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@ Derives at 66% from agricultural activities.

_ Motivations
The example of the nitrates pollution

@ Nitrates concentration in the fertilizer > part of nitrates consumed by the plant.

@ Nitrates Directive (91/676/CEE) : regulation drinking water : nitrates < 50mg/L.

FIGURE — vulnerable zones in 2017
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Description of the model

Optimal control problem constrained by a PDE’s system.
Four variables...

@ fertilizer load p;(x, t) spread over time by player i on the ground surface
@ concentration c(x, t) of the pollutant in the underground

@ Darcy velocity of the solution in the underground v(x, t).

.. strongly coupled

@ because of conservation principles
@ because of the coupling between the constraints and the optimization process

Q c RN, N > 1, bounded domain
Areas of the players : Q1 C Qand Q, C Q
QN = 0.
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Description of the model
Hydrogeological modelling

The mass conservation is modeled by :

Ryoic + v - Ve —div(yS(v)Ve) = —r(c) + xa,P1 + Xa,P2 — g¢
div(v) =g

v=—kVe¢

+Cl + CB

(1

- porosity ¢»; - mobility of the fluid <; - hydraulic head ¢ ;
- source term describing groundwater recharge or discharge g;

- nonlinear term modelling the chemical reactions r(c) with classical reaction models for ¢ € [0, 1] :
- Freundlich type : r(c) = kyc™, (ky, m) € Ri,

) . ko 2
- Langmuir type : r(c) = 1+2W (k2, k3) € R.
Assume that r is a continuous function s.t for some ry € Ry @ |[r(x)x| < ry \xl2 ,Vx € Ry
- dispersion tensor S(v) = Spld + Sp(v) defined by Sp(v) = |v| (ape(v) + ar(ld — €(v))), with
A%
W)ij = 15 and S(V)€ - € > (Sm+ ar |v]) [, ve € RN,

o
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Description of the model
Hydrogeological modelling

The mass conservation is modeled by :

Ryoic + v - Ve — div(yS(v)Ve) = —r(c) + xa, Pt + Xa,P2 — g¢
) di\iv) =g

v=—rkVo

+Cl + CB

- porosity i); - mobility of the fluid ~; - hydraulic head ¢ ;

- source term describing groundwater recharge or discharge g;

- nonlinear term modelling the chemical reactions r(c) with classical reaction models for ¢ € [0, 1] :
- Freundlich type : r(c) = kyc™, (ky, m) € B2,
- Langmuir type : r(c) = % (ko, k3) € R2..
Assume that r is a continuous function s.t for some ry. € Ry : |r(x)x| < rq \x|2 ,Vx € Ry

- dispersion tensor S(v) = Spld + Sp(v) defined by Sp(v) = |v| (ape(v) + ar(ld — €(v))), with
viv;
W)ij = 15 and S(V)E - € > (Sm+ ar |v]) [, ve € BN,

Lemma 1 E. Augeraud, C. Choquet, E. C., M. Diédhiou

Let (py, p2) given in L2(Q4 x (O, T)) x L?(Q, x (0, T)). Under reasonable assumptions on the data, there exists
a unique solution (c, ¢) of (1) associated to (py, p2) in the sense of weak formulation definition of (1).
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Description of the model
conomic Modelling

Objective player 1 :

— T . —pt
ey P2 0) = [ ( A (ﬁ(x,m(x, )xa, () — Di(x, C(Mﬁhﬁz))) dx)e ot
—ve T [ Dy(x,elx, Tipr. p2)) o
Q

Objective player 2 :

— T . —pt
da(pr. p2: ©) = [ ( A (fz(x,pz(x, 1)xa2, (x) — Da(x. C(Mﬂnpz))) dx)e ot

—ve™?T [ Dol o(x. Tipy. po)) o

@ benefits of player i : f;, depending on the fertilizer load : inscreasing, strictly concave, on R inf-continuous

@ decontamination cost D;, depending on the concentration : increasing, strictly convexe, hemicontinuous
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Description of the model
conomic Modelling

Objective player 1 :

— T . —pt
ey P2 0) = [ ( A (ﬁ(x,m(x, H)xa, () — Dy (x. ofx, r,m,pz))) dx)e ot

—ve™?T [ Dy(x.o(x. Tipy. p2)) o

Objective player 2 :

Optimal control problem :

— T . —pt
ey 2. ) = | ( A (fz(X,Pz()G )xap (X) — Da(x, c(x, t,m,pz))) dx)e ot

- ue“’T/QDz(x,c(x, Tipr, p2)) dx

Find max Ji(py, p2,c) where pp € E; et max Jo(pq, p2, ) where p; € Eq
P1EE; P2€Ep

subject to the state equation (1) for c and v.

E; C {g€ (20, T;13(Q)),0 < g < p, ae.inQ x (0, T)}
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Main result
Existence of a NE

Definition 1: Players reaction functions
Fora.e. (x, t) € Qr, the reaction functions p; (t, x; p_;), i = 1, 2, are defined by

P (%, ; p2) = argmaxg, cg, J1(q1ip2) VP2 € Ep (5.1)
P3 (%, t: py) = argmaxg, c g, J2(qi p1)  Vpy € Ey (52

Lemma 2 [E. Augeraud, C. Choquet, E.C., M. M. Diédhiou]
Foragiven p; € E;,i = 1, 2, there exists a unique pair of functions (p™* ;, ¢* (x, t; p* ;(x, t; p;), p;)) such that
pZix, tip) = argmaxq_ e, J—i(q—i, pj) and (c(x, t; p= (X, t; p;), i), ¢) is the weak solution of (1)

associated with the load (p™* ;, p;)-

Definition 2: Nash equilibrium (NE)
The quadruplet (p?, p3, c”, ¢) is a Nash equilibrium iff :

J1(p}ipb,) > i (priph,) Vpy € E,

b, b b
Jo(poipys) = Ja(P2ipy;) VP2 € Bz,

where c® = ¢ (-; p}, p}) is the solution given by Lemma 1 of the problem (1).
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Main result
Existence of a NE

Theorem 1: Existence of a Nash Equilibrium [E. Augeraud, C. Choquet, E. C., M. M. Diédhiou]
There exists a Nash equilibrium in the sense of Definition 2.

Proof :

Let pi’ = argmaxg, e g, J1 (91, p2) and p3 = argmaxg, c £, Jo(go, pq) uniquely defined by Lemma 2.
Setcf (x, 1) = o1 (x, 1y, p2) and 63 (x, ) = ca(x, t: p1, P ).

The aim is to prove that

C:(p1,p2) € Ey x B2 = (py,p2) € By x B2
admits a fixed point.
Setp 1 : C is continuous for the weak topology of L2(Q7—)
Setp 2 : C is a compact application in L?(Q7) x L?(Q7)

Setp 3 : Schauder fixed point theorem
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Main result
Existence of a NE

etp 1: C is continuous for the weak topology of LZ(QT)
Consider (pf, p3)n>0 € Ey X Ep such that

P} — py and p§ — p, weaKly in L*(Q7)

5

associated with (p3", p2°") := Cc(p, P "(x,t) = c(x, t; p", Pl "(x,t) = ¢(x, t; p}, p2°") uniquely
1 2 12 P2 1 2 1

defined by
P = argmaxg, e g, Ji(4i; PL))
Ryoe " — div(pS(V)ve ") + v - Ve = —r(c") + pi*‘"XQI. +P'liXQ,,- —gc" 4+
+IC + BC

We want to prove that p; LN p; weakly in L?(7), where
p;" = argmaxg; ¢ £,Ji(i P—)
is associated to ¢/ = ¢;(-; p;*, p—;) solution in Q7 of
Rydsc] — div(pS(V)Ve) +v - Ve = —r(c) + p,v*XQI. +p_ixa

96+
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Main result
Existence of a NE

Setp 1 : C is continuous for the weak topology of LZ(QT)
Due to the definition of E; and according to Cauchy-Schwarz and Young inequalities, and Gronwall Lemma we get

|

<
Lo0(0,T;L2(Q))NL2(0, T;H (Q)) —

c,i=1,2. (5.7)

*,n
* <
Pi ||L2(Q7—) =

c, i=1,2. (5.8)

|

We deduce the existence of limit functions p? S LZ(QT) and c,o S L2(0, T, H' (22)) and of a subsequence, s.t :

*,n

s«

p;" — p? weakly in L2(Q7), i = 1,2,

¢ = dinl?(Qr)andae.inQr,i=1,2

¢ — o weakly in L2(0, T; H'(R)), i = 1,2,

Thus, we can pass to the limit in the weak formulation of (5.4) (state equation). According to the uniqueness
result in Lemma 1,

() = o(-1p}, p2) and c3(-) = (- 1, P3). (5.9)
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Main result
Existence of a NE

Setp 1 : C is continuous for the weak topology of L2(Q7—)

It remains to prove that plo = p;", by using the limit behavior of the control problem.

Difficulty : no compactness result for pl.* ', appearing in nonlinear f;
Idea : use convexity arguments

We know that Jj(ofi p_j) < Ji(pfip—1)-
~~

def
We prove that

Jp7 i p—i) <di(pip—i) < Jipip—i)
\ , S~
? def

Because of the concavity of f;, and since

p;" — pf weakly in L2(Qr), i =1,2,
¢ — o int?(Qr)andae.inQr,i=1,2,
according to a lower semi-continuity argument : J; (0" o) >limy . oo Ji(p; " p" ).

By definition of the optimum p;", Ji(p;*"; ;) > Ji(q;: p7;) Va; € Ej, thus

*,n. N

(Pl p_ i) Timncscodi(": 0™ 1) > Timnos 0o i ™)
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Main result
Existence of a NE

Setp 1 : C is continuous for the weak topology of L?(7)

JpF b)) <diplip_p) <
N—_— e — hed
? def

Ji(pi" i p—1)

J,-(p?; p_;) upper bound of J;(q;; p_;) and ¢(; g;, P ;) — ¢(+; g;, p—;) in LZ(QT), a.e.in Q7. Therefore :

.
Jim_g(@ip?) = tim_( /0 ([ #tcarax — [ Djx ot xiq. o ) de)e™"" o
i

_ ue—PT/QD,(x,c(T,x; ai, P.)) ax)

)
= [ ([ ttarar = [ Dixiettxiqp i) ox)e™ " ot
o Moy Q

—ve ?T _/Q Di(x, e(T, x; q;, p—;)) dx = Ji(q;, p—;)

Thus Jip?: p—j) = Ji(gi p—;) for any g; € E;.

Forg; = pf.weget Ji(p'ip ;) = Ji(p/ip ;) and Ji(p)ip ) = Jip] . po )
According to Lemma 1,

o =p}

and the sequence pl.*’" — pfin L2(Qr)fori=1,2:
C is continuous for the weak topology of LZ(QT) X LZ(QT).
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Main result
Existence of a NE

Setp 2 : C is a compact application in L?(Q7) x L?(Q7)

We now know that pi* = p?, and p;*" — p;* in L2(Q7) thus

Ji(p i p—i) = Tmn—s o0 i(p;

By definition, J;(pl.*’”;p’ii) > Ji(p;; p7 ;). Thus

.
lim o (6 ) 2 limg o307 = [ [ gl e aat
i

— lim ( r D;(x; c(t, x; pf, P ;))e” P dx at
Moo\ [0 Jo DIV ALXPEP—i

_ ue—PT/QD,(x; oT, % B}, P ) o)

where c(t, x; pl-* ,p" ;) satisfies

Rydc(t, x; p;", p ;) — div(vS(V)Ve(t, x; pf, 7)) + v - Ve(t, x; pf, p7 ;) =
—r(c(t, x; p; PZ,’)) +p xq; + PZ/XQ;

;= gelt,xip, pLy) + vinQr,
+IC + IB
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Main result
Existence of a NE

2: C is a compact application in L2(Q7) x L2(Q7)

There exists a subsequence of ¢(-; p;", o ;) which strongly converges in LZ(QT), a.e. in Q7 and weakly in

L2(0, T; H'(R2)) to the unique solution of :
Ry dic — div(pS(v)Ve) + v - Ve = —r(c) + p,-*xgl, +p_ixa_; —gc+yinQr,
+IC + IB

that is °
c(-pF, p" ;) = c(-ip, p_j)in L°(Q7) and a.e. in Q7.

Thanks to the hemicontinuity of D;,

.
limg o (6 ) 2 limg o587 = [ [ g e aat
i

;
. —pt
—timy oo ([ D1 cltxip P e ot
_ ue_PT/ Di(x; (T, x; p,-*,p’l,-))dx)

Q
= Ji(p}" i P—i)

As Ji(pF i p—j) = Tmns oo di(e]"™ 00 ;) > lim,, o Ji(p; " ;) > Ji(p; p— ), we get
Ji(pf i p—i) = limn— o0 Ji(p] " P ;)
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Main result

Existence of a NE

Setp 2 : C is a compact application in L2(Q7) x L?(Q7)

Moreover, c(-; pl.*’”, p7;) = c(-ipf, p_j)in LZ(QT) and a.e. in Q1 and, according to the hemicontinuity of D;, as

n — oo,

o oixcttxip g7 e axat [ Di(x,oft,xipf  p-)e” " dat,
T T

/D,-(x, c(T,X;pl.’“",p'l,-))e_pTdXH/D,-(x, (T, x:p7 p_i))e™PT a.
Q Q

Thus from J;(p}'; p—;) = limn_ 0o Ji(p}*"; ;) we get :
lim T/ %, P ™o~ ax at = /T/ fi(x, i )e Pt dx at.
n—ooJo Jo; o Jo;
f; being continuous and strictly concave, we get from Visintin 1

P = pfin L3R x (0,T)), i=1,2.

C is a compact application in LZ(QT) X LZ(QT).

INRAZ Eloise Comte
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Main result
Existence of a NE

Setp 3 : Schauder fixed point theorem
There exists (p?,pg) € Ey x E, such that
b b b b
C(p1.p2) = (P71, P2)-
By definition of C, it satisfies

{p? = argmaxg, ck, 1 (q1: P3) then J1 (p}: 3) > Jy(ar: p3) for all gy € Ey,
b

P = argmaxg, c £, J2(G2; P}) then Ja(p3: p}) > Ja(qzi p}) for all gz € Ep.

Thus (p7, p;) is a Nash equilibrium.
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o Main result
Characterization of a NE by the adjoint pb

Aim : to prove the uniqueness of the NE
Difficulty : Nonlinearities both in the objectives functions and in the state equation.
Idea : turn to another formulation of NE using the adjoint problem.

Cost : additional assumptions on the objective functions.
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o Main result
Characterization of a NE by the adjoint pb

Aim : to prove the uniqueness of the NE

Difficulty : Nonlinearities both in the objectives functions and in the state equation.

Idea : turn to another formulation of NE using the adjoint problem.

Cost : additional assumptions on the objective functions.

Lemma : [E. Augeraud, C. Choquet, E. C., M. M. Diédhiou]

Assume that f; : p € [0, p] — fi(x,p)and c € Ry — Dj(x,c),i=1,2,are ¢ functions for almost every x € Q.

Let (p%, p5) be a NE defined by Definition 2. Let c” (t, x) = c(t, x; p, p3).
There exists (11}, u3) € (L2(0, T; H'(2)))? such that for i = 1,2

S 6, 07 (1)) = il (1, X)xg; () n Q7

Ry0u? +v»w, +div(p SV aY) = ()l + Rulwp — S (x, ¢*) inr,
th,u,(T x)_u o (x c (T X)) inQ
+BC
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Main result
Characterization of a NE by the adjoint pb

Definition 3: Adjoint problem
Problem P,q; consists in finding (c”, % , u3) satistying

Rypdyc” + v V> — div(pS(v)Ve”) = —r(c”) — ge® + xa, Fi(xa, CTr5) + Xa, Fa(xa, CTi),
. aD; . .
Rpdiu? — Crv - V! — div(pS(Crv)Vul) + ' (Crc®)ud + Rpp? — S (-,Crc®) =0inQr,i=1,2,

b aD; b .
Fh/)uilt:o:rja—c’(»,c \t:T) i=1,2, +BC

with Cru(t) = u(T — t) fort € [0, T], and %Z(x, Fi(y)) = y.

Proposition 1 : [E. Augeraud, C. Choquet, E. C., M. M. Diédhiou]

There exists a weak solution (c”, ., 1.3) of Problem P,g; belonging to

(o, T; L2()) N L2(0, T; H'(2)) n H'(0, T: H~1(2)))3.

Moreover, if c € R — Dj(x, ¢) is increasing a.e. in Qr, then ;,L? >0ae.inQr,i=1,2

INRAZ Eloise Comte

19/28



Main result
Characterization of a NE by the adjoint pb

Definition 3: Adjoint problem
Problem P, consists in finding (c", u'{, ug) satisfying

Rypdyc” + v V> — div(pS(v)Ve”) = —r(c”) — ge® + xa, Fi(xa, CTr5) + Xa, Fa(xa, CTi),
. aD; . .
Rpdiu? — Crv - V! — div(pS(Crv)Vul) + ' (Crc®)ud + Rpp? — S (-,Crc®) =0inQr,i=1,2,

b aD; b .
Fh/)pilt:o:rja—c’(-,c \t:T) i=1,2, +BC

with Cru(t) = u(T — t) fort € [0, T], and %‘(x, Fi(y)) = y.

Proposition 1 : [E. Augeraud, C. Choquet, E. C., M. M. Diédhiou]

There exists a weak solution (c”, ., 1.3) of Problem P,g; belonging to

(o, T; L2()) N L2(0, T; H'(2)) n H'(0, T: H~1(2)))3.

Moreover, if c € R — Dj(x, ¢) is increasing a.e. in Qr, then ;,L? >0ae.inQr,i=1,2

Theorem 2: Uniqueness of the Nash Equilibrium [E. Augeraud, C. Choquet, E. C., M. M. Diédhiou]
Assume that ;Lfb given in Proposition 1 belongs to L°° (1) fori = 1, 2.

Assume that the functions r’, Fj and 9¢D;, i = 1, 2, are Lipschitz continuous.

Then the solution of Problem P,y; is unique.
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Main result
Uniqueness of NE

Proof :
Let (¢, p1, p2) and (c, y ’ﬁz) two solutions of Problem P,q;. Thus the difference solves
Rydi(c — ¢) + v - V(c—¢) — div(¢S(v)V(c — g)) = —(r(c) — r(¢)) — g(c — ¢)

+ > xo; (FiCru) — Fi(CTp)) inQr,
=2

Rpdr(ui — ;) — CTv - V(i — p) — div(:S(CTV)V (1 — ) + ' (Cre)(pi — p;)
+(r'(Cre) = r'(Cro) p; + Reop(ni — 1) — (3eDi(x, Cre) — BeDj(x, Crc)) = 0inQr,
(i = 1))jt=0 = vOcDj(X, €4=1) — vOcDj(X, ¢|;_7) In Q,

+BC.
Let Tp € (0, T)and = € (0, Ty). [... ...]. Weprovethatc =cand n; = ppi=1,2ae.inQ x (0, Tp), if
R lIvi2 , 1
To < Ty ;= —— min X L 4+14 i r + (1 + Ry, v)(0cD; ;
o< Teim - min{ (5 —5 +rs lilloory + (1 + Rt v)(0D))-)

Ff lpillsorl | (9cD;) lIvii2 -
i+ Hi + cDj)+ o 1
-+ + + + gl oo

( 2 * 2 2 2¢_Spm latl ) }

We can extend this uniqueness result in the small, and reiterate until covering [0, T].
The global uniqueness result of Theorem 2 is proved.
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Numerical simulations

INRAZ Eloise Comte
21/28



Numerical simulations
Algorithm

Let (p1, p2) givenin Ey x Ep and find (p", p3)
Step 1 : to find ¢ and v by solving div(v) =g, v=—rVé,
Step 2 : to find c and v, by solving

Ry e +div(ve) = —r(c) + Xo, p1 + Xa,P2, Ve = —S(V)¥Ve+ov,
Step 3 :to find 111, pup and vy, , v, by solving

Rypdtuq + div(vyy ) = — (r'(T7¢) + Ripp + T70) py + w19cD(x, Trc),

Vg = =SV — p Trv,

Cjt=0 = Co» R0 = vw19cD(-, ¢|¢_71)-

RapOtpp + div(vy,) = — (r'(T7¢) + Ripp + T70) o + wadcD(x, T7C),
Vip = —S(V)V g — ppTrv,
Clt=0 = C0»  AYug|t=g = vw29cD(:, ¢j1=1)-

/ /
Step 4 : to compute p} = (f;) ™ '(u1xq,)s P35 = ()~ (L2xay,)
Step 5 : stop criterion ||(p1 + p2) — (p7 +p3)|| < e

INRAZ Eloise Comte
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Numerical simulations
Data

Benefit function from [Godart et al,, 2002] :  fi(p;) = ;(Ky — Kpe K3 ¥Pi)
Damages function: D;(c) = w;D(c) = w,ﬁczxwe,, where x ¢ is the characteristic function of the well

Reaction function :  r(c) = ~¢2

ay =ap =1(ff =h), B=100, ~ =0.001
Ky =11.7888, K, =8.6x1073, K3 = 5.0465% 10",
wqy = wp = 0.5 (symmetric repartition of the cost),
Sp=0, Sp=0.01, R=1,v=1,

Kk =39.04, ¢ =03, p=0.05,

Q = [0,1] x [0, 1],

p° = 0.005, c® = 0.005,

At=0.01,T =1,

N =88,dx =dy = 1/N,

e=5x10"8, Darcy velocity
Vg = Vg = 0.1,
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Numerical simulations
Data

Non cooperative case : maximizing s (py  p2. (-, Pr Pe)) and maximizing Ja(pe. Py (- Py, P2)) where
(c, p1, pp) satisfies
Rydtc + v - Ve — div(ypS(v)Ve) = —r(c) — gc + X6, Pt + X0, P2,
i ap; . .
Rdpuj — Crv - Vi — div(WS(Crv)V ) + 1 (Cre)ui + Rpuj — 3 (-, Cre’) =0inQr, i=1,2,

aD; .
RV o = v e (2 € j=T) 1=1,2, +BC

Cooperative case : classical optimal control problem, maximizing

Jpr P2y o i1y P2)) = fo (g S8 i, pilt X))xa; (X) = DX, e(t, x: pr, pp)) dx ) e~ .
where (c, p) satisfies

Ry dic+ v - Ve —div(ypS(v)Ve) = —r(c) —gc+ p+ ~vinQr,
R0ty — Crv - Vi — div($S(Crv)Vp) + r' (Cro)u + Rypu — Z2(-, Cre) = 0inQr,
Rippyrg =v32( ¢per) +BC

with p = 57 x5, (f) " (xs; 1)-
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Numerical simulations
Optimal control
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Numerical simulations
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Numerical simulations
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. _ Numerical simulations
Non cooperation with different repartition of the cost
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