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Objective and outline of the talk

e Objective : In this talk, we discuss the longtime behavior of the
solution u of the system

Up + Uy + Ugyx U, =0 (0, 400) x (0,L),
u(t,0) =u(t,L) =u,(t,L) =0 (0, +o0),
u(0,+) =ug (0,1),
where ug is an initial data with [[uol[;2(g ) small.

e Outline of the talk :

m The Korteweg-De Vries (KdV) equation.
Control of a KdV system.

[

m Controllability vs the decay properties.

m Decay properties of the KdV system for the critical lengths.
[

Conclusion and perspectives.



Part 1 : The Korteweg-De Vries (KdV)

equation.



Korteweg-De Vries (KdV) equation

e The KdV equation
Wi (t, %) + U (1, X) 4 U (£, %) + 1t X (t,x) =0 (1)

is a mathematical model of waves on shallow water surfaces.

e The KdV equation also furnishes a very useful nonlinear
approximation model including a balance between a weak
nonlinearity and weak dispersive effects.

e The KdV equation was first introduced by Boussinesq in 1877
and rediscovered by Korteweg and de Vries in 1895. The history of
the KdV equation started with experiments by Russell in 1834.

e The KdV equations has been investigated extensively : Miura,
Gardner, Kruskal, Lax, Kato, Saut, Teman, Bourgain, Kenig, Tao



Part 2 : Control of a KdV system.



Control of the KdV equation

The control of the KdV equation has been attracted the control
commnunity. Linearized approaches and non-linear methods have
been proposed, see the survey of Rosier & Zhang 09, and Cerpa 14.

In this talk, we first discuss the following control problem

Ut + Uy + Uxxx Fuu, =0 (0, T) x (0,L),
u(,L)=u(-,0)=0 (0,T)
oxu(-,L)=u (0,T)
u(0,:) =ug (0,L1)

where u is the state and U is the control. This control problem was
initially investigated by Rosier in 97.



To this end, Rosier introduced the following set of critical lengths

2 2
e {om[F e}

and obtained the following remarkable results
m If L €N, the linearized control KdV problem is controllable in
small time.
m If L € N, there is a subspace M; of L?(0, L) such that the
linearized control problem is not null-controllable in finite time
using controls in L? for initial data in M.

As a consequence, he showed that the control KdV system is
locally controllable in small time if L ¢ N.



On the linearized KdV system

Fix T > 0 and let u be a solution of the linearized KdV system
{ U + Uy + Uyxxx =0 (0,T) x (0,L), 2)
u(-, L) =u(-,0) =0xu(-,L)=0 (0,T).
In this talk, we are mainly concentrated on solutions in
Xt = C([0, T]; L?(0, L)) N L?((0, T); H*(0, L)).
Multiplying the equation of u with u and integrating by parts yield

d (- 2 2
dtJ;; [w(t, x)|© dx + [uy (t, 0)]7 = 0.
Then
L t L
J u(t, %) dx—i—J (s, 0)2 ds :J (0, x)2 dx,
0 0 0
which implies, in particular,

T L
J luy (t, 0] dt <J (0, x)| dx.
0 0



On the control of the linearized KdV system

By the HUM, the linearized KdV system is null-controllable in time
T with initial datum in 12(0, L) using the controls in L2(0, T) iff the
following observability inequality

T L
J luy (t,0)]? dx > CT,LJ lu(0, x)|? dx (3)
0 0
holds for all solutions u of the linearized system (2).

One can show that for L € N, the observability inequality does not
hold for any T > 0. For example, in the case L = k27 (k = 1),
u(t,x) =1 —cosx is a solution of the linearized KdV equation
satisfying

u(t,0) =u(t,L) =uy(t,0) = u,(t,L) =0.



On the critical lengths

One can show that if the observability inequality does not hold,
then 3 a sequence of solutions (u,,) of the linearized KdV system

s.t.
L

)
nj (1, 0)2 dx<J (0, %) dx = 1.
0 0

One can then prove that 3 a non-zero solution of

U + Uy +Uxx =0 (0, T) x (0,L), (4)
u(-,0) =u(-,L) = 0xu(-,0) = 05u(-,L) =0 (0,T).

via a compactness argument. One can also show that this set of
solutions is of finite dimension and derive the existence of a
non-zero solution of the system

—ipV 4+ Vx + Vxxx =0 (0,L), (5)
v(0) =v(L) =vx(0) = v« (L) =0.

This characterizes all critical lengths (Rosier 97). Set

My = span{u(o, ): u is a solution of (4)}



Control properties for the critical lengths

e dimMp =1 : Coron & Crépeau 04, the control KdV system is
locally controllable in small time.

e dimMy > 2, Cerpa 07, and Cerpa & Crépeau 09, the control
KdV system is locally controllable in finite time.

e dimM > 2, Jean-Michel Coron & Armand Koenig & H.M. Ng.
20, for a class of critical lengths, the KdV system is NOT locally
controllable in small time (3k,1:k —1 ¢ 3N). This is surprising
when compared with internal controls : for any L > 0, the KdV
system is locally controllable in small time when the control is
located in any open subset of (0, L) ; this result is due to Menzala
& Vasconcellos & Zuazua 02, Pazoto 05.

* The starting point of the analysis is the power expansion method introduced
by Jean-Michel Coron and Emmanuelle Crépeau :

u:£u1+£2u2+....

The idea is to obtain further information using the nonlinear term.



Part 3 : Controllability vs the decay
properties.



Controllability vs the decay property

Recall that the linearized control KdV system is controllable iff

T L
j |ux(t.0)|2dx>cT,LJ (0, %) dx
0 0

holds for all solutions u of the linearized KdV system

{ U + Uy + Uxxx =0 (0,T) x (0,L),
u(-,0) =u(-,L) =0,u(-,L) =0 (0, T).

Concerning u, one also has

L T L

J (T, %) dx +J lux (s, 0)? ds = J fu(0, x)? dx.
0 0 0

Thus if the linearized control KdV system is controllable then u

decays exponentially, and hence a similar fact holds for the

(nonlinear) KdV system locally around 0. This interesting

connection was observed by Menzala & Vasconcellos & Zuazua 02.



Part 4 : Decay properties of the KdV system
for the critical lengths.



Decay property of the KdV systems for the critical lengths

Motivated by this connection, we next deal with the long time
behavior of the solutions of the KdV system, for critical lengths,
ut+ux +uXXX+uux :0 (0,+OO) X (O,L),
u(t,0) =u(t,L) =ux(t,L) =0 (0, +o0),
LL(O,) :uo (O,L),

where ug € 12(0, L) is the initial data assumed to be small.
This is the main topic of the talk.

This problem is open for a while. Previous works :

e Chu & Coron & Shang 15 : dimM; = 1.

e Tang & Chu & Shang & Coron 18 : k=1=2.

The analysis is based on establishing the existence and smoothness
of a center manifold associated with the (non-linear) KdV system.
e The smallness of initial datum is necessary, Doronin & Natali 14.



New results and approach

We first introduce some notations/conventions. Let L € N. There
exists exactly np € N, pairs (kim, lm) € Ny x Ny, (1 <m < ny)
such that ki, > 1y, and

2 2
L_2n\/km+kn§lm+lm. (6)

For1 <m < ng, set

(2km + lm)(km — L) (2l 4 k)
3V3(K2, + ki lm +12,)3/2

Pm =Pkm,lm) = (7)



For 1 <m < ng, set

2711(2km +1m) 2mi 27
Mm="—"%57— N2m = N1m + 7kmv N3,m =N2,m + 71111
3L L
Then, the following useful properties hold :

enl,mL — en2,ml— — enS,mL (8)

and M1 m,MN2,m,N3,m are the three solutions of

22 +z—ipm =0. (9)
Define
Z —1(Mj+1,m —nj,m)eMV+2m* [0, L],
{ m(t,x) = e Py, (x) R x [0, 1],

One can check that ¥, is a solution of the linearized KdV
equation satisfying

m(t: 0) = Wm(t: I—) = \ym,x(tv L) =0= Wm,x(ty 0)-

Then, the unreachable space for the linearized KdV system,

My = span{{%(xl)m(x)); I<m<n U {I(Wm(x));1<m< TIL}}-



For 1 <m < np with ki # L, let 0jm (1 <j < 3) be the
solutions of

0> —3(k2, + kmlm +12)0+2(2km + L) (2l + ki) (k. — L) =0,
and set, with the convention 0j3 m = 0j;m forj > 1,
3

sm =5(km,lm) =) _ 0jm(0j42m — 0js1m)
=1

47i(km—lm) ; ;
% (emv+me27uojm +672ﬁ10—j'm>. (10)

Here are the new results



Theorem (H.M.Ng. 20)

Let L € N. Assume that either dmM; =1 or

(km Zlm  and s, #0) Vi<m<ng. (11)

Then 3eg = go(L) > 0 s.t. Yug (real) with |[ugl12(o,1) < €0, the
unique solution w of the KdV system satisfies

Jim Jlu(t, llz(o,0) =0.

More precisely, 3C = C(L) > 0 s.t., for t > C/||u0||%2(0 0 sl
[wollr2(0,L) < €0, it holds

1
[ult, 20,0y < §||u(0, 20,1
Consequently, for some ¢ = c(L) > 0,

ult, )20,y < ¢/tY? fort > 0. (12)



Comments

e We conclude that [Ju(t, -)|(2(0) < c/t}/2 for t > 0 not the fact
that

ult, )20y < clwl0, )li2g0.)/t? for t =0, (13)
which is not true.
e When k, # 1, for all 1 < m < n, the condition s, # 0 for all
1 <m < np is almost equwalent to the fact that the second order

approximation of solutions with initial conditions in My decays.
(the first oder approximation conserves the L?-norm).

e The condition kuy # Ly, for all 1 < m < ny means that dim M
is even.



Condition (11) can be checked numerically easily. We have

Corollary (H.M.Ng 20)

Let L € N. Assume that either dimM; =1 or 1 < ki, Lin < 1000
for some 1 < m < np. Then the decay properties hold if ki, # lin
foralll < m<np.

One can show that s;;, # 0 for a class of infinite elements of

The optimality of the decay rate 1/t1/2 is open; however, we can
prove that

Proposition (H.M.Ng 20)
Let L eN. Then 3¢ > 0 s.t. Ve >0, Jug € L?(0,L) s.t.

lwollr2(0,L) < € and [[u(t,-)||r2(0,L) = cIn(t +2)/t for some t > 0,

where u is the solution of the KdV system corresponding to uy.



|deas of the proof - Slide 1

The analysis is inspired from the power expansion method.

The key of the analysis is to (observe and) establish the following
fact : Let L € N. Under the stated conditions (either dimM; =1
or ((km #1lm and s Z0)V1I<m < nL) ), there exist two
constants Top > 0 and C > 0 depending only on L such that for

T > To, one has, for all up with [[ugl/;2(g 1) sufficiently small, the
corresponding solution u of the (nonlinear) KdV system satisfies

2
(T, Mez0.) < ollizo,cy (T = CliolFzq,) ) for T=>To. (14)
Note that, for non-critical lengths, one can prove that, for any T > 0,

(T, llzon) < Tuollizon) (1= Cr.t fuolltzioy) )- (15)



|deas of the proof - Slide 2

To get an idea of how to prove (14), let consider the case
up € My \ {0} with [lug|lr2(0,) small, which is somehow the worst
case. Let u; be the unique solution of

1All,t + ﬁl,x + 1Ail,xxx =0 (0, +OO) X (0, L)v
(-, 0) =w (-, L) =uy(- L) =0 (0, +o0), (16)
u1(0,-) =up/e (0,0),

with e = [[uoll2(o,L) > 0, and let 1, be the unique solution of

i12,’( + 1’]—2,x + 112,)00( + 1,]—l,xﬁ—l =0 (0,+00) x (0,L),
up(-,0) =up(-, L) =tp«(-,L) =0 (0, +o0), (17)
12(0,:) =0 (0,L).

Then, with u, = el + €21y,

3~ ~ 4~ ~
Ue,t +Ugx T Ug xxx T UegUe x = € (u—luZ)x + & UpuUp . (18)



|deas of the proof - Slide 3

By considering the system of eii; + €21y —u, we can prove that,
for T > 0 (arbitrary),

[(ety + €2t —w)x (-, 0)[L2(0,0) < Cr€>, (19)

for some ¢ > 0 depending only on T and L, provided that ¢ is
sufficiently small. Since 1 (t, -) € My for all t > 0, one has

Ui x(t,0) =0 for t > 0.
Thus, if one can show that, for some 19 > 0 and for some cg > 0
2% (-, 0)l[12(0,%0) = co (20)
then from (19) one has, for ¢ small enough,
lux(, 0l 2(0,29) = coe.

This implies (14) with Ty = 1 since

L

L T
J (T, %)% dx + J' lux (s, 0)> ds = J lu(0, x)|? dx.
0 0 0



|deas of the proof - Slide 4

Recall that
Up,¢ + Upx + Uz xxx +UrxU1 =0 (0,+00) x (0, L),
uz(+,0) =uz( L) =uzx(-,L) =0 (0, +00),
u2(0,-)=0 (0,L).
To establish (20), we construct a special solution W of
{ Wi + Wy + Wixx + 51 =0 (0, 4+00) x (0, L), (21)
W(-,0) =W(-, L) =Wx(,L) =0 (0, +o0),

via a separation-of-variable process (some details are given later!).
To this end, we recall that

M = span{ {R(Wm(x); 1< m < n Ju{IWmx)i 1< m<ni}}.
where
Ym(x) = Z?:l(nj+l,m —mnj,m)emi=2m* [0, 1],
{ Wi (t,x) = e Pmag (x) R x [0, L],



|deas of the proof - Slide 5

Moreover, we can prove for such a solution W that
W is bounded by |[t1(0, )||;2(0,L) up to a positive constant,

and Wx(+,0) is a non-trivial quasi-periodic function. (22)

It is in the proof of the existence of W and the second fact of (22)
that the stated conditions are required. Thus, for large T,

[Wx(-,0)||12(r,27) = C by the theory of quasi-periodic functions!!

Note that, for all 5 > 0, 3Ts > 0 s.t. it holds, for T > Ts,

lyx (- 0)l[t2(r20) < 8llYollizo1), (23)

for all solution y of the linearized KdV system (which in particular
can be applied to Uy — W). This yields that 3,W is a good approximation
for 9,1, for time sufficiently large (we do not say that W is a good

approximation for u, for time sufficiently large!).

Combining (22) and (23), we can derive (20).



On the construction of W

By the definition of M, there exists (xm)5-; C C such that

1 s
Juo =% {mzl Xm W (0, x)} . (24)

The function 11y defined by (16) is then given by

=N { i ocm‘{’m(t,x)} =N { i ocmeip“‘ttl)m(x)} )
m=1 m=1

Since Mf(t, x)Rf(t,x) = & ((F(t,x)2)x + (F(£,x)2), +2(If(t, )P ), one has

le x(t,x u1 t, %) Z Z (melocmz Hpmy+Pm,) t¢m1( )ll)mz (X))

m1 1m2 1

nr
8 Z Z (Oleo(,mZ P1n1+Pm2 ll‘nh[:Xhl)m,)[x‘])
X

m1= lmz 1

t3 2y Y (etmy S PP, ()i, (1))

mp= ].TTLQ 1




We search W of the form

nc
W_f ( —1(Pm,+Pm,)t )
s 2 Z Oty O, € Prmima (X))

mp= 1111.2 1

ncr
L5 5 (e mimeen )
X

Tﬂ.l lmz 1

+ — Z Z (ocmlocmz UPpmg—Pm,) Cbml,mg(x)) .
x

m1 1m2 1

Here
— Py + Prma) Porsims (X) F @y (%) 4+ @y (%)
+ (o) ) =0in (0,1),

@i mz (0) = @y my (L) = @1, m, (1) =0,

— 1Py = Prma) D (%) + Doy s (%) + Dy s (%)
(0 Bns) 6) =01 (0,1,

cbml,mz(o) - ¢)m1,m2(l—) - Cb":-n_l,mz(L) = 0



One can solve Y, m, and @m, m, explicitly in principle by noting

Lemma

Let LeN and 1 < mq, my <. We have, in [0, L],

3 3
/
(ﬂ)mﬂpmz) (X) = Z(nj+1,m1 —ﬂj,ml)(ﬂk+1,m2 —ﬂk,mg)
j=1 k=1
Mj+2,my +T1k+2,m2)€(“”2"“1 +nk+2,m2)X,
and

p 3 3
(ﬂr)mlll’mz) (x) = Z Z(nj+1,m1 _nj,ml)(ﬁk+1,m2 _ﬁk,mg)

(Nj42,my + Tiks2,m, ) eM2m Flezmy )X,



More facts on @ m

= 1UPmy +Pma) @myimy (X) + Omyomy (%) + @mymy ™ (%)
+ (s, ) ) =0in (0,1),

Pmq,moy (0) = (pml,mz(l—) = (p':nl,mz(L) =0.

Definition
For z € C, let A\; = A;(z) (1 <j < 3) be the roots of the equation

+A—1z=0,
MHA—iz=0 25
and set
1 1 1
Q(Z) — e)\lL e7\2L e?\3L i (26)
)\167\11_ )\26)\21' 7\367\31'
Recall that
22k + L) L 2y 2
MNim = 3I_ y M2m = M1m L mr N3,m =N2m L m-



Lemma

LetLe N and 1 <m < np with kg # L. Let A\j = Aj(2pm) and
Q= Q(2ipm). Set

3
_ -y ¥ (Mj+1,m —Nj,m) (Mk+1,m — M,m)

o 3Nj+2,mNk+2,m

3 3
Z Z (e = st = e

N, m(X
o 3M542,mMNk+2,m
X e(n]+2m+nk+2m [0 L]
Then
(Pm,m( ) = Xm, m(x) + Z (l] ) (27)

(28)



Lemma

Assume that ki, # L. We have

Dimm #0

and
Xom,m(0) =0.

The proof is simple and based on the information :

2mi(2ky + 1 2mi 27
Nim = *%, N2;m =M1im + Tkm: N3m =MN2m + Tlm-

In particular, we have

enml — onzml — om3ml [

Proposition

LetTL e N and1<m < ny with ki # U, If s;n # 0 then

@ m,m(0) # 0.



Recall that

L 2ﬂ\/k%1+kmlm+l12n
s .

(2km + lm)(km - lm)(2]~m + km)
3V3(K2, + kmlm +12,)3/2

3
sm = $(km, lm) == Z 05, m(0j+2,m — Oj+1,m)

j=1
47mi(km—1lm) . .
(ewemuoj’m + 6727t10j,m) )

where, for ki # lm, 0jm (1 <j < 3) are the solutions of

0> —3(k2, + kmlm +12)0+2(2km + L) (2ln + ki) (km — L) = 0.



A result related to quasi-periodic functions

Lemma

LetteN,, a; €C, q; >0 for1 <j<{ and M;, 5,,N;j, 5, € C with
1 <j1,j2 < L. Assume that
qJ1 # q]z for 1 ]1 7é J2
Mj'j 750 fOrlg] é@
Set, fort € R,
¢ ¢
t) = Z Z (allalz i1
j1=1j2=1
+ 85,85, M, 5, + 205,05, N5, 5, )

Given 0 < y; < Y2, 3yo > 0 and 1o > 0 independent of a; s.t. if
Y1 < 25:1 |aj‘2 < Y2, then

llglli2(c2c) = Yo for all T > 7o

Proof : The proof involves the theory of quasiperiodic functions.



As a consequence, we obtain

Corollary

Assume that ki # lin and sm #0 for 1 <m < np. We have
[Wx (-, 0) |l 2(c,20) = C for all T > .

Note that
dj, 7é dj, < Pmy 7é Pm, - automatic

M;; # 0 < sm # 0: assumption



Part 5 : Conclusion and perspectives.



Conclusion and perspectives.

e We derive a condition for which the decay of the order 1/t1/2
holds. We also show that the decay cannot be faster than

In(2 + t)/t, so not faster than 1/t then.

e This condition can be checked numerically, and is based on the
second approximation and the information of the second
approximation is obtained approximately for sufficiently large time.
e Part of the analysis involves the theory of quasi-periodic
functions.

e The approach presented is quite robust and can be applied to
other problems.

Thank you for your attention !



