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Problem |: Optimal design and stabilization of the wave equation

[AM, Pedegral, Periago, JDE 06]
LetQCc RV, N=1,2,a¢c L>°(Q,R"),Le (0,1), T >0, (0 u') e H(‘)(Q) x L2(Q)

-
(P int i) = [ (luf? + [Vu)dct ()
X 0 Ja
subject to
Uy — Au+ a(x) X, up =0 (0,T) x 9,
u=0 (0,T) x 09,
u(0,-) =% u(0,:) = u {0} x Q, B

X, € L*°(2;{0,1}),
1%l ) = LilXallpq)

= [Fahroo-Ito, 97], [Freitas, 98], [Hebard-Henrot, 03, 05], [Henrot-Maillot, 05], [AM,
AMCS 09]
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General remarks

(P})) IS A NONLINEAR PROBLEM.

(PJ_,) IS A PROTOTYPE OF ILL-POSED PROBLEM : INFIMA ARE NOT REACHED IN THE
CLASS OF CHARACTERISTIC FUNCTIONS.

MINIMIZING SEQUENCES {X.;}(j»0) FOR | GENERATE FINER AND FINER
MICRO-STRUCTURES.

FIND A RELAXATION, (RP),) OF (P})) SUCH THAT

(RP}) iswell-posed and min(RP.) = inf(Pl) (3)

AND THEN EXTRACT FROM A MINIMIZER OF THE RELAXED PROBLEM (RPL) A
MINIMIZING SEQUENCE FOR (P])) ?
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Relaxation for (P))

(RPL): infseroo(q) /OT/Q(u,2 + |Vul?) dx dt (4)
subject to
ug — Au+ a(x)s(x)up =0 in (0,T) x Q,
u=0 on (0, T) x 89,
u(0,) =ud, wu(0,)) =u' in Q, (®)
0<s(x) <1, [,s(x)dx < L|Q in Q.

The set of characteristic function {X € L°°(Q2), {0, 1}} is simply replaced by its convex
envelop for the L°° weak-x topology, i.e. {s € L>°(Q2),[0, 1]}

Optimal design problem



Relaxation for (P))

(RPL): infseroo(q) /OT/Q(u,2 + |Vul?) dx dt (4)
subject to
uy — Au+ a(x)s(x)uy =0 in (0,T) x Q,
u=0 on (0, T) x 89,
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Problem (RP))) is a full relaxation of (P)) in the sense that
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Relaxation for (P))

(RPL): infseroo(q) /OT/Q(u,2 + |Vul?) dx dt (4)
subject to
ug — Au+ a(x)s(x)up =0 in (0,T) x Q,
u=0 on (0, T) x 89,
u(0,) =ud, wu(0,)) =u' in Q, (®)
0<s(x) <1, [,s(x)dx < L|Q in Q.

The set of characteristic function {X € L°°(Q2), {0, 1}} is simply replaced by its convex
envelop for the L°° weak-x topology, i.e. {s € L>°(Q2),[0, 1]}
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Problem (RP))) is a full relaxation of (P)) in the sense that
@ there are optimal solutions for (RP)));
@ the infimum of (P,) equals the minimum of (RP),);
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Relaxation for (P))

(RPL): infseroo(q) /OT/Q(u,2 + |Vul?) dx dt (4)
subject to
uy — Au+ a(x)s(x)uy =0 in (0,T) x Q,
u=0 on (0, T) x 89,
u(0,) =ud, wu(0,)) =u' in Q, ()
0<s(x) <1, [,s(x)dx <L|Q in Q.

The set of characteristic function {X € L°°(Q2), {0, 1}} is simply replaced by its convex
envelop for the L°° weak-x topology, i.e. {s € L>°(Q2),[0, 1]}

(AM - Pedregal - Periago JDE 06)

Problem (RP))) is a full relaxation of (P)) in the sense that
@ there are optimal solutions for (RP)));
@ the infimum of (P,) equals the minimum of (RP),);

@ ifs is optimal for (RP},), then optimal sequences of damping subsets wj for (P},)
are exactly those for which the Young measure associated with the sequence of
their characteristic functions X, i is precisely

s(x)d1 + (1 = s(x))do- (6)
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Step 1 of the proof (for N = 1) : Variational reformulation of (P!)

o Assuming w time independent, we have (we note Div = (8, dx))
U — Au+ a(x) X, up = 0 <= Div(us + a(x) X, u, —ux) =0 (7)

— 3v e H'((0, T) x Q) such that u; + a(x) X, u = vy and —uy = —Vv;
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Step 1 of the proof (for N = 1) : Variational reformulation of (P!)

o Assuming w time independent, we have (we note Div = (8, dx))

U — Au+ a(x) X, up = 0 <= Div(us + a(x) X, u, —ux) =0 (7)
— 3v e H'((0, T) x Q) such that u; + a(x) X, u = vy and —uy = —Vv;
(]
AVu+ BVv = —aX, u (8)

_ ut _ Vi — u _ 1 0 _ 0o -1
weevu— (U Yoo (8 Yoo (8 )a-( 0 % )e-(0 3 )
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Step 1 of the proof (for N = 1) : Variational reformulation of (P!)

o Assuming w time independent, we have (we note Div = (8, dx))

U — Au+ a(x) X, up = 0 <= Div(us + a(x) X, u, —ux) =0 (7)
— 3v e H'((0, T) x Q) such that u; + a(x) X, u = vy and —uy = —Vv;
(]
AVu+ BVv = —aX,u (8)
_ ut _ Vi — u _ 1 0 _ o -1
weevu— (U Yoo (8 Yoo (8 )a-( 0 % )e-(0 3 )
(]
w={x € QAVU+BVv=—a(x)u} and Q\w = {x € Q,AVu+BVv =0} 9)

@ Let the vector field U (t, x) = (u(t, x), v(t, X)) € (H1 ((0, T) x (0, 1)))2 and the two sets of matrices

{AO = {M e M?*2 . am() 4 BM®@ = o}

Ay = {M e M?%2 . am() 4 By® — )\e1}

where M), j = 1, 2 stands for the i-th row of the matrix M, A € Rand e; = ( (1) )
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Step 1 of the proof (for N = 1) : Variational reformulation of (P!)

o Assuming w time independent, we have (we note Div = (8, dx))

U — Au+ a(x) X, up = 0 <= Div(us + a(x) X, u, —ux) =0 (7)
— 3v e H'((0, T) x Q) such that u; + a(x) X, u = vy and —uy = —Vv;
(]
AVu+ BVv = —aX,u (8)
_ ut _ Vi — u _ 1 0 _ o -1
weevu— (U Yoo (8 Yoo (8 )a-( 0 % )e-(0 3 )
(]
w={x € QAVU+BVv=—a(x)u} and Q\w = {x € Q,AVu+BVv =0} 9)

@ Let the vector field U (t, x) = (u(t, x), v(t, X)) € (H1 ((0, T) x (0, 1)))2 and the two sets of matrices

{AO = {M e M?*2 . am() 4 BM®@ = o}

Mox = {Me rmP2au) 1 BM® = xe; }
where M), j = 1, 2 stands for the i-th row of the matrix M, A € Rand e; = ( (1) )

w={xeQVUEA _m} w={xeQ VUEA} (1
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Proof of Theorem 1 for N = 1 - Step 1: Variational reformulation of P},

@ Then considering the two following functions W, V : M?%X2 — R U {+oo}

2
MO MR UA 1 MEN _au
W(x, U, M) = Viou,My={ o, Me N \A Lo
+o00, else 400, else

(12)
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Proof of Theorem 1 for N = 1 - Step 1: Variational reformulation of P},

@ Then considering the two following functions W, V : M?%X2 — R U {+oo}

2
MO, MenguA, a0t T, MEN _au)
W(x, U, M) = : Vix,U,M)=1q o, MeEMNA i)
+o00, else +o0, else
(12)
@ the optimization problem (Pl,) is equivalent to the following vector variational problem
1 T
(vel) m= in/ / W (x, U(t, x), VU (1, X)) dx dt (13)
0 Jo

subject to
U=(uv) € (H (0, ) x (0,1)))°

uM (t,0) = UM (t,1) = o, te(0,7) 14
UM =), UMeox=urx, xea
Jivixutx), vutx) d<L|Ql, te(0,7).
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Proof of Theorem 1 for N = 1 - Step 1: Variational reformulation of P},

@ Then considering the two following functions W, V : M?%X2 — R U {+oo}

2
MO, MenguA, a0t T, MEN _au)
W(x, U, M) = J V(x,U,M)=¢ 0, Me Ao\ A —au)
+o00, else +o0, else
(12)
@ the optimization problem (Pl,) is equivalent to the following vector variational problem
1 ) T
(vel) m= |nf/ / W (x, U(t, x), VU (1, X)) dx dt (13)
UJo Jo

subject to
U=(uv) € (H (0, ) x (0,1)))°

uM (t,0) = UM (t,1) = o, te(0,7) 14
UM =), UMeox=urx, xea
Jivixutx), vutx) d<L|Ql, te(0,7).

@ This procedure transforms the scalar optimization problem (Pl)) , with differentiable, integrable and

pointwise constraints, into a non-convex, vector variational problem (VP(L) with only pointwise and integral
constraints.
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Numerical resolution of (RP!)

Ia(s) =J(s)+ Al s Il @ (X Lagrange multiplier) (15)

If (ug, uy) € (H?() N HY(R)) x H] (), then the derivative of J5 with respect to s in any direction sy exists and
takes the following expression

oJ T
;st) G = /Qs1(x)(/o B L0 o) dt+>\)dx (16)

where u is the solution of (45) and p is the solution in C' ([0, T]; H& (Q)) N C'([0, T]; L2(Q)) of the adjoint problem

pit — Ap — a(x)s(x)pr = uy + Au, in (0,7T) X Q,
p=0, on (0,T) x 89, 7)
P(T,) =0, p(T, )= u(T,") in Q.

(]

= DO NOT USE HERE LEVEL SET OR TOPOLOGICAL ARGUMENT HERE
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Some numerical results for (RP!)

Q=(0,1), (P x),u'(x))=(sin(nx),0), L=1/5 T=1 (18)

Optimal density for a(x) = 1 (Left) and a(x) = 10 (Right)

@ ifa<a (L u') {xen0<s(x) <1} =0,(P.)=(RP.)andis well-posed

(FOURIER ANALYSIS AND "TOPOLOGICAL" ARGUMENT WITH RESPECT TO THE AMPLITUDE OF a)

—=THIS PROPERTY IS VERY LIKELY RELATED TO THE OVER-DAMPING PHENOMENA)
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Some numerical results for (RP!)

Q=(0,1), (P x),u'(x))=(sin(nx),0), L=1/5 T=1 (18)

Optimal density for a(x) = 1 (Left) and a(x) = 10 (Right)

@ ifa<a (L u') {xen0<s(x) <1} =0,(P.)=(RP.)andis well-posed

(FOURIER ANALYSIS AND "TOPOLOGICAL" ARGUMENT WITH RESPECT TO THE AMPLITUDE OF a)
@ ita>a (2 L0 u'), {x€Q,0<s(x) <1} #0,(Pl) # (RP) and is NOT well-posed

—=THIS PROPERTY IS VERY LIKELY RELATED TO THE OVER-DAMPING PHENOMENA)
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Some numerical results for (RP!)

Q=(0,1), (°x),u'(x))=(sin(nx),0), L=1/5 T=1 (19)

f L —

duudy o

fuw; ‘ 10 ‘ 20 ‘ 30 ‘ 40
I(ij) ‘ 4.1331 ‘ 3.7216 ‘ 3.5413 ‘ 3.4313

My, o0 (X)) = l(Sopt) = 3.4212
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A numerical ill

Q=(0,17,

Figure: Iso-values of the optimal s in Q for a(x) = 25X (x) (Left) and a(x) = 50 Xq(x) (Right) - T =1
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Some numerical results for (RP!) in 2D

Q=(0,12 (/% y1) = (sin(mxy) sin(mrxp), 0)

Figure: T =1-a(x) = 25Xq(x) - density function s;, € L°°(£; [0, 1]) (left) and penalized density function
Spen € L°°(2; {0, 1}) (right) - J(sjim) ~ 0.8881 and J(spen) ~ 0.9411
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Figure' T =1-a(x) = 50Xq(x) - density function s;,, € L°°(£; [0, 1]) (left) and penalized density function
Spen € L°°(Q; {0, 1}) (right) - J(Sjim) ~ 0.7839 and J(spen) ~ 0.8543
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) spatio-temporal distribution for the wave equation

[Maestre-AM-Pedegral, IFB 08]'

@ LetQCR 0<a<fB<oo, LE(0,1), T>0, (°u') € H(Q) x LA(9).

;
(P2):  inf (Xo) :/ /(\ut\2+a(t,x, X0)|Vul?)dxat
« Xw 0 Ja

with for instance

a(t,x, X,,) =1 (quadraticy or a(t,x,X.,)=aX, + B(1 — X,) (compliance)

subject to
uy — div([oz/'t".J + B(1 — X“,)]Vu> =0
u=0
u(o0,-) = w0, u (0, ) = u'
X, € L°((0,T) x Q;{0,1}),
1% 11 gy = Ll ¥all,1 g,

(0,7) xQ,

(0,T) x 09,
Q,

(0, 7)

(20)

(21)

(22)

! F. Maestre, AM, P. Pedregal, Optimal design under the one-dimensional wave equation, Interfaces and Free

Boundaries (2008)
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) spatio-temporal distribution for the wave equation

[Maestre-AM-Pedegral, IFB 08]'

@ LetQCR 0<a<fB<oo, LE(0,1), T>0, (°u') € H(Q) x LA(9).
2 ) T 2 2
P2y int /(xw):/ /(\ut\ +a(t, x, Xo)| Vul?)dxat (20)
Xw 0 Ja
with for instance

a(t,x, X,,) =1 (quadraticy or a(t,x,X.,)=aX, + B(1 — X,) (compliance) (21)

subject to
uy — div([oz/'t".J + B(1 — X“,)]Vu> =0 0, 7) x Q,
u=20 (0, T) x 89,
u(o0,-) = w0, u (0, ) = u' Q, (22)
X, € L°°((0,T) x 2;{0,1}),
1% 11 gy = Ll ¥all,1 g, ©.7)

o hyperbolic version of a well-known elliptic case considered by Kohn (1985), Tartar-Murat (1990), Pedregal
(2003), Bellido (2004), ...

! F. Maestre, AM, P. Pedregal, Optimal design under the one-dimensional wave equation, Interfaces and Free
Boundaries (2008)
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) spatio-temporal distribution for the wave equation

[Maestre-AM-Pedegral, IFB 08]'

@ LetQCR 0<a<fB<oo, LE(0,1), T>0, (°u') € H(Q) x LA(9).
2 ) T 2 2
P2y int /(xw):/ /(\ut\ +a(t, x, Xo)| Vul?)dxat (20)
Xw 0 Ja
with for instance

a(t,x, X,,) =1 (quadraticy or a(t,x,X.,)=aX, + B(1 — X,) (compliance) (21)

subject to
uy — div([oz/'t".J + B(1 — X“,)]Vu> =0 0, 7) x Q,
u=20 (0, T) x 89,
u(o0,-) = w0, u (0, ) = u' Q, (22)
X, € L°°((0,T) x 2;{0,1}),
1% 11 gy = Ll ¥all,1 g, ©.7)

o hyperbolic version of a well-known elliptic case considered by Kohn (1985), Tartar-Murat (1990), Pedregal
(2003), Bellido (2004), ...

[~ I depends on x AND on t: Dynamical material [K. Lurie 99, 00, 02].

! F. Maestre, AM, P. Pedregal, Optimal design under the one-dimensional wave equation, Interfaces and Free
Boundaries (2008)
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Problem (P?2): Optimal («, 3) distribution - The result

o h(t, x) = Baa(t, x) — aag(t, x), a(t, x, xX) = X(t, x)aa(t, x) + (1 — X(t, X))aﬁ(t, X)
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Problem (P?2): Optimal («, 3) distribution - The result

@ n(t,x) = Baa(t, x) — aag(t, x), a(t, x, X) = X(t, x)aa(t, x) + (1 — X(t, x))ag(t, x)
o
(RP2) : min /OT/Q CaW(t, x, TU(t, x), s(t, x))dxat

U= (u,v) € H'([0, T] x Q)%, tr(VU(t, x)) =0,
U0, %) = up(x), UM, %) = (%) in @,
U,y =uMt,00=0 in [0, 7],

0<s(t,x) <1, / s(t, x) dx = L|Q| Vt € [0, T],
JQ
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Problem (P?2): Optimal («, 3) distribution - The result

@ n(t,x) = Baa(t, x) — aag(t, x), a(t, x, X) = X(t, x)aa(t, x) + (1 — X(t, x))ag(t, x)
o
(RP2) : min /OT/Q CaW(t, x, TU(t, x), s(t, x))dxat

U= (u,v) € H'([0, T] x Q)%, tr(VU(t, x)) =0,
U0, %) = up(x), UM, %) = (%) in @,
U,y =uMt,00=0 in [0, 7],

0<s(t,x) <1, / s(t, x) dx = L|Q| Vt € [0, T],
JQ

@ caw(t, x, F, s) is defined by

h 2 2 2 2 a3 )
— 5 (B%1F2|” + |F211" + 28F2F21) + [F14|® — —Fi2F21 it h(t, x) 2> 0,%(F,s) < 0
sp(B — a) B
—h 2. 2 2 2 ao .
T (@ FlT + P lT + 2aFafe) + [F11]T — —Fi2F2,  ifA(t, x) < 0,4(F,s) < 0
(1 —s)a(B — o) a
1
—dotF+ ————(
s(1 —8)(B — )2
+ (1 = s)(a + aa) + S8 + ag)) |Far 12 + 2((e + aa)B — sh)F12F21) if 4 (F, s) > 0.

4 oo if Tr(F) # 0

(1 = 9)8%(a + aa) + sa®(B + ag)) | Fizl?

U(F.9) = CUZID (5 nT @ ) (Far + ] 5912
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Problem (P2): Compliance case : (a,,as) = («, 3)

The relaxed formulation of

T
(P2): pf i) = [ [ (uf? + [t + 501 = o)) Tul?) bt @9)
subject to

g — div([axw 1801 — xw)]w) =0 (0,7) x Q,

u=0 (0, T) x 89,

u(0,) =, u(0, ) = Q, (24)

X, € L°°((0, T) x ©;{0,1}),

10,1 gy = L1Xall 1 g, ©.7)

Arnaud Ml Optimal design problem



Problem (P2): Compliance case : (a,, ,

The relaxed formulation of

T
(P2): pf i) = [ [ (uf? + [t + 501 = o)) Tul?) bt @)
subject to

g — div([axw 1801 — xw)]w) =0 (0,7) x Q,
u=0 (0, T) x 89,
u(0,) =, u(0, ) = Q, (24)
X € L7°(0,T) x {0, 1)),
10,1 gy = L1Xall 1 g, ©.7)

(Maestre-AM-Pedregal 08)

T 1
q 2 2
m = min up(t, x)* + —————————————ux(t, x )dxdt 25
u,s/o/g(’( I+ aTsr ai = 20X =
subject to
| _ g
ug dlv(a*‘s(r,x)+ﬁ*1(17s(r,x))vu) 0 in (0,T)xQ,
u=0 on (0,T) x 09,
; (26)
u(0, x) = u2(x), us(0,x) = u'(x) in Q,
0 < s(t, x) <1, [q s(t, x)dx < L|Q] in [0, T]
and the optimal measure is recovered with first order laminates with normal (0, 1).
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Problem (P2): Quadratic case : (a., as) = (1,1)

The relaxed formulation of

2 . T2 2
(P2):  inf I(Xy) :/ /(\u[\ + | Vul?)dxat @7
Xw 0JQ
subject to

un — v (loXes + 601 = XIVU) =0 (O.T) x 2,
u=0 0,7) x 99,
u(0,-) =, u(0,) =1 Q, (28)
Xe € L0, T) x 2 {0,1}),
1% l,1 gy < LI ¥l q) 0,7
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Problem (P2): Quadratic case : (a., as

The relaxed formulation of

() ol () = /U'T/S;(\ufwz + |V ul?)dxat @7)
subject to
Uy — div([a)(u 80— Xu)]Vu> -0 ©,T)xQ
u=0 (0, T) x 89,
u(0, Q) = O, u(0, ) = u' Q, (28)
€ L5°((0, T) x Q: {0, 1}),
HXwH y < LiiXall 0,7)

(Maestre-AM-Pedregal 08)

m= mln/ / <u, (t, x)? [as(t, X) 4+ B(1 — s(t,x))] G x)z)dxdt 29)
subject to
ug — div([as(t, x) + B(1 — s(t, x))]Vu) =0 in (0,T)xQ,
u=0 on (0, T) x 09,
0 1 ; (30)
u(0, x) = u™(x), ur(0,x) = u'(x) in Q,
0 < s(t,x) <1, [q s(t, x) dx < L|Q| in [0, T]
and the optimal measure is recovered with first order laminates with normal (1, 0).
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Some numerical results for (RP2)

LetQ = (0,1), T = 2and (u°, u') = (sin(rrx),0) and L = 0.5

Iso-value of the optimal density s on (0, T) x Q Top: («, B8) = (1, 1.1) -Bottom:(«, 8) = (1, 10)
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Some numerical results for (RP?)

2
LetQ = (0,1), T = 2and («°, u') = (e~ 0-5*=0-9% 0)and L = 0.5

Iso-value of the optimal density s on (0, T) x Q Top: («, 8) = (1, 1.1) -Bottom:(«, 8) = (1, 10)
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) distribution for the damped wave equation

[Maestre, AM, Pedregal, SIAM Appl. Math. 07]2

@ simultaneous optimization w.r.t. to wy C (0, T) X Qetwy C Q

;
(P2)y: inf /(prxwz):/0 /Q(\u,\e+a(t,x,XL_,1)\Vu\2)dxdt (31)

Koy X

subject to

uy — div([a.?fw1 +B(1 — Xuy )]Vu) +a(X)Xw,ur =0
u=0

u(0,-) = WO, u(0, ) = u'

Xwy € L7(Qx (0, 7){0,1}),

Xw, € L%°(2:{0,1}),

1%eq (8 )l 1 gy < Laes Xall 1)

I Xug HL‘ Q) = Loam|l Xq HL‘ @)’

Loam; Loes € (0,1).

== SMOOTHING EFFECT ON THE (c, 3) DISTRIBUTION DUE TO THE DISSIPATION

(0, 7) x 9,
(0,T) x 89,
{0} x @,

0, 7)

2 F. Maestre, AM, P. Pedregal A spatio-temporal design problem for a damped wave equation, SIAM Appl. Math

(2007)
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Optimization of the heat flux: Div-Rot Young Measure

1 T
(P Minimize overx’ : J,(X):5//K(t,x)Vu(I,x)<Vu(l,x)dxdt
0JQ

{ (B(t, x)u(t, x)) —div (K (t, x) Vu(t,x)) = f(t,x) in 0,7) x Q,
=0 on (0,7)x 0Q, (33)
(0, %) = up (x) in  Q
with
B(t,x) =X (t,x) B1 + (1 — X (8, X)) B, K (t, x) = X (t, X) k Iy + (1 — X (¢, X)) ka Iy,
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Optimization of the heat flux: Div-Rot Young Measure

1 T
(P Minimize overx’ : J,(X):5//K(t,x)Vu(I,x)<Vu(l,x)dxdt
0JQ

u=0 on (0, T) x 0Q, (33)

(Bt X)u(t, X)) —div (K(t,x)Vu(t,x))=Kt,x) in  (0,T)xQ,
{ u (0, x) = up (x) in  Q,

with
B(t,x) =X (t,x) B1 + (1 — X (8, X)) B, K (t, x) = X (t, X) k Iy + (1 — X (¢, X)) ka Iy,

(AM, Pedregal, Periago, JMPA 2008)

— 2
_ |G—k2Vu )G—Iun‘
RP,) Minimi 0,Gu) : k dxat
(RP;) Minimize over ( ,G u) // e(k + 2(1 Y
Ge 2 (0,7 x RN, ueH ((0,T) x %R),
(681 +(1 = 6) B2)u)’ —divG =0 dans H=1((0, T) x @),
ulpg =0 p.p.telo,T], u(0) =uy dansQ,

0 € L% ((0,T) x 2[0,1]), JoO(t,x)dx =L|Q| pp.t€(0,T).

is a relaxation of (P;) in the following sense :
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Optimization of the heat flux: Div-Rot Young Measure

1 T
(P Minimize overx’ : J,(X):5//K(t,x)Vu(I,x)<Vu(l,x)dxdt
0JQ

u=0 on (0, T) x 0Q, (33)

(Bt X)u(t, X)) —div (K(t,x)Vu(t,x))=Kt,x) in  (0,T)xQ,
{ u (0, x) = up (x) in  Q,

with
B(t,x) =X (t,x) B1 + (1 — X (8, X)) B, K (t, x) = X (t, X) k Iy + (1 — X (¢, X)) ka Iy,

(AM, Pedregal, Periago, JMPA 2008)

— 2
_ |G—k2Vu )G—Iun‘
RP,) Minimi 0,Gu) : k dxat
(RP;) Minimize over ( ,G u) // e(k + 2(1 Y
Ge 2 (0,7 x RN, ueH ((0,T) x %R),
(681 +(1 = 6) B2)u)’ —divG =0 dans H=1((0, T) x @),
ulpg =0 p.p.telo,T], u(0) =uy dansQ,

0€L%((0,T) x %[0,1]), foO(tx)dx=LQ| ppte(0,T).
is a relaxation of (P;) in the following sense :

(i) (RP¢) is well-posed,
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Optimization of the heat flux: Div-Rot Young Measure

1 T
(P Minimize overx’ : J,(X):5//K(t,x)Vu(I,x)<Vu(l,x)dxdt
0JQ

u=0 on (0, T) x 0Q, (33)

(Bt X)u(t, X)) —div (K(t,x)Vu(t,x))=Kt,x) in  (0,T)xQ,
u (0, x) = up (x) in  Q,

with
B(t,x) =X (t,x) B1 + (1 — X (8, X)) B, K (t, x) = X (t, X) k Iy + (1 — X (¢, X)) ka Iy,

(AM, Pedregal, Periago, JMPA 2008)

B |G—k2Vu 6 - kv
(RPy) Minimize over (0,G, u) : / / + Ky axdt
o (ki — (1-0) (ke — k)2
Ge 2 (0,7 x RN, ueH ((0,T) x %R),
(681 +(1 = 6) B2)u)’ —divG =0 dans H=1((0, T) x @),
ulpg =0 p.p.telo,T], u(0) =uy dansQ,

0€L%((0,T) x %[0,1]), foO(tx)dx=LQ| ppte(0,T).
is a relaxation of (P;) in the following sense :

(i) (RP¢) is well-posed,
(i) the infimum of (VP;) equals the minimum of (RP;), and
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Optimization of the heat flux: Div-Rot Young Measure

1 T
(P Minimize overx’ : J,(X):5//K(t,x)Vu(I,x)<Vu(l,x)dxdt
0JQ

=0 on (0, T) x 0Q, (33)

(Bt X)u(t, X)) —div (K(t,x)Vu(t,x))=Kt,x) in  (0,T)xQ,
Z( » X) = up () in  Q,

with
B(t,x) =X (t,x) B1 + (1 — X (8, X)) B, K (t, x) = X (t, X) k Iy + (1 — X (¢, X)) ka Iy,

(AM, Pedregal, Periago, JMPA 2008)

o Je-kvf

_ _ 1 /T |@—k2Vu
(RP;) Minimize over (9,6, u): 7:(0,G, u) = 5// Ky
0JQ

+ ko axdt
0 (ki — ka)? (1-0) (ke — k)2
Ge 2 (0,7 x RN, ue H ((0,T) x %R),
(681 + (1 = 0)Bp)u) —divG =0 dans H=1((0, T) x Q),
ulpg =0 p.p.telo,T], u(0) =uy dansQ,

6 €L ((0,T) x 2[0,1]), [q6(t,x)dx=L|Q| pp.te (0, T).
is a relaxation of (P;) in the following sense :
(i) (RPy) is well-posed,

(i) the infimum of (VP;) equals the minimum of (RP;), and

(iii) the Young measure associated with (RP;) (et donc la micro-structure optimale de (VP;)) is
expressed in term of an explicit first order laminate.
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Numerical experiments for the heat equation in 2-D

Q=(0,1)% O(x) = (sin(wxq)sin(mxp),0) T=05 L=1/2. (34)

Figure: Resolution of (RP;) - Figure: Resolution of (RP;) -
(81, B2) = (10,10.2), (ki, k) = (0.1,0.102) - (81, B2) = (10, 20), (k1 ko) = (0.1, 1) - Iso-values
Iso-values of 6 - J(9, G, u) ~ 0.1126. of 6 -J(6, G, u) ~ 0.1806.
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Asymptotic in time (T — oo) of the optimal density for the heat

[Allaire, AM, Periago 09], [Trelat Zuazua 14], [Porreta Zuazua 14]

1 T
Minimize over :  J; (X) = ?// K (t, x) Vu(t, x) - Vu (t, x) dxt
0JQ

Figure: f=1-isovalues of 6 for T = 0.5, T =1.5T =1, T =2, T = 4 and the limit case T = oo.

Relaxation commutes with limit T — oo
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Optimal design and exact controllability for the wave equation

[AM 06,07,08] [Asch-Lebeau 99], [Chambolle-Santosa 03], [Periago 09],
[Privat-Trelat-Zuazua 13, 14]

@ LetQC RN, N=1,2, (0 u") € HI(Q) x L3(Q),L € (0,1), T>03

(P:.t) : ;I\Di ”V‘*’”iz(wX(O,T)) (35)
where v,, is an exact control, supported on w x (0, T) for
Uy — AU = vV, X in (0,7) x Q,
u=20 on (0, T) x 09, (36)
u(0,-) =% u(0,) = u' in Q
and subject to
The system (45) may be observed from w x (0, T), (37)
HXwHU(Q) < LHXQHU(Q)

3AM, Optimal design of the support of the control for the 2-D wave equation, C.R.Acad Sci., Paris Serie | (2006)
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Well-Posed Relaxation of (P*)

. - 1 TR
(RP%) : ol 5/Qs(x)/0 V3(x, t)atdx (38)

where vs (function of the density s) is such that sv;s if the HUM control associated to the unique solution of

yit — Dy = s(x)vs in (0,7) xQ,

y=0 on (0, T) x 89, 39)
y(0,) =y y(0,) =y inQ,

0<s(x) <1, [os(x)dx=1L|Q| in Q.

—> The set {X,, € L°°(Q, {0, 1})} is replaced by it convex envelop {s € L°°(Q, [0, 1])} for the weak-*
topology.

(Periago 09)

Problem (RP*) is a full relaxation of (P* ) in the sense that

= THE PROOF REQUIRES A UNIFORM OBSERVABILITY CONSTANT WITH RESPECT TO w.

Optimal design problem



Well-Posed Relaxation of (P*)

. - 1 TR
(RP%) : ol 5/Qs(x)/0 V3(x, t)atdx (38)

where vs (function of the density s) is such that sv;s if the HUM control associated to the unique solution of

yit — Dy = s(x)vs in (0,7) xQ,

y=0 on (0, T) x 89, 39)
y(0,) =y y(0,) =y inQ,

0<s(x) <1, [os(x)dx=1L|Q| in Q.

—> The set {X,, € L°°(Q, {0, 1})} is replaced by it convex envelop {s € L°°(Q, [0, 1])} for the weak-*
topology.

(Periago 09)

Problem (RP*) is a full relaxation of (P* ) in the sense that

@ there are optimal solutions for (F('Pi );

= THE PROOF REQUIRES A UNIFORM OBSERVABILITY CONSTANT WITH RESPECT TO w.
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Well-Posed Relaxation of (P*)

. - 1 TR
(RP%) : ol 5/Qs(x)/0 V3(x, t)atdx (38)

where vs (function of the density s) is such that sv;s if the HUM control associated to the unique solution of

yit — Dy = s(x)vs in (0,7) xQ,

y=0 on (0, T) x 89, 39)
y(0,) =y y(0,) =y inQ,

0<s(x) <1, [os(x)dx=1L|Q| in Q.

—> The set {X,, € L°°(Q, {0, 1})} is replaced by it convex envelop {s € L°°(Q, [0, 1])} for the weak-*
topology.

(Periago 09)

Problem (RP*) is a full relaxation of (P* ) in the sense that
@ there are optimal solutions for (F{Pi );

@ the infimum of (P ) equals the minimum of (RP* );

= THE PROOF REQUIRES A UNIFORM OBSERVABILITY CONSTANT WITH RESPECT TO w.

Optimal design problem



Optimal shape and position of the control for the wave equation

_ _ 1 T
CPy): min Ja(s) avec J s:—/sx/ v2t,xdth+A/sxdx 40
(CPw)s o min  IA(S) A =5 [0 [T [ sx) (40)
ol vg (fonction de la densité s) est telle que svs est le contréle de norme L2-minimale associée a

Yit — Ay = s(X)vs, 0,7) x Q,
y=0, (0, T) x 89, (41)

00, ), %10, )) = (¥°, "), @

The derivative of Jy, with respect to s is given by the following expression :

%S(S) '52/9(’%/07 v(x, t)dt+A>§dx )

where vs is the HUM control (of minimal iz -norm) with support on s which drives to the rest at time t = T the
solution u of the wave eq.

= THE DERIVATIVE IS INDEPENDENT OF ANY ADJOINT PROBLEM !
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Some numerical results for (RP*)

LetQ = (0,1)2, and (1°, u') = (e—800x1 —0-3°—800 0.3 0y ang 1 — 1/10

- C el S P

wos| @ s o) a‘ «;
i e i{ N
: SRV I I §

1 X : x1

Iso-value of the optimal density son Qfor T =05, T =1,T =3

— {x€Q,0<s(x) <1} =0,(P*) = (RP*) AND IS WELL-POSED.

Optimal design problem



Resolution of (RP,)) in 1-D: y0(x) = e~ 100(x~0.3)"

2
LetQ = (0, 1), and (y°, y') = (e~ 80X —=0-3) 0yand L = 1/10

I

Figure: Limit density function s"™ for T = 0.5 (top left), T = 1.5 (top right), T = 2.5 (bottom left) and T = 3
(bottom right) initialized with s° = L = 0.150n Q = (0, 1)

T AND |w| MAY BE ARBITRARILY SMALL !!!
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Time dependent case (formal)

(&0, u'y = (e~ 800 —0.8)2—-80(x—0.3)7 0)

/ s(x, ) dx = L], Vit € (0, T) (43)
Q

Figure: Optimal time dependent density along (0, 1) x (0, T)

= CONJECTURE : THE OPTIMAL DISTRIBUTION FOLLOWS THE CHARACTERISTICS GENERATED BY THE INITIAL
DATA.

A d Min Optimal design problem



Time dependent case (rigorous)

OT = (071) X (07 T)’ qr C QT! V.= H(;(O’1) X L2(071)

{ Vit — Yaox = V1gy, (x,t) € Qr
y =0, (x,t) € 92 x (0, T)
(y("o)v}/!('vo)) = (YO7y1) ev, X € (0’1)

(Cindea, Castro, Munch 14)

Let T > 0. Assume that

gr € (0,1) x (0, T) is a finite union of
" connected open sets and satisfies the
geometric optic condition . Then, the
tir 7 null controllability holds.

Dependent domains g included in Q.
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Time dependent case (rigourously)

Figure: Dependent domains gr included in Q7.
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Optimal design and exact controllability for the heat equation

LetQ C R, u € [2(Q),L € (0,1), T>0
(P:J) : /I\Dj, HVUJH%Z(UJX(O’T)) (44)

where v,, is an exact control, supported on w x (0, T) for

ur — div(a(x)ux) = v, Xo in (0,T) x Q,
u=0 on (0, T) x 99, (45)
u(0,-) = u in Q

and subject to || X [|1(q) < Ll Xall1(q)

Optimal design problem



Optimal design and exact controllability for the heat equation

LetQ C R, u® € [2(Q),L € (0,1), T >0
(P:J) : /I\Dj, valle(wX(oﬂr)) (44)

where v,, is an exact control, supported on w x (0, T) for

ur — div(a(x)ux) = Vi X in (0,7) x Q,
u=0 on (0, T) x 99, (45)
u(0,-) = u in Q

and subject to || X [|1(q) < Ll Xall1(q)

— THE RELAXATION IS PERFORMED IN [AM-PERIAGO JDE 11] 4 BASED ON UNIFORM
OBSERVABILITY INEQUALITY W.R.T. w;

= ONGE AGAIN, X,, IS SIMPLY REPLACED BY A DENSITY
se S ={seL>([0,1])}

4Optimal distribution of the internal null control for the one-dimensional heat equation; J. Diff. Equations.
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lllustrations for the heat case

Figure: ax):=1/10- 7 = 1/2 - optimal density 60);,, and associated characteristic function X 3, for
p w

W0(x) = 1 (Top Left), u0(x) = e~ 300x=0-57 | ,0(x) — g=300x—0.8% ang 0 (x) = A}, /5 ().

= RELAXATION PHENOMENON FOR THE HEAT CASE !
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Minimization of the observ ability constant w.r.t. the control support w

[ECIBT

@ (46)
wea, U= Lml(bTELZ T JT 92 (x dxdt

C(w)

where ¢ solves the homogeneous backward heat equation with final data ¢ 7.

Figure: |w| =1/5-T =1-a(x) := 0.1 - Optimal density and a penallized characteristic function.

We get C(wapt) &2 1.179 < C(|1/2 — L/2,1/2 + L/2[) ~ 2.301

= UP TO THE BOUNDARY, THE OPTIMAL CONTROL IS UNIFORMLY DISTRIBUTED OVER THE SPATIAL DOMAIN !
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Bang-bang problem for the heat equation

[Munch-Periago, System and Control letters 2013]

{y, —div(a(x)Vy)+ Ay =vi,, (x,t)eQr )

y(o,t) =0, (o,t)€X, y(x,0) = yo(x), x€Q.

p Minimize Jo (V) = [|V|| o0 (g7)
( subjectto vV € Ca(Yo, T)
where Ca(yo, T) = {v € L*°(qr) : y solves (47) and satisfies || y(T)||2(q) < o}

1
. 0.8
. 0.6
. 0.4
. 0.2
. 0
. -0.2
. -0.4
. -0.6
. -0.8
0

Figure: Yo(x) = sin(2mx) - A(x) := 1/10 - w = (0.2, 0.8) - Iso-values of the control function v € Q7.
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Optimal design approach for the bang-bang problem : the heat case

= Setv =[ Yo + (-\)(1 — Xo)|1w

—> Reformulate (P, ) as follows :

(7) Minimize A2
“’| Subjectto (A, Xo) € D(yo, T)

D(yo, T) = {(A\, Xo) € R"xL>(Qr,{0,1}) y = y(\, Xo) solves (48) and [|y(T)| 2(q) < o}

with
¥e — (a(X)yx)x = [AXo + (=A)(1 — Xo)1w, (x, 1) € Qr
y(x,t) =0, (x,t) €{0,1} x (0, T) (48)
y(x,0) = yo(x), x € (0,1).

— Relaxation of the (time dependent) optimal design problem (T, ) and "capture" of
the oscillation near T via time-dependent density 5.

5 F. Periago, AM,Numerical approximation of bang-bang controls for the heat equation: an optimal design
approach SCL, 2013
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Bang-bang for the heat eq: Neumann boundary control

Minimize in (A, 8): Ja (M 10) = % ()\2 + é ||y(T)||f2(Q))

subject to
(RNB.,) yi—Ay+ay=0 in  Qr
Oy (o,t) = A28 (0, t) — 1] 1%, on Xr
y(0) =y in Q
(A, 8) € RT x L™ (¥7;[0,1]).
1t 1 i
0.8t
0.6
0.4t
0.2
0 L
0 011 012 013 014 O.‘5

t

Figure: Neumann case - The optimal density s for t € [0,.T] - a =106.
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THE END

... AND MANY OTHER PROBLEMS ..... !

THANK YOU FOR YOUR ATTENTION
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