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Linear stabilization Introduction and main result
Applications to examples of linear PDEs

Linear stabilization

{ w(t) + Aw(t) + BB*w(t) =0, t>0,

w(0) = w0, (0) = w', M
A:D(A) C H— H, self-adjoint, positive and boundedly invertible
operator.
B:U— H_;,
H.i=Hi, Hi=D(A?)
2 2 2
B* H; — U,
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Applications to examples of linear PDEs
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Linear stabilization Introduction and main result

Applications to examples of linear PDEs

() = 5 1(w(e), WD)y o

]
HU—H®=—AHFWMMW

@ The observability inequality:

)
amsq/ummm%w
0

@ Undamped second order diff. eq.

o(t) + Ag(t) =0, t=>0,
$(0) = w?,¢(0) = w'.
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Applications to examples of linear PDEs

Assume that for any v > 0 we have

AB*(\1 + A 1B . 4
[N A < 22 )
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Linear stabilization Introduction and main result
Applications to examples of linear PDEs

Stability by observability

Theorem (A-Tucsnak)

The following assertions are equivalent.

@ The system (1) satisfies the exponential decay

E(t) < Ce P*E(0), VY(w° w!)e Hy x H.
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Linear stabilization Introduction and main result
Applications to examples of linear PDEs

Stability by observability

Theorem (A-Tucsnak)

The following assertions are equivalent.

@ The system (1) satisfies the exponential decay

E(t) < Ce™PE(0), V(w’,w') € Hy x H.

o There exist T, Cy > 0 s.t. V(¢° ¢') € D(A) x H

N

[ il o> Gl i ©
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Linear stabilization Introduction and main result
Applications to examples of linear PDEs

Example 1

w(t,x) — Wi (t, x) + w(t,£)oe =0,
w(t,0) = wy(t,1) =0, t>0,
w(0,x) = wo(x), w(0,x) = wl(x), x¢€(0,1),

€€ (0,1).

exponential stability < ¢ =2 with p odd. J
q
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Applications to examples of linear PDEs

Example 2

w(t,x) — Aw(t,x) =0, t>0,xecq, (6)
(N —1.-
w(t,x) = ()(({))W(t,x)7 t >0, x €, (7)
v
w(t,x)=0, t>0,xely, (8)

w(0,x) = wo(x), w(0,x) = wl(x), t>0,x¢€Q, (9)

where v is the unit normal vector of [ pointing towards the
exterior of the open set .
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Linear stabilization Introduction and main result

Applications to examples of linear PDEs

To write this problem in the abstract form, define
H=HYQ), A=—-A, D(A) = H}Q),
H, = [2(Q), U= L%(T).
2

The operator A can be extended to an operator
A L2(Q) — (H*(Q) N H}(Q)).
The operators B and B* are defined as
A1
Bv = —ADv, Vv € L3(Ty), B*g=—-D*Ag= W|ro,
v
Vg € L?(Q), where D is the Dirichlet map defined by

D : [3(Fy) — H2(Q) € HZ729(Q) = D(Ai~°), for all & > 0,

Ah=0 1in€,
h=Dg<= < h=g inTy,

h=0 inTj. PDE
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Linear stabilization Introduction and main result

Applications to examples of linear PDEs

The problem (6)-(9) becomes
w+ Aw(t) + BB*w(t) =0, t>0, (10)

w(0) = w® w(0) = wl. (11)

In the Hilbert space H = L%(Q) x H~1(Q) the operator Ay is
given by
.Ad : D(Ad) — 7‘[,

Ad(Zl)Z
uz

_ AL
Auy — apAEL) el e )
ov
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Linear stabilization Introduction and main result

Applications to examples of linear PDEs

with domain
D(Aqg) =
_ —1
{(w1,10) € HH(Q)XL2(Q) 0y = W in Fo, iy =0iin I }.

The operators A and B defined above satisfy the assumption (4).
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Linear stabilization Introduction and main result

Applications to examples of linear PDEs

Consider the uncontrolled evolution problem
Q.ZS_ Ap =0, (t,X) € (07 —I—OO) x £, (12)

o(t,x) =0, (t,x) € (0,400)xT (13)
#(0,x) = w’(x), #(0,x) =wl(x), xeQ. (14)
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Linear stabilization Introduction and main result
Applications to examples of linear PDEs

Proposition

There exist To > 0, C1, > 0 such that for all T > Ty the solution
¢ of (12)-(14) satisfies

/T ol(-a)4]|
0

o dt > Cr, <||W0Hi2(s2) + HWl”ﬁ—l(Q))

L2(Fo)
(15)
for all (w®, w') € H}(Q) x [(Q)
if and only if (To, o) satisfies the geometric control condition

(BLR), i.e., every ray of geometric optics that propagates in Q and
is reflected on its boundary OS2 enters g in time less than Ty.
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Linear stabilization Introduction and main result
Applications to examples of linear PDEs

Theorem

The energy satisfies the exponential estimate
E(t) < Ce “'E(0),

for some positive constants w and C and all (w°, w') € H if and
only if (To, o) satisfies the geometric control condition (BLR).

nrare
rL/L
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Introduction and main results
Preliminary intermediate results
Nonlinear stabilization Compa with an Euler scheme
Applications to examples of PDE’s and dampings

Nonlinear stabilization

We consider the following second order differential equation

w(t) + Aw(t) + a(.)p(.,w) =0, te(0,00),x €
w(0) = wP,w(0) = wl.
(16)
where Q is a bounded open set in RV, with a boundary I'. We
assume that Q is either convex or of class C1'1.
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Introducti
Prelimina

Nonlinear stabilization < eme
DE's and dampings

We set H = L?(Q), with its usual scalar product denoted by (-,-)y
and the associated norm || - ||y and where A: D(A)C H — H is a
densely defined self-adjoint linear operator satisfying

(Au,uyy > Cllullfy  Yu e D(A) (17)

for some C > 0. We also introduce the scale of Hilbert spaces H,,
as follows: for every a >0, H, = D(A%), with the norm

l|z||o = ||[A%z||y. The space H_,, is defined by duality with
respect to the pivot space H as follows: H_, = H, for a > 0.
The operator A can be extended (or restricted) to each H,, such
that it becomes a bounded operator

A:Hy— Haoy VaceR (18)
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Introduction and main results
Preliminary intermediate results

Nonlinear stabilization Compa jith an Euler scheme
Applications to examples of PDE’s and dampings

The equation (16) is understood as an equation in H_y 5, i.e., all
the terms are in H_; /5. The energy of a solution is defined by

Eult) = 5 (I(w(2), w(£)) i) (19)
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Introduction and maln results
Preliminary intermediate results

Nonlinear stabilization Comparison with an Euler scheme
Applications to examples of PDE’s and dampings

Suppose that (w®, w') € Hy, x H. Then the problem (16) admits
a unique solution

w € C([0,00); Hy o) N CY([0, 00); H).

Moreover w satisfies, for all t > 0, the energy identity

0 . 1y(2 - 2
(W™, W)l e = 1w (), W), =

2 /0 /Q a(.)p(., (s))vie(s) dx ds. (20)
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Introduction and maln results
Prelimina

ir
Nonlinear stabilization Comparison with an Eu\er scheme
Applications to examples of PDE's and dampings

The aim is to deduce sharp simple computable energy decay rates
for the damped system (16) from observability estimates for the
associated undamped system, that is

() + Ag(t) =

$(0) = ¢°, ¢(0) = ¢*. (2)
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Introduction and main results
Preliminary intermediate results

Nonlinear stabilization Comparison with an Euler scheme
Applications to examples of PDE’s and dampings

We make the following assumptions on the feedback p and on a:

Assumption (A1) : p € C(Q x R;R) is a continuous monotone
nondecreasing function with respect to the second
variable on Q such that p(.,0) = 0 on Q and there
exists a continuous strictly increasing odd function
g € C([-1,1];R), continuously differentiable in a
neighbourhood of 0 and satisfying g(0) = g’(0) = 0,
with

cig(vl) < Ip(- v)| < cg (V) LIV < 1, ae. on2,
alvl < lp(,v)| < calv] v > 1, ae. on®,

(22)
where ¢; > 0 for i = 1,2.
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Introduction and main results
Preliminary intermediate results

Nonlinear stabilization Comparison with an Euler scheme
Applications to examples of PDE’s and dampings

Moreover a € C(Q2), with a > 0 on Q and
Ja_ >0suchthata>a_onw. (23)

Here w stands for the subregion of Q on which the feedback p is
active and U = L%(w).
We define a function H by

H(x) = vxg(vx), x € [0, rg]. (24)

Thanks to assumption (A1), H is of class C! and is strictly convex
on [O r2], where rp > 0 is a sufficiently small number. We denote

by H the extension of H to R where H(x) = 400 for x € R\[0, 2].
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Nonlinear stabilization Compa jith an Euler scheme
Applications to examples of PDE’s and dampings

We also define a function L by
Hy)
—=  ify €(0, )
)=y — TyeF) (25)
0 ,ify=0,

where H* stands for the convex conjugate function of H, ie.:
H*(y) = super{xy — H(x)}.
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Nonlinear stabilization Compa jith an Euler scheme
Applications to examples of PDE’s and dampings

L is strictly increasing continuous and onto from [0, +0c0) on
[0, 15)-
We define a function Ay on (0, r3] by

M) = i (26)
We also define
1 H'(15) 1 1
A(x) = dv, x>
Ur(x) H/(rg)"‘/i V2 <1 _ /\H((H’)_l(v))) H'(r2)
(27)
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Introducti
Prelimina

Nonlinear stabilization < eme
DE's and dampings

@ Assume that p and a satisfy the assumption (A1) and that
there exists rp > 0 sufficiently small so that the function H
defined by (24) is strictly convex on [0, rZ].

@ Assume that
H(x)
lim
x—07F /\H(X)
where Ay is defined by (26).
@ Moreover assume that there exists T > 0 such that the
following observability inequality is satisfied for the linear
conservative system (21).

=0 (28)

T .
cTE¢(O)§/0 Vad dt. W(do.dr) € Hypx H. (29)

with a certain ¢ > 0. BRE
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Introductlon and main results
y ediate results
Nonlinear stabilization i er scheme
i ns to examples of PDE's and dampings

Main Theorem (A - Alabau Boussouira)

The energy of the solution of (16) satisfies

1
_17”) ,  for t sufficiently large.  (30)
e (550)
If further limsup,_,o+ An(x) < 1, then we have the simplified
decay rate

En(t) < ﬁTL(

E(t) < AT(H) (222, (31)

for t sufficiently large. Here D is a positive constant which is
independent of E,(0) and T, whereas Ty depends on T and [ is a

2aT _Ew(0)  Ew(0)
positive constant chosen such as g > max( Cr LH(2) 0 ,

where C+ > 0, a and § > 0 are constants.
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Preliminary intermediate results
Nonlinear stabilization Comparison with an Euler scheme
Applications to examples of PDE's and dampings

emark

If

0 < liminf Ap(x) (32)

x—0t

holds, then since lim,_,o+ H'(x) = 0, (28) holds.
Moreover, under the above hypotheses, we have

—0ast— oc0.

{(rsn)
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Prelimina

ir
Nonlinear stabilization Comparison with an Eu\er scheme
Applications to examples of PDE's and dampings

We now give an important result showing that sharp energy decay
rates for the case of arbitrary nonlinear damping is a consequence
of exponential stabilization for the case of linear damping.

Linear damped system

z(t)+ Az(t)+a(.)z=0, t € (0,00),x €Q

z(0) = 29, 2(0) = 2! (33)

We define the energy of a solution z of (33) by E, as in (19)
replacing w by z and for initial date (29,21) € Hy/o x H.

Contrdle, Probléme inverse et Applications 29 September - 1 October 2014, Clermont-Ferrand



Introduction and main results
Preliminary intermediate results
Nonlinear stabilization Comparison with an Euler scheme
Applications to examples of PDE's and dampings

Main Corollary

Assume that p and a satisfy the assumption (A1) and that there
exists rp > 0 sufficiently small so that the function H defined by
(24) is strictly convex on [0, rg]. Assume also that (28) holds. We
moreover assume that the system (33) is exponentially stable, that
is there exist ;& > 0 and C > 0 such that

E,(t) < CE,(0)e "', V (20,z1) € Hypo x H. (34)

Then there exists T > 0 such that the energy of the solution of
(16) satisfies (30). If further limsup, g+ An(x) < 1, then E,
satisfies the simplified decay rate (31)
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Preliminary intermediate results

Nonlinear stabilization Comparison with an Euler scheme
Applications to examples of PDE’s and dampings

The proof of the main Theorem relies on the next theorem. For
this, we consider the following assumption.

Assumption (A2) :
H is a continuously differentiable strictly convex
function on [0, 2] with H(0) = H’(0) = 0.

The function M defined by

M(x) = xL7Y(x), x€[0,r3). (35)
is such that Iing+ M'(x) = 0, where L is defined by
X—
(25).
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Introduction and main results
Preliminary intermediate results

Nonlinear stabilization Compa jith an Euler scheme
Applications to examples of PDE’s and dampings

Thanks to assumption (A2), for all positive constant k, there exists
§ € (0, rg] such that the function x — x — k M(x) is strictly
increasing on [0, d].
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Nonlinear stabilization

's and dampings

@ Assume that assumption (A2) holds and let T > 0 and
pT > 0 be given. Let 6 > 0 be such that the function defined
by x — x — pr M(x) is strictly increasing on [0, d].

o Assume that E is a nonnegative, nonincreasing function
defined on [0, 00) with E(0) < ¢ and satisfying

E((k+1)T) < E(kT)(l—pTL’l(E(kT))) , VkeN. (36)
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Nonlinear stabilization Comparison with an Euler scheme
Applications to examples of PDE's and dampings

Discret - Main Theorem

E satisfies the upper estimate

~

1
E(t)<TL )) ,  for t sufficiently large,  (37)

<wr_1( (t—:’r—)PT

If moreover limsup,_,o+ Ay(x) < 1, then we have the simplified

decay rate
DT

pr(t—T)
for t sufficiently large and where D is a positive constant

E(t) < T(H)™Y( ), (38)

independent of E(0) and of T.

Contrdle, Probléme inverse et Applications 29 September - 1 October 2014, Clermont-Ferrand




Introduction and main results
Preliminary intermediate results
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Preliminary intermediate results

The initial data (w(0), w(0)) will be kept fixed. We extend H by
+00 on R\[0, 2] and still denote this extension by H. We define
the convex conjugate of H and denote it by H*. Moreover we
define a weight function f such that

H(r(s) = T8 se o). (39)

aT Ex(0) Ev(0)
Cro L(H'(r3))’ o
are the constants.

where 8 > max( ) where C+ >0, o and 6 >0

Contrdle, Probléme inverse et Applications 29 September - 1 October 2014, Clermont-Ferrand



Introduction and main results
Preliminary intermediate results

Nonlinear stabilization Comparison with an Euler scheme
Applications to examples of PDE’s and dampings

We recall that f is defined by
_-1(s 2
f(S)—L <ﬂ>’ VSE[O,ﬂI’()),

where L is the continuous strictly increasing function defined from
[0, +00) onto [0, rZ) by (25).

One can show that f is a strictly increasing function from [0, 3r2)
onto [0, c0).
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@ We start by a key Lemma which relies on the optimal-weight
convexity method.

@ Assume that p and a satisfy the assumption (A1) and that
there exists ry > 0 sufficiently small so that the function H
defined by (24) is strictly convex on [0, rZ].

o Let (w® w') € Hyjp x H be given and (¢°, ¢') = (W, w')
and w and ¢ be the respective solutions of (16) and of (21).
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The following inequality holds

/OT f(Eqs(O))/Q(Q(X)|W|2—|—a(x)|p(x, W)|2) dx dt <

.
c5TH*(f(E¢(0)))+c6(f(E¢(O))+1>/0 /Qa(x)p(x, W)W dx dt
(40)

where

and |Q| = [, do, with do = a(.)dx.
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Nonlinear stabilization Comparison with an Euler scheme
Applications to examples of PDE’s and dampings

@ The next Lemma compares the localized kinetic damping of
the linearly damped equation with the localized linear and
nonlinear kinetic energies of the nonlinearly damped equation.

@ Assume that p € C(Q x R;R) is a continuous monotone
nondecreasing function with respect to the second variable on
Q such that p(.,0) = 0 on Q. Let w be the solution of (16)
with initial data (w% w?) € Hyjp x H.

@ Let us introduce z solution of the linear locally damped
problem

z4+ Az+ a(x)z =0,
z(0) = w?, 2(0) = wl.
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Comparison Lemma

The following inequality holds

/ /a(x |z|2dxdt<2/ / (WP +0) (e [?) et

(41)

nrare
rL/L
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Nonlinear stabilization Comparison with an Euler scheme
Applications to examples of PDE's and dampings

The next Lemma compares the localized observation for the
conservative undamped equation with the localized damping of the
linearly damped equation.

Lemma

Assume that a € C(Q), with a >0 on Q. Let T > 0 be given, then
there exists kT > 0 such that for all (w®, wl) € Hio x H

T T
/ /a|¢|2dxdt§ kT/ /a\z|2dxdt (42)
0 Q 0 Q

where ¢ is the solution of the conservative equation (21) with

(¢07 (bl) - (W07 Wl)'
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Nonlinear stabilization Comparison with an Euler scheme
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We assume the hypotheses of Key Lemma and denote by w and ¢
the respective solutions of (16) and (21) where

(WO wh) = (¢° ¢") € Hyjo x H. We set E,, = S¢. Then, the
following inequality holds

Eu(T) < Bu(0) (1 - prL 2 (Bu(0)) - (43)

where
cT

" tkr(cH'(RR) + 1)

pT (44)
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Key Corollary

Assume the hypotheses of Key Lemma. We set
Ex = E,(kT), VkeN. (45)
We define M as in (35). Then the following inequalities hold
Exi1— Ex + pTM(EL) <0, V keN, (46)

with
Eo = E,(0). (47)
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Nonlinear stabilization Comparison with an Euler scheme
Applications to examples of PDE's and dampings

Proposition

Assume the hypotheses of Main Theorem and define 1) by

Y(x) =x—prM(x),  x€[0,r) (48)

where pt is defined by (44). Then, there exists § > 0 such that 1)
is strictly increasing on [0, d].
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Proposition

We assume that (A1) holds. Then

. H(x)
it )~ ° )

where Ay is defined by (26).

| A

Remark
Hence the only situation where (28) can be violated occurs if
liminf o+ An(x) = 0 and lim,_o+ - does not exist.
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Comparison with an Euler scheme

We start by a first comparison result between the energy evaluated
at time kT and a sequence y, which is a numerical approximation
obtained by a standard Euler scheme applied to an appropriate
ordinary differential equation.
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Lemma

Assume the hypotheses of the above theorem. We set

Ex = E(kT), VkeN. (50)

We consider the sequence (yx)x defined by induction as follows

Yir1 =Yk £ pTM(vi) =0,k € N,
yo = Eo.

(51)

Then the following inequality holds

Ek S .)7/( y (52)

for all k € N.
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Nonlinear stabilization Comparison with an Euler scheme
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We now compare the sequence (yx) obtained using an Euler
scheme to the solution of the associated ordinary differential
equation at time kT.

Lemma

Assume the hypotheses of Discret - Main Theorem. We define Ej
as in (50). We consider the ordinary differential equation

y(s)+ EEM(y(s)) =0, s>0,

- 53
y(0) = Eo )

and set
sk:kT,yk:y(sk), V k eN. (54)

Then we have for all k in N, yi < yx, where (yk)« is defined by

(51).
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As mentioned before, the sequence (yk)k is a numerical
approximation of the sequence (y(sk))x thanks to the Euler
scheme applied to (53).

We deduce from the above lemmas the following result

Assume the hypotheses of Discret - Main Theorem. Then we have

Ec<y(s), YkeN. (55)
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"> \We can now give the proof of our two main results. We start

by
Sketch of proof of Main Theorem

Since (28) holds, we have that lim_ M'(x) = 0. This, together

x—0
with the assumptions of Main Theorem imply that assumption

(A2) holds. We set E = E, /B. Then thanks to our choice of 3 we
have Eg = E,,(0)/8 < 6. Thus, thanks to our assumptions we can
apply Key Corollary, so that the sequence (E)x defined by (45)
satisfies (46). This implies that E satisfies (36). We can therefore
apply the Discret main theorem to E, so that E satisfies (37). If
additionnally limsup,_,q+ An(x) < 1 we obtain (38). Going back

to the definition of E we conclude.
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Proof of Main Corollary

The exponential stabilization for system (33) implies that there
exists T > 0 and ¢t > 0 such that (29) holds for (21). We can
thus apply Main Theorem to conclude.

RENEILS

| \

The fact that exponential stabilization implies controllability is the
generalization of Russell’s principle.
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Applications to examples of PDE's and dampings

@ Now, we give applications of Main Theorem and Main
Corollary. In the next result, we denote by C7(E(0)) a
positive (explicit) constant depending on E(0) and T whereas
KT is a positive constant depending on T.

@ We also only give the expression of g in a right
neighbourhood of 0, since as long as g has a linear growth at
infinity, the asymptotic behavior of the energy depends only
on the behavior of g close to 0.
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Examples of dampings

Theorem

We assume that p € C(Q x R;R) is a continuous monotone
nondecreasing function with respect to the second variable on
such that p(.,0) = 0 on Q and satisfying (22). We assume that
a € C(Q) satisfies (23) with a > 0 on Q. We assume that there
exists T > 0 such that the solution of (21) satisfies the

observability inequality (29).
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Example 1
let g be given by g(x) = xP where p > 1 on (0, ro].

Then the energy of solution of (16) satisfies the estimate

E(t) < Cr(E(0))te1, (56)

for t sufficiently large and for all (up, u1) € Hyjp x L2().

nrare
rL/L
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Example 2
let g be given by g(x) = x”(ln(%))q where p > 2 and g > 1 on
(0, ro].

Then the energy of solution of (16) satisfies the estimate
E(t) < Cr(E(0))t= /(PN (In(t))~29/(P=1)

for t sufficiently large and for all (up, u1) € Hyjp x L2().
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Example 3

let g be given by g(x) = e x2 on (0, ry].

Then the energy of solution of (16) satisfies the estimate

E(t) < Cr(E(0))(In(t)) ™", (57)

for t sufficiently large and for all (up, u1) € Hyjp x L2(Q).

nrare
rL/L
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Example 4
let g be given by g(x) = e~ (NG where 1 < p <2 on (0, ry].

Then the energy of solution of (16) satisfies the estimate

E(t) < Cr(E(0))e 2n(kr %/

for t sufficiently large and for all (uo, u1) € Hy/p ¥ L%(Q).
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Example 5
let g be given by g(x) = x(/n(%))_” where p > 0.

Then the energy of solution of (16) satisfies the estimate

E(t) < Cr(E(0)e /" ()P4 (58)

for t sufficiently large and for all (u, u1) € Hy o x L*(9).

29 September - 1 October 2014, Clermont-Ferrand
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Stabilization of the nonlinear damped wave equation

We consider the following initial and boundary problem:

uge — Au+ a(x)p(x,u) =0, , (x,t) €Qx(0,+00)

u=0, ondQ x(0,400), (59)
u(x,0) = 6(x), ue(x,0) = u(x), onQ,
where p and a satisfy (Al).

29 September - 1 October 2014, Clermont-Ferrand
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Applications to examples of PDE s and dampings

Hence u satisfies an equation of the form (16) with:

A=—A:D(A)C H=1%Q) — L*(Q),
D(A) = {u € [*(Q), Au € L*(Q), ujpg =0},

Hi /> = H3(RQ) It is well-known that A is a self-adjoint operator
satisfying (17). The conservative equation (21) becomes in this
case:

¢tt_A¢:Oa QX(O7+OO)7

6 =0, 89 x(0,400), (60)
B(x,0) = u°(x), ¢:(x,0) = ul(x), Q.
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We consider the control geometric condition, also called the
condition of geometric optics of Bardos Lebeau Rauch :

the generalized ray of Q has a finite order contact with the
boundary 02 and there exist To > 0 such that every generalized
ray of Q with length greater than Ty hits the open set w.
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@ We assume that Q is a C*° bounded open set with a boundary
of class C*.

o We assume that p and a satisfy the assumption (A1) with
a € C*(2;]0,00)).
@ Assume that there exists rp > 0 sufficiently small so that the

function H defined by (24) is strictly convex on [0, r3] and
that (28) is satisfied.

@ Moreover assume that the geometric condition (G.C.C) is
valid.

> The stability result can now be stated as follows.
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Theorem

3T > 0 such that the energy of the solution of (59) satisfies

1
E,(t) < 5TL<_1(t_T)) . for t sufficiently large.  (61)

r TO

If further limsup,_,o+ A(x) < 1, then we have the simplified
decay rate

_1, DTo ..
E,(t) < BT(H) L (tiT) , for sufficiently large t. (62)
Here D is a positive constant which is independent of E,(0) and T, whereas Ty depends on T and [3 is a positive

2aT _Eu(0) Eu(O))
constant chosen such as 3 > max ( o L(H’(rg)) , % , where Ct > 0, o and § > 0 are constants.
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Second example: stabilization of a nonlinear
Bernoulli-Euler plate equation

We consider the following initial and boundary value problem:

use + D%u + a(x)p(x,ut) =0, Q x (0,+00),
u=0,Au=0, 992 x(0,+00), (63)
U(X?O) = UO(X)¢ ut(Xa O) = ul(X)v Q>

where p and a satisfy (A1) and Q is a bounded smooth domain of
R", n> 2.
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In this case :

A= A2, D(A) :{u € [2(Q), A2 € [2(Q), upq = 0, Aujgg = o}.
(64)
Moreover the conservative equation (21) becomes in this case

¢t + D% =0, Qx(0,400),
$»=0,A¢p=0, 0Qx(0,+0c0), (65)
#(x,0) = u°(x), ¢:(x,0) = ui(x), Q.
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Prior to give the geometrical assumptions on w and £ based on
the piecewise multiplier method, we need some notation.
e If Q; C Qs a Lipschitz domain, we denote by [ its boundary
and by v; the outward unit normal to I;.
o Moreover, if U is a subset of RY and x € RV, we set
d(x,U) =infycy|x —y|, and
N(U) = {x e RN d(x,U) < ¢}
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We make the following geometric assumptions on €2 and w:

Je >0, domains ; C Q2 with Lipschitz boundary I’;
for 1 < j < J and points x; in RN
(HG) {0 suchthat ;N Q=0 ifi#J,

QN AL U09) U (Q\ U 9)] cw,

where vj(x;) = {x € [, (x — xj) - vj(x) > 0}.
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Assume that there exists rg > 0 sufficiently small so that the function H defined by (24) is strictly convex on
[0, rg] and that (28) is satisfied. Moreover assume that the geometric condition (HG) is valid. Then, the energy of
the solution of (63) satisfies

Eu(t) < ,BTL( . for t sufficiently large . (66)

1
—1,t—T )
Pr (?0)
If further lim Sup, o+ Ap(x) < 1, then we have the simplified decay rate for t sufficiently large

E0) < BT(H) (2

). (67)
Here D is a positive constant which is independent of E,;(0) and T, whereas Ty = % dependson T, B is a

positive constant chosen such as 3 > max (23‘—7-, 577(0%’ E”T(O)) , where C+ > 0, « and 6 > 0 are the
T L(H (r5))

constants.

Contrdle, Probléme inverse et Applications 29 September - 1 October 2014, Clermont-Ferra



intermedi
Nonlinear stabilization < arison with an Euler scheme
Applications to examples of PDE's and dampings

@ In the case where a € C*°(2) and under a geometric condition
like (G.C.C) we obtain the same stability result (by decomposed
the plate-like operator in two Schrodinger-like operators

0% + A% = (i0 + A)(—id; + A)).

nrare
rL/L
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@ By using the equivalence between exact internal controllability
of the Kirchhoff plate-like equation (68) and the wave equation, we
obtain a stability result as the above Theorem for the following
system, under the same geometric condition (G.C.C) in the case

where a € C(2) and under condition (HG) in the case where

aeC(Q).
Ut — v Duge + A%2u + a(x)p(x, u:) =0, , (x,t) € Q x (0, +00)
u=0,Au=0, on 9 x (0,+00),
u(x,0) = t°(x), ur(x,0) = ul(x), on®,
(68)
where p and a satisfy (A1), v > 0 is a constant and Q is a
bounded smooth domain of R", n > 2.

Contrdle, Probléme inverse et Applications 29 September - 1 October 2014, Clermont-Ferrand




Some references

Some references

[§ F. Alabau-Boussouira, Convexity and weighted integral inequalities
for energy decay rates of nonlinear dissipative hyperbolic systems,
Appl. Math. and Optimization, 51 (2005), 61-105.

[§ F. Alabau-Boussouira and K. Ammari, Sharp energy estimates for
nonlinearly locally damped PDE's via observability for the
associated undamped system, Journal of Functional Analysis, 260
(2011), 2424-2450.

[ K. Ammari and S. Nicaise, Stabilization of elastic systems by
collocated feedback, Lectures Notes in Mathematics, Vol 2124,
Springer-Verlag, Berlin, 2015.

[ K. Ammari and M. Tucsnak, Stabilization of Bernoulli-Euler
beams by means of a pointwise feedback force, SIAM. J. Control.
Optim., 39 (2000), 1160-1181. PDE

Contrdle, Probléme inverse et Applications 29 September - 1 October 2014, Clermont-Ferrand



Some references

[ K. Ammari and M. Tucsnak, Stabilization of second order
evolution equations by a class of unbounded feedbacks, ESAIM.
COCV., 6 (2001), 361-386.

[@ C. Bardos, G. Lebeau and J. Rauch, Sharp sufficient conditions
for the observation, control and stabilization of waves from the
boundary, SIAM J. Control Optim., 30 (1992), 1024-1065.

[ M. Daoulatli, |. Lasiecka and D. Toundykov, Uniform energy decay
for a wave equation with partially supported nonlinear boundary
dissipation without growth conditions, Discrete Contin. Dyn. Syst.
Ser. S, 2 (2009), 67-94.

[§ I. Lasiecka and D. Tataru, Uniform boundary stabilization of
semilinear wave equation with nonlinear boundary damping,
Differential and Integral Equations, 8 (1993), 507-533.

Contrdle, Probléme inverse et Applications 29 September - 1 October 2014, Clermont-Ferrand



Some references

[§ G. Lebeau, Equation des ondes amorties, Algebraic and geometric
methods in mathematical physics (Kaciveli, 1993), 73-109, Math.
Phys. Stud., 19, Kluwer Acad. Publ., Dordrecht, 1996.

Contrdle, Probléme inverse et Applications 29 September - 1 October 2014, Clermont-Ferrand



	Linear stabilization
	Introduction and main result
	Applications to examples of linear PDEs

	Nonlinear stabilization
	Introduction and main results
	Preliminary intermediate results
	Comparison with an Euler scheme
	Applications to examples of PDE's and dampings

	Some references

