),002),0(t))e;,
j=1
u(0) = 0.
~ 3-d result and stabilization of positions i.e.
O £n% or 00 +£6°

2. Use another change of variables to define 2-d weak
solutions for perturbed positions.



Extensions and perspectives

3 Control on/in the body : similar results are available for
Dirichlet control on S if v® = 0 and if the control acts
on the whole boundary 9S.



Extensions and perspectives
Overdetermined system of the stabilizability criterion :

Ap —vAp + (Vod)'o — (v°-V)p+Vr =0 inF, mdll = 0,
o)

dive =0 in F,

=&+ ¢yt and T(p,m)n=0 ondS,
=20 on 012,

/F4~Lpdy
M)\§+/ T(p,7)n dT + |7 —a=0,
oS

s ¢ dy
F

IA<+/ yL'T(‘Pvﬂ)ndrﬁ-/Fﬁ'(,ody—bzo,
oS F

Ty-edy
F

Aa + =0,

/Fg-«pdy
F

Mo+ (f) ¢+ [ Ta-pdy=0.
F




Extensions and perspectives

4 Control on/in the body : similar results are available for
Dirichlet control on 0S and internal control in S.



Extensions and perspectives
Overdetermined system of the stabilizability criterion :

Ao — vAp + (Vo) — (v5 - V)p+Va =0 in F, mdl’ = 0,
o0

dive =0 in F,

=0 and T(p,m)n=0 ondS,
p=20 on 01},

/]__F4<tpdy
/T((p,ﬂ')ndF—I— ' —a=0,
oS /}_I‘s-npdy
/ yL-T(ga,w)ndF—&—/F6-<pdy—b:O,
o8 F
/}_H'Wdy
Aa + =0,
/szpdy
JF

)\b+/F3'g0dy:0.
f



Extensions and perspectives

5 Case of “finite dimensional” deformable structure :
v(t,z) = Mr'(t), t>0,z €Ty
r'(t) +Qr = — MT']I‘(v,p)n dr

I

6 Case of deformable structure (beam, plate, Lamé).
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