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Abstract

Let A be a generator of an analytic semigroup having a Hérmander functional calculus
on X = LP(2,Y), where Y is a UMD lattice. Using methods from Banach space geometry
in connection with functional calculus, we show that for Hormander spectral multipliers de-
caying sufficiently fast at co, there holds a maximal estimate || sup,-q |m(tA)f|||Lra,v) S

(Zk SUpP;>o |mk(tA)fk\2)% <

| fllzr(o,v)- We also show square function estimates <
LP(Q,Y)
1
‘ (Z N fk|2) 2 for suitable families of spectral multipliers my, which are even new
LP(Q,Y)

for the euclidean Laplacian on scalar valued LP(R?). As corollaries, we obtain maximal
estimates for wave propagators and Bochner-Riesz means. Finally, we illustrate the results
by giving several examples of operators A that admit a Hérmander functional calculus on
some LP(£,Y) and discuss examples of lattices Y and non-self-adjoint operators A fitting
our context.
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1 Introduction

Let m be a bounded function on (0, 0o) and u(m) the operator on LP(R%) defined by [m(—A)g]” =
[u(m)g] = m(||€]|>)§(¢). Hormander’s theorem on Fourier multipliers [Hor, Theorem 2.5] as-
serts that u(m) : LP(R?) — LP(R?) is bounded for any p € (1,00) provided that for some
integer « strictly larger than %,

) 1 2R . dk 2

(1.1) HmHHg = k:{)[,llaf,a Is{li% E/R ’t %m(t)) dt < oo.

This theorem has many refinements and generalisations to various similar contexts. Namely,
one can generalise to non-integer « in to get larger (for smaller o) admissible classes
Hy = {m : (0,00) — C bounded and continuous : [m|l3g < oo} of multiplier functions
m (see Subsection . Moreover, it has been a deeply studied question over the last years
to know to what extent one can replace the ordinary Laplacian subjacent to Hoérmander’s
theorem by other operators A acting on some LP(2) space. A theorem of Hérmander type
holds true for many elliptic differential operators A, including sub-Laplacians on Lie groups of
polynomial growth, Schrédinger operators and elliptic operators on Riemannian manifolds, see
[ACMM, [Alex| [ChHal, [Christl [Duong), [DuOS|, IMul, MuSt]. More recently, spectral multipliers
have been studied for operators acting on LP(£2) only for a strict subset of (1, 00) of exponents p
[BLLICDLWY], ICDYLICOLICOSY! [KuUhlI, [KU2LISYY] and for abstract operators acting on Banach
spaces [KrW3]. A spectral multiplier theorem means then that the linear and multiplicative

mapping
(1.2) HS — B(X), m+— m(A),

e.g. extending the ad hoc functional calculus for rational functions m with poles outside [0, c0),
is bounded, where typically X = LP(Q). Following the theory of Fourier multipliers on Bochner
spaces developed by Hytonen [Hyl] [Hy2] and Girardi and Weis [GiWe| (see also more recently
Rozendaal and Veraar [RoVe]), one can also ask if the calculus can be extended to X =
LP(Q,Y) where YV is a UMD lattice. This is answered positively in [DKK] if A generates a
self-adjoint semigroup satisfying (generalised) Gaussian estimates. This extends a large class
of examples hereabove to a vector valued context [DKK| Section 5]. The operator A appearing
in [DKK] is always a cp-semigroup generator on X, a framework that we keep in the present
article. More precisely, we consider O-sectorial operators A that are negative generators of
analytic semigroups on C, thus allowing the machinery of H>(X,) calculus for any angle
w € (0,7). Although most of the examples of such operators are self-adjoint on L?(£2), there
are also non-self-adjoint natural ones in the context of weighted L? space, see Subsection
For an operator A that has a functional calculus on (a subspace of) a UMD lattice Y (€') but
not on LP(Y) for 1 < p # 2 < 00, see the example in Subsection

One of the main results of the present article is to deduce from a calculus in for an
abstract generator A a stronger statement of mazimal bound of the form

(1.3)

sup [m(tA)f] < Ol fllze,y)
>0

LP(Q,Y)

for certain Hérmander spectral multipliers (see Corollaryand Proposition. Early results
of the type (1.3]) in the euclidean case for non-special spectral multipliers m are due to Carbery
[Crb], Dappa and Trebels [DaTi], Seeger [See] and to Rubio de Francia [RAE2]. It is known
already from [CGHS]| in the euclidean case, A the Laplacian operator and Y = C that



cannot hold for all H§ Hérmander multipliers m, even for a large prescribed derivation order
a in . Other assumptions are therefore needed.

In this direction, if 2 = G is a stratified Lie group and A is a left invariant sublaplacian,
Mauceri and Meda proved in [MauMedal, Theorem 2.6] that holds provided that

(1.4) Z [m (2" )ollwer) < o0
nez

where g € C2°(0,00) satisfies o(t) = 1 for ¢ € (1,2), WS(R) stands for the usual Sobolev
space with derivation exponent ¢ > Q(% - +iA<p<g2ore>(Q-1)(5— %) + 1
(2 € p € ), Q denoting the homogeneous dimension of the group. Note that it is well-known
that if the sum over n in (1.4) is replaced by the supremum, then one obtains the natural
generalisation of condition for non-integer ¢ > %

A more recent result guaranteeing for the usual Laplace operator on euclidean space

is that of [CGHS|, Theorem 1.2, Corollary 1.3], where summation ([1.4]) is relaxed to

1
—||m(2™ )0 d < 00
7% 110Nt

(even relaxed to a certain rearrangement m(2") ~» m(2*.) that minimizes the sum). More-
over, in [Choi], Choi extends this result again to the Mauceri-Meda setting of left-invariant
sublaplacians on stratified Lie groups under a slightly more restrictive summation condition
involving a supplementary log(|n| + 2) factor.

Our first main result reads as follows. Henceforth we write in short LP(Y") for the Bochner
space LP(Q,Y).

Theorem 1.1 (see Theorem [3.1] and Corollary [3.3) Let Y = Y () be a UMD lattice,
1< p< oo and (Qu) a o-finite measure space. Let § > % Let A be a 0-sectorial operator
on LP(Y). Assume that A has a HS calculus on LP(Y) for some oo > 5. Let m € W§(R) be a

spectral multiplier with m(0) = 0 and ¢ > o + max (%7 oo ip(y) - Cotypclu,(y)) + 1+ 8 such

that

(1.5) > lIm(2")ollwg r) < o0
nez

for some vy € C(0,00) with o(t) = 1 fort € (1,2). Then for a.e. (v,w) € Q x
t — m(tA)f(z,w) belongs to Cy(Ry) and

(1) Nsup AN o) £ 16> mEA Dy g e S 3 12 Weolbwso i
' nez

Here as in [MauMeda] we observe that we have a continuous injection Ang(RJr) — Co(Ry),
the latter space being naturally equipped with the supremum norm. Moreover, A§72(R+) ={f:
R, - C, foexp€ Wf (R)} is the usual Sobolev space transferred to Ry via the exponential
function, and Hf||A§72(R+) = ||f oexp ||W§(R). The strategy of the proof of Theorem valid

for any semigroup generator with Hormander calculus, is to exploit the abstract approach of
that functional calculus due to the second author and Weis [KrW3]. It allows in the general
context of Theorem |1.1]above to expand the norm in LP(Y(A§12(R+))) via the Littlewood-Paley
decomposition (see Lemma into pieces of compactly supported spectral multipliers. This



explains already the use of AQ’Q (R ) which is a Hilbert space, thus having much nicer geometrical
properties than Cy(R;), and being more appropriate to our Banach space geometrical proof.
A second part is to use for these compactly supported spectral multipliers a representation
formula from Lemma below which in turn allows to transfer the so-called R-boundedness
from the spectral multipliers (1 + 2"A)~7 exp(i2"tA) to the Littlewood-Paley pieces. The
notion of R-boundedness, well-established by now as being of fundamental importance in the
context of functional calculus [KW04] is explained in Subsection and allows to reassemble
the Littlewood-Paley pieces and thus to conclude .

Note that the quantities type L (Y) € (1,2] and cotype L?(Y') € [2,00) in the hypotheses
of Theorem refer to Rademacher (co-)type explained in Subsection and are again of
Banach space geometrical nature suitable for our context. The term o ip(y) - Cotypele(Y) in
Theorem is then due to the use of R-boundedness of H§ spectral multipliers in the proof.
We do not expect that Theorem comes in this form with optimal exponent ¢, however
the square function estimates that we obtain in Theorem [I.3] below with same assumptions
as Theorem [I.1] necessarily imply type and cotype in a form as in Theorem [I.I] Indeed in
Proposition we show that R-bounded H¢ calculus (= square function estimates) of —A ®
Idr oy on L*(R,L"(€)) necessarily implies that a > type[lﬂ"(Q’) - cotypelL"(Q’)' Note that
optimal exponents of Hérmander calculus is a difficult question. Already in the non-maximal
form (I.2), scalar case Y = C and A = —A the euclidean Laplacian on LP(R?), the optimal

parameter « is not known today. Moreover if that optimal parameter had the expected value

«a > max (d )% — i %), this would solve the famous Bochner-Riesz conjecture.

2
In view of applications of Theorem above, note that if m is e.g. continuous on [0, 00),
then forces m(0) to be equal to 0. However, m(0) # 0 should not be the major obstacle
in order to hold a maximal estimate as gives (1.6)). Indeed, it is well-known that if A generates
a sub-markovian semigroup, then |[sup,~qle™**f|llzr() S IIfllzr(@) holds for 1 < p < oo,
whereas m(0) = 1 for m(\) = e~ in this case. See also [Xu2015, Theorem 2] for an exten-
sion of this result to the case X = LP(Q,Y), Y being a UMD lattice, A of the special form
A=Ay ®1Idy and exp(—tAp) being regular contractive. We therefore extend for such regular
contractive semigroups Theorem to spectral multipliers sufficiently smooth on [0,1] and
satisfying only the one-sided summability 7 [|m(2™)@o|lwe®) < oo (see Proposition .
Note that Wrébel [Wro, Theorem 3.1] has obtained a similar result in the scalar case Y = C
with slightly different parameters in W¢'(R) of differentiation ¢ and integration g # 2.
As a corollary, specialising m(\) to the wave spectral multiplier or the Bochner-Riesz spectral
multiplier, we obtain then

Corollary 1.2 (see Corollary Assume thatY is a UMD lattice, 1 < p < oo and (2, i)
a o-finite measure space. Let A = Ag ® Idy be a 0-sectorial operator on LP(Y) and assume
that A has a HS calculus on LP(Y') for some oo > 5. Finally, assume that exp(—tAg) is lattice
positive and contractive on LP(Q). Let

1 1 1
4> =, — 1.
@+ max (2 type LP(Y)  cotype LP(Y)> *

Then the wave operators associated with A satisfy the maximal estimate

sup | (1 +tA) ™ exp(itA) f| < Ol fllzeyy-
t>0 LP(Y)
Moreover, let
> a4 ma 1 1 1 n 1
max | = — -
To 27 type LP(Y)  cotype LP(Y) 2



Then the Bochner-Riesz means associated with A satisfy the maximal estimate

A‘Y
-2 f
(-3),

Our approach of the proof of Theorem [I.1} using R-boundedness and square functions, has
the advantage of flexibility to also include square function estimates in the conclusions. We
thus obtain

sup

< Ollfllze(yy-
>0

Le(Y)

Theorem 1.3 (see Corollaries [3.3] and [3.5) Let Y be a UMD lattice, 1 < p < oo, 8 >
and (Q, 1) a o-finite measure space. Let A be a 0-sectorial operator on LP(Y). Assume that A
has a 1S calculus on LP(Y') for some a > %. Choose some

>a+ = ! ! + = +5
¢>a+max | = - —+ 8.
2" type LP(Y)  cotype LP(Y') 2

Let (my)ren be a sequence of spectral multipliers with my,(0) = 0 such that ), ., supy, [[me(2")@ollwe®) <
00. Then

H (Z 31;%) |mk(tA)fk2) S (Z [t — mk(tA)fk||i§2(R+)>
) ,

k

LP(Y) Lr(Y)

3
<2 sup (2" o lws e (Zlfk|2>
k

neZ Le(Y)

Again, there is a version of Theoremincluding the possibility mg(0) # 0, see Proposition
and as in [Choi], there is also a certain flexibility of possible rearrangements of the pieces
[[mu (2" )pollwg r) in n € Z.

Our ambient space Ang (R ) does not only inject into Cp(R.), but also into the space V4(R)
of functions with bounded g-variation for 2 < g < co. In a forthcoming paper [DKqVar], we will
pursue this observation. We will prove that the spherical mean A;f(z) = fsd—l flx —ty)do(y)
on R? (which is a multiplier of the euclidean Laplacian) has bounded Y-valued g-variation
for f € LP(R?Y) if d is sufficiently large depending on the geometry of the UMD lattice Y.
Furthermore, we will deduce from Hérmander calculus of an abstract operator A boundedness
of the maximal operator ¢ — maxyefs,+,] | exp(itA)f(z,w)| for 0 < to < t; < oo on LP(Y),
which then implies pointwise in (z,w) € Q x Q' boundedness of the solution of a Schrodinger
(typically A = —A) and wave (typically A = v/—A) equation, provided the initial data f is
sufficiently smooth (lies in a fractional domain space of A). This will provide an abstract version
of Carleson’s problem concerning the Schrédinger equation on R? [Car, Theorem p.24].

We end this introduction with an overview of the article. In Section 2] we introduce the
necessary background on Banach space geometry such as R-boundedness, UMD lattices, as well
as type and cotype. Moreover, we introduce the notions of Hérmander functional calculus and
the class Ag,Q (R4) that appears in the results above.

Then in Section [3] we state and prove Theorem Corollary [I.2] and Theorem [1.3] above
together with several variants. These include a version of Theorem for spectral multipliers
not necessarily vanishing or decaying at 0 (see Proposition and pointwise convergence of
the spectral multiplier m(tA) f(z,w) as t — 0 or t — oo (see Corollary [3.6). This convergence
holds pointwise a.e. (z,w) € Q x Q' in C, as well as pointwise a.e. z € Qin Y and in LP(Y).



Finally, in Section [} we illustrate all our results by numerous examples, stemming from
[IDKK], of ambient spaces (€, 1) together with differential operators A that possess a Hérmander
calculus on LP(€,Y) and hence the preceding sections apply to them (Subsection . More-
over, in Subsection we illustrate applications of our results to lattices beyond L%(Q2"). We
consider UMD lattices Y (') different from L?(£2) spaces together with the so-called Stokes op-
erator which has an H* calculus on a subspace Z of Y (€2) but not on L(Q)') for 1 < ¢ # 2 < .
For those domains ' C R? (conditions on the smoothness of the boundary of €') such that this
operator A has a Héormander calculus on Z, our Theorem yields then a maximal estimate

e sup sl < Il 11,
t>0 Y

on non-L9-spaces, for the appropriate choice of ¢. Finally we discuss the example of Amann’s
coagulation-fragmentation equation which naturally involves a differential operator A = 2\04 <m Oa (z) D~
acting on LP(R™,Y"), which is not just of the form A = Ag ® Idy for some 0-sectorial operator
Ap acting on LP(R™), but has nontrivial components a,(z) € B(Y) acting on Y. Amann gave in
[Ama] sufficient conditions under which this operator is sectorial on LP(R"™,Y") after some shift.
Also in the particular case when the above operator A models a reaction-diffusion equation,
Amann’s more natural choice of function space on which A is sectorial, is a lattice different
from pure L7 (see (4.7)). We remark however that in Amann’s setting it is not known today
under which conditions A has a Héormander calculus on LP(R",Y’). Finally, in Subsection
we discuss the necessity of type and cotype of LP(Y) in Hérmander calculus of the euclidean
Laplacian on Bochner spaces L2(R%,Y).

2 Preliminaries

In this section, we recall the notions on Banach space geometry and functional calculus that we
need in this paper. For the Hérmander functional calculus, we only need few facts that we will
use as an abstract blackbox in the remainder of the article.

2.1 R-boundedness

Definition 2.1 Let X,Y be Banach spaces. We recall that a family T C B(X,Y) is called
R-bounded, if for a sequence (ex)r of independent Rademacher random variables, taking the
value 1 and —1 with equal probability %, a constant C >0, anyn € N, any x1,...,2, € X and
any Ty, ...,T, € T, we have

E < CE

n n
E epTixy E EkTk
k=1 k=1

In this case, the infimum over all admissible C is denoted by the R-bound R(T).

Y X

Remark 2.2 Clearly, R({T}) = |T|lpx,y) if 7 = {T'} is a singleton. In general, we have
R(7) > supre, | T B(x,y) above. If X andY are (isomorphic to) Hilbert spaces, then a family
T C B(X,Y) is R-bounded if and only if T is bounded.

Definition 2.3 Let X be a Banach space and (e,,), be a sequence of independent Rademacher
variables.



1. We say that X has Pisier’s property («) if there are constants c1,co > 0 such that for
any array (xn,k)r];[,kzl in X ,(e},)x a second sequence of independent Rademacher variables
independent of (€, )n, and (Eg,k)n,k a doubly indexed sequence of independent Rademacher

variables, the following equivalence holds:

N N N
]EE/ / < E// 1 < EEI /
&1 En€pTn k X En,kTn,k X C2 En€pTn,k
k,n=1 k.n=1 k,n=1

X X X

2. Let p € [1,2] and q € [2,00]. We say that X has type p if for some constant ¢ > 0 and
any sequence (x,)N_, in X, we have

N 3
E <e (Z mnp) .
X

n=1

N
E EnTn
n=1

In this case, we write type (X) = p (not uniquely determined value). We say that X has
cotype q if for some constant ¢ > 0 and any sequence (z,))_; in X, we have

N q N
(Z ||:cn||q> < cE Zanxn
n=1 n=1

In this case, we write cotype (X) = q (not uniquely determined value).

X

2.2 UMD lattices

In this article, UMD lattices, i.e. Banach lattices which enjoy the UMD property, play a
prevalent role. For a general treatment of Banach lattices and their geometric properties, we
refer the reader to [Tz, Chapter 1]. We recall now definitions and some useful properties. A
Banach space Y is called UMD space if the Hilbert transform

H:LP(R) — LP(R), Hf(z) = lim

O ja—y[ze T Y

fy)dy

extends to a bounded operator on LP(R,Y), for some (equivalently for all) 1 < p < oo [HyNVW]|
Theorem 5.1]. The importance of the UMD property in harmonic analysis was recognized
for the first time by Burkholder [Bur81l [Bur83|, see also his survey [Bur0l]. He settled a
geometric characterization via a convex functional [Bur81] and together with Bourgain [Bou83],
they showed that the UMD property can be expressed by boundedness of Y-valued martingale
sequences. A UMD space is super-reflexive [AI79], and hence (almost by definition) B-convex.
As a survey for UMD lattices and their properties in connection with results in harmonic
analysis, we refer the reader to [RAF].

A Koéthe function space Y is a Banach lattice consisting of equivalence classes of locally
integrable functions on some o-finite measure space (£, u’') with the additional properties

1. If f: @ — C is measurable and g € Y is such that |f(w')] < |g(w’)| for almost every
w e then f €Y and ||f]ly < |lgllv-

2. The indicator function 14 is in Y whenever p/(A4) < oo.



3. Moreover, we will assume that Y has the o-Fatou property: If a sequence (fx)x of non-
negative functions in Y satisfies fx(w’) * f(w’) for almost every w’ € Q' and supy, || fxlly <
00, then f €Y and || f|ly = limg || f&|lv-

Note that for example, any LP(2') space with 1 < p < oo is such a Kéthe function space.

Lemma 2.4 Let Y be a UMD lattice. Then it has the o-Levi property: any increasing and
norm-bounded sequence (x,,)n in'Y has a supremum in Y. It also has the Fatou-property and
hence the o-Fatou property. Note that if 1 < p < oo and (Q, 1) is a o-finite measure space, then
LP(Q,Y) is again a UMD lattice, so has the above o-Levi and o-Fatou properties.

Proof : Note that a UMD lattice is reflexive. Then we refer to [Lin, Proposition B.1.8]. ]

Assumption 2.5 In the rest of the paper, Y = Y (Q') will always be a UMD space which is
also a Kdthe function space, unless otherwise stated.

Definition 2.6 We define

AP = AQ’Q = A§72(R+) ={f: Ry - C: foexp belongs to Wf(R)},

where WQB (R) denotes the usual Sobolev space defined e.g. via the Fourier transform. We equip
the space with the obvious norm || f|| s := || f oexp ||W3(R), The space Agz(RJr) is a Hilbert
2,2 2 ’

space and imbeds into the (non-UMD) lattice Co(Ry) for 5 > % Indeed, this follows from the
Sobolev embedding W (R) — Co(R) for > :.

Let E be any Banach space. We can consider the vector valued lattice Y(E) = {F : Q@ —
E : F is strongly measurable and w’ — |[F ()| € Y} with norm |[F|lyz) = [|[[IF()|=].-
From |[RdElL Corollary p. 214], we know that if Y is UMD and E is UMD, then also Y (F)
is UMD. Moreover, we shall consider specifically in this article spaces LP(Q,Y (E)), with e.g.
E = AP as above. For the natural identity LP(Q,Y)(E) = LP(Q,Y(E)) guaranteed e.g. by
reflexivity of Y, we refer to [Linl Sections B.2.1, B.2.2, Theorem B.2.7].

Remark 2.7 The AP norm is dilation and inversion invariant, that is, for any f € AP and
t> 0, £ a0 = 1flao and £ ()],

has compact support in Ry.. Then f belongs to AP iff f belongs to Wzﬁ (R) and in this case, we
have || f|las = ||f||Wﬁ(R), where the equivalence constants depend on the compact support.
2

= ||fllae- Suppose f : Ry — C is measurable and

Proof : The dilation and inversion invariance of the A? norm easily follows from translation
and negation invariance of the Wf norm. For the last part, we refer to [KrPhD] p. 63 (4.13)],
where it is proved that if ¢p € C°(R.) and if (py,)nez is a dyadic partition of R (see Definition

below), then sup,- ||<p0f(te(‘))||w2ﬁ (®) = SUP;s0 ‘Wf(t')HWf(R)- If f has moreover compact
support, then we claim that

) ~ ) _
sup 0. () gy 2 17 (€l ey = llas

and that
su t- =/
t>](E)) [ f( )”W,f(R) [ ”Wzﬁ(R)



(with equivalence constants depending on the support of f), which then concludes the proof.
On the one hand, the function f(e(')) has compact support in R, so that there exists some

£ € C*(R) and ty,...,ty € R such that kaN:1 wo(- + 1) = 1 on supp(f). Then we have

N
52 eo(- + tr) f(e1)

k=1

1F )y = |

B
Wy

N
< ||§||M(W2ﬁ) Z ”‘PO(' + tk)f(e(‘))llwf

N

S 3 lleof (e ey
k=1

S sup o f (te) | yys
>0 2

where M (Wzﬁ ) stands for the space of bounded pointwise multipliers of Wf , which clearly
contains £ € C°(R). In the converse direction, we have for given ¢ > 0

oo (te )z = o f () [y
= lleo- — (6)) F(e) [y
< llpo( = 1) w17l
TGRS

where we have used that the norm of VV2 (R ) and thus of M(W/) is translation invariant. We
have shown SUP¢~0 ”SDOf(te )Hwﬂ ®R) — ”f( )”Wf(R)'
On the other hand, by the compact support of f, there exists N € N such that

N N
Il = || D_ onf S llerfllwp
k=—N wf  k=—-N
>y Z oo f (25l
k=—N

< (2N + 1) sup [[wo f(t) |5
>0 2

Finally, for the inequality in the converse direction, we note that there is a compact K C R
such that oo f(t-) = 0if ¢ ¢ K. Thus,

o fE)llwg < leollprwe) 1FEwp Skl f Il

We have shown sup,. ||¢f(t')||W§(R) = Hf”wf(R) with the choice ) = ¢, and the proof is
finished. ]

Lemma 2.8 Let Y =Y (V) be a UMD lattice and (ex)y an i.i.d. Rademacher sequence. Then
we have the norm equivalence

(2.1) E

n
Z €kYk|| =
Y

k=1

(gjl wl?)’

uniformly in n € N. In particular, this also applies to LP(2,Y), 1 < p < oo.




Proof : As'Y is a UMD lattice, it is B-convex. The result thus follows from [Ma74]. For the
last sentence, we only need to recall that LP(2,Y") will also be a B-convex Banach lattice. H

In the following, we will make use tacitly of the following Lemma [2.9]

Lemma 2.9 1. Let T : Y — Z be a bounded (linear) operator, where Y (') and Z(Q")
are B-convex Banach lattices. Then its tensor extension T ® Idy2, initially defined on
Y(Q)® 2 C Y (Y, 0?) is again bounded Y (', (%) — Z(Q",?). In particular, if Y (') is
a UMD lattice, then Y (', ¢2) is also a UMD lattice.

2. Let Y () be a B-convexr Banach lattice and H o Hilbert space. Then typeY (H) = typeY
and cotype Y (H) = cotype Y, where type € (1,2] and cotype € [2,00).

Proof : 1. Let (ex)r be the canonical basis of 2. We have

[irore(Smea), ., - |(Smar)

< RUTHE|Y eun
k=1

(g )’

This shows the first part. For the second part, we note that if Y/(£2') is UMD, then the Hilbert
transform H : LP(R,Y) — LP(R,Y) is bounded for all 1 < p < oo. Since LP(R,Y’) is again a
B-convex Banach lattice, by the first part, we have that H : LP(R, Y (€', £2)) — LP(R, Y (Y, £2))
is bounded. Hence by definition, Y (€', ¢?) is a UMD (lattice).

2. Going into the Definition and using Kahane’s inequality [DiJT}, 11.1], Y has type p iff
T:0°(Y) = LP(Q,Y), (xn)n — (3, €nen) is bounded. Since ¢7(Y') and LP(£2,Y") are B-convex
Banach lattices, we infer by part 1. that T ® Idgy : ?(Y(H)) — LP(Q,Y (H)) is bounded, so
that Y (H) has type p. For the cotype statement, we argue similarly. If ¥ has cotype ¢, then
T:LI(QY)=UY), f—=Pf =0, en(Pf)n)n — (Pf)y is bounded, where P : LI(Q,Y) —
LYQY), f = >, [qen(x)f(x)dze, denotes the Rademacher projection, which is bounded
since Y is B-convex. We infer by part 1. that T ® Idg : LY(Q, Y (H)) — ¢4(Y (H)) is bounded,
so that Y/(H) has cotype q. [ |

The following lemma will be used in combination with Proposition to follow.

=E| Y aTu|

~ ||T||\

Y

Lemma 2.10 Let Y be a UMD lattice and p € (1,00). Then LP(Q,Y) has Pisier’s property
(@).

Proof : Since Y is UMD, it has finite concavity, and so finite cotype [LTZ, Proposition 1.f.3].
Thus, also LP(£2,Y) has finite cotype [DiJT, Theorem 11.12]. Then according to [KWO04] N 4.8
- 4.10], the Banach function space LP(2,Y") has property (o). [ |

2.3 Abstract Hormander Functional Calculus

We recall the necessary background on functional calculus that we will treat in this article.
Let —A be a generator of an analytic semigroup (7%).cx, on some Banach space X, that is,
d€(0,%], ¥s = {z € C\{0} : |argz| < 0}, the mapping z — T from X5 to B(X) is analytic,
T.yw = T.T, for any z,w € ¥s, and lim.cx, |20 T:2 = z for any z € X and any strict
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subsector ¥s of 5. We assume that (T}).cx, is a bounded analytic semigroup, which means
sup¢x,, || 1% < oo for any §" < 4.

It is well-known [EN| Theorem 4.6, p. 101] that this is equivalent to A being w-sectorial for
w = 3 — 9, that is,

1. A is closed and densely defined on X;
2. The spectrum o(A) is contained in X, (in [0, 00) if w = 0);
3. For any w’ > w, we have SUD) e\, AN = A)7Y| < oo

We say that A is strongly w-sectorial if it is w-sectorial and has moreover dense range. If A is
w-sectorial and does not have dense range, but X is reflexive, which will always be the case in
this article, then we may take the injective part Ag of A on R(A) C X [KW04, Proposition
15.2], which then does have dense range and is strongly w-sectorial. Here, R(A) stands for the
range of A. Then —A generates an analytic semigroup on X if and only if so does —Ap on R(A).
For 6 € (0, ), let

H>(Xg) ={f:%9 — C: f analytic and bounded}
equipped with the uniform norm || f||ec,¢. Let further
HE(Sg) ={f € H®(Zp): 3C,e>0: |f(z)| < Cmin(|z], |2|7)}.

For an w-sectorial operator A and 6 € (w,7), one can define a functional calculus H§®(Xy) —
B(X), f — f(A) extending the ad hoc rational calculus, by using a Cauchy integral formula. If
moreover, there exists a constant C' < oo such that ||f(A)|| < C| f]/co,0, then A is said to have
a bounded H*(Xy) calculus and if A has dense range, the above functional calculus can be
extended to a bounded Banach algebra homomorphism H>(3y) — B(X). If A has a bounded
H® (%) calculus, and does not have dense range, but X is reflexive, then for f € H*(3y) such
that f(0) is well-defined, we can define

f(Ao) 0 A
A) = . R(A) @ N(A) — R(A) & N(A),
=707 o pan| - A & N() > A & N (A
where Py (4) denotes the projection onto the null-space of A along the decomposition X =
R(A) & N(A). This calculus also has the property f.(A) = T, for f,(\) = exp(—z)), z €
Yz _p. For further information on the H calculus, we refer e.g. to [KW04]. We now turn to
Hoérmander function classes and their calculi.

Definition 2.11 Let o > % We define the Hormander class by

Hy = {f :[0,00) = C is bounded and continuous on (0,00),|f(0)] + sup [|¢f(R-)llwem) < oo}
R>0

=1 llg

Here ¢ is any C°(0,00) function different from the constant 0 function (different choices of
functions ¢ resulting in equivalent norms) and W (R) is the classical Sobolev space.

The term |f(0)] is not needed in the functional calculus applications of H$ if A is in addition
injective. We can base a Hormander functional calculus on the H*® calculus by the following
procedure.

11



Definition 2.12 We say that a 0-sectorial operator A has a bounded HS calculus if for some
0 € (0,7) and any f € H=(Sy), If(A)] < Cllfllng (< C' (1 lowo + [FO)))) . In this case, the
H>(Xy) calculus can be extended to a bounded Banach algebra homomorphism HS — B(X)
[ErW3]. We say that A has an R-bounded HS calculus, if it has a bounded HS calculus and
{m(A) : |Im|lse <1} is R-bounded.

The Hérmander norm is dilation invariant, i.e. || f(t:)[[ng = [/ f[l#g for any ¢t > 0. Therefore,
the following family of (discrete) dilates of a C'S°(R,) function will play an important role.
Definition 2.13 Let ¢y € C°(Ry.) such that supp(po) C [5,2]. We define for n € Z the
dilates @y, (t) = o(27"t) so that supp(pn) C [ -2",2-2"]. Assume that ., , on(t) =1 for
any t > 0. Then we call (¢n)nez o dyadic partition of Ry = (0,00). For the eristence of such
a dyadic partition, we refer to [Bell, 6.1.7 Lemma].

In the course of the Maximal Hérmander Functional Calculus Theorem in Section [3] we
need to decompose general spectral multipliers by means of special spectral multiplier pieces
involving the above dyadic partition. To reassemble the pieces together, mere boundedness of
the pieces is not sufficient, and we will need the following self-improvement of a Hérmander
functional calculus.

Proposition 2.14 Let A be a 0-sectorial operator on a Banach space X with property («).
If A has a bounded H$ calculus, then it has an R-bounded Hj calculus for any parameter

1 1 1
’y>a+m—msuchthat’y>a+§.

Proof : This follows from [KrW3, Lemma 3.9 (3), Theorem 6.1 (2)], noting that the H? class
there is larger than our HJ class for v = . [ |

Lemma 2.15 Assume that a 0-sectorial operator A has an R-bounded HS calculus. Then the
following operator family is R-bounded with R-bound independent of s € R:

{(s)™%(1 + 2" A) "% exp(i2"sA) : n € Z},
where from now on, we use the notation (s) =1+ |s|.

Proof : Writing m,, () = (s) (1 +2"X)~® exp(i2"s)), the lemma follows from Definition [2.12]
if we can estimate sup,,cz [|mnll2g < 0o. Decompose my, () = (s>’“% - fn(A) with
fa(A) = (142"[s|A)~* exp(i2"sX). According to [KrW3, Lemma 3.9 (2)], || fullag < 1. For the

other factor, we have for any 6 € (0, )

—o (14 27[s]A)"

H<8> (1+27\)° €l AV

= <5> o <1
H>(Sp) H (1+A)

~Y )

He>(Zg)

since |1+ [s|A] < (T4 [s])(1 4+ |A]) So (1 +1s]) |1 + Al. Now we conclude by the two facts that
H>(Xp) — HS [KrW3l Lemma 3.2 (2)] and that H$ is a Banach algebra [KrW3| Lemma 3.2
(). L

The following lemmata concerning decomposition/expansion of spectral multipliers will be
used in the proof of Theorem Here, Lemma [2.18] is sometimes called Paley-Littlewood
equivalence.

S
2

Lemma 2.16 Let A be a 0-sectorial operator with H$ calculus. Let (¢n)nez be a dyadic par-
tition of Ry. Then for any x € R(A) (e.g. * = m(A)y for some y € X and m € HS with
m(0) = 0), we have x =} _; on(A)z (convergence in X ).
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In the setting of the above Lemma|2.16} we obtain that D4 := {¢(A)x : x € X, ¢ € CP(R4)}
is a dense subspace of R(A). In [KxW3], D4 is called the calculus core of A.

Lemma 2.17 Let A be a 0-sectorial operator having a HS calculus. Let m € W(R) with
compact support in Ry. Then for any x belonging to the calculus core D 4, we have

1
m(A)x = —/m(s) exp(isA)xzds,
2T R
where the integral is a Bochner integral in X .

Proof : This follows from [KxW3| Proof of Lemma 4.6 (3)]. [ |

Lemma 2.18 Let A be a 0-sectorial operator with HS calculus for some o > % Let (¢ )nez be
a dyadic partition of Ry. Then we have the following so-called Paley-Littlewood decomposition
forz € R(A):

o]l x = E ;

X

Z Enn(A)x

neZ

where the series ), on(A)x converges unconditionally in X.

Proof : See [KrW2| Theorem 4.1}, together with the fact that the restriction of A to R(A) is a
strongly O-sectorial operator having a H§ calculus, hence a M?# calculus [KrPhD} Proposition

4.9] needed in this reference. ]

3 The Maximal Hormander Functional Calculus Theorem

In this section, we state and prove the main results Theorems [[.I] and [I.3] and Corollary
from the introduction. We start with the basic version in Theorem [3.I] below on spectral
multipliers with compact support, and enhance it in several steps (see Corollaries and
and Proposition to more general classes of spectral multipliers, to be able to apply it in
the important cases of wave operators and Bochner-Riesz means in Corollary

Theorem 3.1 Let Y be a UMD lattice, 1 < p < oo and (2, 1) a o-finite measure space. Let
B >=0. Let A be a 0-sectorial operator on LP(Y). Assume that A has a HS calculus on LP(Y)

for some a > %. Let m € W§(R) be a spectral multiplier with supp(m) C [3,2], with
>a+ L ! ! + L + 3
max | — - —+ .
e 2 type LP(Y)  cotype LP(Y) 2
Then
(3.1) [t — m(tA)fHLp(y(Agvg(RJr))) < C”mHW;(R)Hf”LP(Y)-

Moreover, let (my)ren be a family of spectral multipliers in W§(R) with supp(mi) C [3,2].
Then

(3:2) (Z [ — mk(tA)fk|/2\§‘2(R+)>

keN

%
< Csup |[|mg|we frl?
up e llws =) (E | fxl

keN

Lr(Y) Lr(Y)
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Proof : We start with proving and indicate the changements to prove at the end.
Since A? = A§72(R+) is a Hilbert space, for any n € Hg, the operator n(A) ® Id,s extends
to a bounded operator on LP(Y (A?)) according to Lemma Thus, A has a bounded H$
calculus on LP(Y(A?)) and thus, satisfies the Paley-Littlewood decomposition from Lemma
on LP(Y(A?)). According to Proposition A has then an R-bounded HJ calculus on
LP(Y (AP)), where v > o+ 3 and
1 1 B 1 1
type LP(Y (AP))  cotype LP(Y(AP) " typeLP(Y)  cotype LP(Y)’

Y>> o+

where in the second equality, we have used Lemma [2.9| . Also A has an R-bounded HJ calculus
on LP(Y) and thus, according to Lemma [2.15] the following operator family in B(L? (Y))

(3.3) {{s)77(1 +2"A) "V exp(i2"sA) : n € Z}
is R-bounded with an R-bound independent of s € R. We express for f € D4 C LP(Y'), where
D 4 stands for the calculus core from Subsection and (¢n)nez a dyadic partition of R,

1

2

[t = m(EA) fll Loy (ae)) = <Z [t = (A (tA)fliza)
neZ Lr(Y)
= (Z It = son(A)m(T”tA)fIIQAB)

neL Lr(Y)

(Z [t = 7ﬂ(t)m(2_%4)%(/1)fIIK‘R/3>

nez

1
2

Lr(Y)

<R ({t — ’(/)(t)m(Q"tA) tne Z}Lp(y Y= LP (Y (AB) ) <Z |§0n f|2>

neZ Lr(Y)

= R ({t = 0(m(2"tA) : 1 € 2} iy o ary ) W ooy -

Here, we have used the Paley-Littlewood decomposition in the space LP(Y (A?)) from Lemma
in the first line and the dilation invariance of the A? norm according to Remark in
the second line. Moreover, we have used that ¢, (A)m(27"tA)f = 0 for t ¢ [272,22] and thus
introduced a function ¢ € C°(R ) with support in [273,2%] and ¢(t) = 1 for t € [272,2?] in the
third line. Finally, in the fourth line, we used R-boundedness together with the square function
equivalence to Rademacher sums from Lemma [2.§ and in the fifth line, the Paley-Littlewood
decomposition in the space LP(Y) from Lemma

It remains to estimate the R-bound of {t — ¥(t)m(2"tA) : n € Z} 1,y po(y(asy)- To this
end, we write with Lemma

P(O)m(2"tA)f = p(t)m(2"tA) (2" A) f

1 1

(3.4) =— [ -m (ﬁ) B(E)(1+27A) Y exp(i2"sA) (1 + 2" A) (2" A) fds,
21 R t t

where ¢ € C°(R;) with ¢(s) = 1 for s € supp(m(t-)) C [275,25] where ¢t € supp(¢), so that

m(ts) = m(ts)¢(s) for such t. As A has an R-bounded HJ calculus, and ||(1+ () @llag < oo,

the set

{(1+2"4)6(2"A) : 1 € Z} Loy 1oy
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is R-bounded. It remains to estimate the R-bound of the following family from B(LP(Y'), LP(Y (A?))):
1 1 ~ (3 +46 —(v+9) n oA\— -on

(3.5) — [ Zutym (7) (5)71+9 ()= (40 (1 4 2" A) 7 exp(i2"sA)ds : n € L},
2 R t t

where we pick any § > 1. We write hy(t) = Lim (2) ¢(¢)(s)7F° and T = 5 (s)= O+ (1 +
2" A)"Vexp(i2"sA). Let fi1,...,fn € LP(Y). We have
2\ 2
A5>
L

Lr(Y (AF)) <
3
B)

<zk: </]R It hs(t)|Aﬁ|Tf’°(fk)|d8>2> %

o\ %
sup [ (Z ( / T:kfkds> )
k Le(Y)

3
sup || hs 3/ T7" fi 2 ds
SGRH 5 RH(szl |

Lr(Y)

T dsf

€k ()T ds fy,

T (fr)d
Lr(Y)

N

Lr(Y)

N

N

<sup||hs\|AB/R({T§’: nezp)d <Z|fk|2>
seR R
Lr(Y)
gsupnhsuAB/R({T:; neZ})dsE|Y  efr
SER R A Le(y)

According to (3.3)) and since d > 1, we have [, R({T}": n € Z})ds < oc. It thus only remains
to estimate sup,cg ||hs|[as. According to Remark we have with £(t) =t (1) € C°(Ry)

1 . (S o
allae = e (2) a7 = €m0y {57 2 (6O sy 537
We start by estimating the L?(R) norm. For |s| < 1, we have

8
€@ (st) |72y ()20 S /1/8 (st)Pdt < |2 @y S Imll7s @) S ImllZe),

where we have used that m has compact support in [3,2] in the last estimate. For [s| > 1, we
have

8 8 ,
@) (st) 172y ()°F S/ [rin(st)[2s> 0072 s dt = / () (0403l
1/8 1/8
8s s ,
= A tt"/"!‘ -3 < .
/1/83 (t) 7+677(R) ~ HmHW;+67%+E(R)
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By a density argument, we can assume that m € C2°(R). Then it suffices to estimate the L?(R)
norm of the S-derivative (defined via its Fourier multiplier). For |s| < 1, we have

10° (€t (st) 22 my ()0 < / 07 (n(st)) [*dt = / 197 () (st)s° Pt

SN0y S NG mlT0m)

S ||m||L2(R)
where we have used that m has compact support in [%,2] in the last estimate. Finally, for
|s| = 1, we have

107 €ty (st)) 12 g, (5)°0+ 5/ o ((st) 574 |s

1
8

8s

2
/ 07 () (st) (s #0349t = /
1/8 1/8s

2 2
< H() mHW;,M—%w(R S ”mH +6—§+13(R)'

1 2
AP (m) ()t T2t at

Resuming the four estimates above, we deduce

sup e lle S Il o gos

and is proved.

We indicate now how to show the square function estimate . Since LP(Y') has the o-Levi
and o-Fatou properties according to Lemma [2.4] we can restrlct to a finite family of spectral
multipliers {my,...,my}. According to Lemma . LP(Y (A?)) has property (a). Thus, we
have with €/, and e two independent sequences of Rademachers,

‘(Z ||t’_>mk(t‘4)fk||?\ﬁ> =R (Y ex(t = my(tA) fr)
k

Lr(Y) k Lr(Y (A#))
= BE | Y ) " exel, (¢ mi(tA)en(A) fr)
neZ k Lr (Y (AB))
3
= <Z Z [t — mk(tA)sDn(A)kaiB> ;
nezZ k Lr(Y)

where we have used the Paley-Littlewood equivalence from Lemma on LP(Y (AP)) in the
second equivalence, for fixed choices of signs €. Then, similarly to the proof of (3.1), we have

1

|<Z [t = mk(tA)fklleB> S R{t = 9(t)my(2"tA) : k,n}) (Z > lea(4 fk|2>
k

Lr(Y) nezZ k
1

= R({t = p(H)mi(2"tA) : k,n}) (Z |ka2> ;
k

Lr(Y)

M
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where we have used the Paley-Littlewood equivalence from Lemma on the space LP(Y (£%))).
Here, v is the same function as in the proof of (3.1). Thus we are reduced to show the R-
boundedness of the family

{t — w(t)mk(2ntA) : k c {].7 e ,N}7n S Z}LP(Y)—)LP(Y(AB)) .

Again similarly to the proof of (3.1)), we put

. 1 R s
m(t) = St (5) (577
and 1
TI = 27<s>*<7+5>(1 + 2" A) 77 exp(i2" s A).
™

Then the same calculation as in the proof of (3.1) yields

B [ momass, <maxsuplas [ RUTY : ne 2))dsE || Yo,
J s J

Lr(Y(AP)) Lr(Y)
But then we can copy from above that
maxsup [|h]|as S max |[my|wg @)
J  seR k
We have concluded the proof of (3.2)). [ |

Remark 3.2 In Theorem above, one might wonder whether t — m(tA)f belongs a pri-
ori to LP(Y(AP)). That is, whether t = m(tA)f(z,w) belongs to A® for a.e. (z,w) € Q x ',
(t,z,w) — m(tA) f(z,w) is strongly measurable Ry xQx Q' — C and (x,w) — [|m(tA) f(z,w)|| s
belongs to LP(Y).

That this is indeed the case can be seen with the following reasoning. First note that for any
f e LP(Y), the function Ry — LP(Y), t — m(tA)f is continuous. Since for every B C Q x &
of finite measure, LP(, Y (Y)) — LY(B), g — glp is continuous, we obtain Ry — L'(B),
t— m(tA)flp continuous. Ezhausting Q x Q' by a sequence of such B, according to [HUNVV,
Proposition 1.2.25], we deduce that Ry x Q@ x Q" — C, (t,z,w) — m(tA)f(z,w) is a strongly
measurable function (by choosing for each t € Ry the right representative of m(tA)f(z,w)).

In the following, we show that this strongly measurable function coincides a.e. with an
element of LP(Y (AP)), thus finishing the proof. Take first, as in the proof of Theorem |3.1
f € Dy C LP(Y). Thus, there exists a ¢ € C(Ry) such that f = ¢(A)f, and consequently,
ruling out the supports as already done in the proof of Theorem there exists 1 € C°(Ry)
such that m(tA)f = m(tA)p(A)f = v(t)m(tA)p(A)f = (t)m(tA)f. Then the representation
formula from writes

(3.6) B(Om(tA) f = — / !

_27'(' ]RE

b(t)m (;) exp(isA) fds = / he(t) fuds,

R

where hy(t) = 5=y (t)m (£) satisfies, as in the proof of Theorem lhsllae (s)7F° < 1 and
fs = exp(isA)f satisfies [(s)™77°|| fsllLo(vyds < co. Therefore,

/ sl as 1 sl o vy s < oo,
R
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Moreover, one checks elementarily that s — hg is continuous R — A? and moreover, s — f
is differentiable, hence continuous R — LP(Y). Then the map s — hs ® fs is continuous
R — LP(Y(A?)) and therefore, the integral in is a Bochner integral in the space LP(Y (AP)).
Denote its value in LP(Y (AP)) by X. Consider the operator

I AP S C
e e Pewar

where 0 < a < b < oo. Then I, is continuous, so Idpsr(yy ® Iap : LP(Y (AP)) — LP(Y) is also
continuous. We infer that

IdLe(y) ® Lo p(m / / t) fodsdt "E / / t)dt fods

_ / Lus(hs)fsds = / Tz vy ® Lug(hs ® fu)ds
R R
= Ide(y) ® Ia,b/ hs ® feds = Ide(y) ® Ia,b(X)
R

Here we used in the last but one step that [y hs ® fods is a Bochner integral in LP(Y (A”)) so
that the bounded operator Idps(y)® Lo can be swapped with the integral. We infer by [HuNVW,
Proposition 1.2.14] that a.e. t >0, m(tA)f = X(t,-,-) as equality in LP(Y'). Thus, a.e. t >0,
a.e. (x,w), m(tA)f(z,w) = X(t,z,w) as equality in C, and by a Fubini argument this yields
equality a.e. (t,x,w) € Ry x Qx Q' as we wanted. So we can conclude that t — m(tA)f indeed
defines an element in LP(Y (AP)).

If f € LP(Y) is arbitrary, then take by density of Da a sequence (fn)n C Da converging to
[ in LP(Y). We have m(tA)f = lim, m(tA)f, in LP(Y) for any t > 0. Moreover, Theorem
for f € D4 yields that t — m(tA)f, is a Cauchy sequence in LP(Y (AP)), with limit, say,
X € LP(Y(A?)). Consider again I,y and argue similarly as above to deduce that m(tA)f(z,w)
equals a.e. on Ry x Q x Q" with an element in LP(Y (A?)).

If > L then AP consists of continuous functions. Then replacing I, p by 6; : AP — C, €
&(t), and argumg as above, we obtain that m(tA)f(z,w) = X (¢, z,w) for a.e. (x,w). Choosing
then the representative X (t,-,-) of m(tA)f for each fized t > 0, the function t — m(tA)f(z,w)
becomes continuous a.e. (x,w). In the sequel, we shall tacitly always choose this representative.

Using the dilation invariance structure of the AQQ(R_F) norm, we can easily generalise The-
orem [3.1] in the following corollary, where the compact support condition on the spectral mul-
tiplier m is replaced by a summability condition of norms of dilates of m.

Corollary 3.3 Let Y be a UMD lattice, 1 < p < oo and (Q, p) a o-finite measure space. Let
B = 0. Let A be a 0-sectorial operator on LP(Y). Assume that A has a HS calculus on LP(Y).
Pick as in Theorem [31]

>a+ L ! ! + = +5
¢ > a+ max - —+ 8.
2" type LP(Y)  cotype LP(Y) 2

Let m be a spectral multiplier with m(0) = 0 such that for some dyadic partition (on)nez of
Ry, we have Y-, o, [[m(2")¢ollwe®) < 0o. Then

(3.7) 15 A flyag sy < C S I ollws v
nez
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Moreover, let (mg)ren be a sequence of spectral multipliers with mg(0) = 0 such that for any
keN, > cpllme2)pollwem < oo. Let (w*(1))1en be the non-increasing rearrangement of
the sequence (||my (2" )¢ollwe(r)Jnez. If we have 3, supy, wk(l) < oo, then

2

(35) H<Z||mmk<tz4>fk||igz(m> <Y suput() (zw)
k ’ k

Lr(Y) ten Lr(Y)

Proof : Let us start with the proof of (3.7). We decompose, using the dilation invariance of

the A” norm and then Theorem [3.1| for the function (mp,,)(2"-) with support in [3, 2],

[t = m(tA) fll oy amy = || Dt = m(tA)en(tA) f
nek Lr(Y (A#))

< Z [t = m(tA)pn(tA) fll ey (as))
nez

= Z [t = (men)(2"tA) fllLe v (a8))
nez

S 1men) @) lws @l fll e vy
nez

= Z ||m(2n')<ﬂo||wg(n§)||f||Lp(Y)-
nez

Here in the first equality we used -, ; ¢n(t) = 1 (t > 0) together with Lemma [2.16} For the
proof of (3.8]), let for k € N, n’(“.) : N — Z be the bijection corresponding to the non-increasing
rearrangement of ([|m(2"+)wollwg(r))nez. Then according to (3.2)),

3 2\ %
H (Z [ mk(tA)fkllifs> = 1[ 221Dt = mu(tA) @, (tA) fi
k Lr(¥) k |lien AB )
L\ 3
<> (Z Ht s m(tA) (tA)fk’ Aﬁ)
leN k Lr(Y)

1
2 2
AB

1

2
k
S ZSgp [lme (2" )eollwg r) (Z fk|2>

leN k

— Z (Z Ht — mk(2"5°tA)<po(tA)fk‘
k

leN

Lr(Y)

Lr(Y)

Remark 3.4 In the setting of Corollary similarly to Remark we note that t —
m(tA)f belongs a priori to LP(Y (AP)) thanks to absolute convergence of 3., o, m(tA)pn(tA)f
in LP(Y (A®)) by assumption of Corollary|3.5, and convergence of that series for fived t > 0, in
LP(Y), to m(tA)f, according to Lemma|2.1 Indeed, use again Idpsyy ® Iap as in the proof

of Remark[3.3
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In the next corollary, we break down the A? norm from Corollary to the more classical
supremum norm. Note that sup,.q [m(tA4)f (7, w)| = sup;~¢, tcq [M(tA) f(7,w)| is measurable
as a supremum of countably many measurable functions, where equality follows from the fact
that ¢ — m(tA) f(z,w) belongs to A? and hence is continuous, a.e. (z,w).

Corollary 3.5 Let Y be a UMD lattice, 1 < p < 0o and (2, ) a o-finite measure space. Let A
be a 0-sectorial operator on LP(Y'). Assume that A has a HS calculus on LP(Y'). Choose some

1 1 1
> — 1.
¢ > ot max (2 type LP(Y)  cotype LP(Y)> *

Let m be a spectral multiplier such that for some dyadic partition (¢n)nez of Ry, we have
Y nez Im2™)pollwe®) < 00. Then t — ml(g,00)(tA)f belongs to LP(Y (Co(Ry))) and

||§1>113|m(tz4)f||\m<y) <C <|m(0)| + IIM(2"~)s00W,;(R>> (PAIFZICSR

neZ

Moreover, let (my)ren be a sequence of spectral multipliers such that sup,, |mg(0)] < oo and
ZZGN sup,, w¥ (1) < oo, where the w* are the non-increasing rearrangements of (||my (2" )eollwe ®)Inez
as in Corollary[3.3 Then

“(Zqu"mk(tA)fle) <C <sup|mk )+ supu(l >H<Z|fk|2>
k k

Lr(Y) ten Lr(Y)

Proof : This corollary follows from Corollary n noting that for 5 > 1 , the classical Sobolev
embeddmg yields Wﬂ (R) — Cy(R), so that passing to R ~» R via the exponentlal function, we
have AQ,Q(R+) — Cy(R4). Then LP(Y(A§72(R+))) — LP(Y(Cy(Ry))), since LP(Y) is a lattice.
Therefore, if P : LP(Y) — LP(Y) denotes the projection onto the null-space of A and mq(\) =
L(0,00) (A)m(A), we have m(tA)f = m(tA)Pf + m(tA)(Id — P)f = m(0)Pf + mq(tA)f. Thus,

[supiso [mEA) flllLevy < ImO)IPFllLey + | supis Ima(EA) flll ey S ImO)I| flLe vy +
[t = mi(tA)fllLr(v(as))- Now apply Corollary to the last summand. The proof of the
second part of the corollary is similar. ]

In the following corollary, we obtain pointwise convergence for dilates of spectral multipliers
m(tA)f(z,w). Note hereby that we need that the orbits ¢ — m|(g o) (tA)f(x,w) belong to
Co(R4), not only to L=(Ry) (see Corollary 3.5 above).

Corollary 3.6 Under the hypotheses of Corollary[3.5, for any f € LP(Y) = LP(, Y (€Y')) and
any spectral multiplier m such that ), ., ||m(2”-)<p0||Wf(R) < 00, we have for pointwise a.e.
(z,w) € Q x Q that

m(tA) f(z,w) = m(0)Pf(z,w) (t — 04),
m(tA) f(z,w) = m(0)Pf(z,w) (t — o00),

where P : LP(Y) — LP(Y) denotes the projection onto the null-space of A. The convergence
holds also pointwise a.e. x € Q in'Y and in LP(Y).

Proof : We decompose m(\) = m(\)1(0,00)(A) +m(0) 1103 (A) =: m1(X) +m(0)1(53(A). Inserting
the functional calculus yields

m(tA) f(z,w) = myi(tA) f(z,w) + m(0)Pf(z,w) (t>0,z€Q, weQ).
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According to Corollary m1(tA)f belongs to LP(Y(Cy(R4))), so by the definition of vec-
tor valued lattices as in Subsection we deduce that for almost every (z,w) € Q x €,
m1(tA)f(z,w) belongs to Cy(R, ), and thus we have

Jim i (t4)f (2,) = lim ma(t4)f (z,) = 0.

Then the last statement follows since Y (¢g) < ¢o(Y) and LP(Y (¢cg)) < co(LP(Y)). [ |

Remark 3.7 In Theorem [3.1] above, in case that A acts on L4(Q) for the scale 1 < ¢ < oo in
a consistent way such that A®1dz has a Hormander calculus HS on LY(Z) for any 1 < ¢ < 0o
and any UMD lattice Z with a uniform value of o, and moreover, A is self-adjoint on L*(Q),
then the parameter ¢ in Theorem[31] can be improved by complex interpolation.

1. Namely, let 0 € (0,1) be a parameter and let p € (1,00) satisfy |% — 3| < 4. Moreover,
let Y be a UMD lattice realized over the measure space ', satisfying Y = [H,Yolg for
some Hilbert space H = L?(SY', /') and a further UMD lattice Yo = Yo(Q'). This property
and the parameter 6 can be expressed in terms of p-convexity and q-concavity of Y |[DKK,
Lemma 2.11]. Then if supp(m) C [%,2], we have

[t = m(tA) fll Lo (v asy) < Cllmllwg )l fllze o)

for
c>[3+0(o¢+§>.

Moreover, if (mg)ren s a sequence of spectral multipliers with supp(mg) C [%, 2], we have

H (Z [t~ mk(tA)fkis> < CSI;P [[mullwg ) (Z |fk|2>
k k

Lr(Y) Lr(Y)

Finally, under the above hypotheses, the same exponent ¢ can be chosen in Corollary[3.3
and, with B replaced by %, in Corollary , We refer to Section |4| for examples of such
operators A.

2. In the scalar case Y = C, if A has HS calculus with order a > %, where typically, d is a
dimension of ), our parameter becomes
1 1

(3.9) c>5+(d+3)’p—2’.

3. As a simple example, if A is as in 2., then ||t — m@A)f|lrrivasy) Se Cmllfllzev)
provided that m is of class C°(0,00) with ¢ € N satisfying (3.9), m vanishes on [0,1] and
for some € > 0,

i

A d)\km

()\)‘ <CA ™ (k=0,1,...,¢c, A>1).

Proof : 1. We consider the mapping

Ws(L,2) x LY(Z) — Li(Z(AP))
(3.10) {(mz, ;) = (t > m(tA)f).
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It is bounded for ¢ = 2, Z = H any Hilbert space and
(3.11) c=co=p.

Indeed, for m € WQB(%, 2) C A? the function A — m()\-) is continuous and bounded R, — A#
[MauMedal, p. 148]. Thus, by self-adjointness of A, we have that f — (¢t — m(tA)f) is bounded
L?(H) — L*(H(AP)) with norm bounded by supy~ [[m(A-)[[as = [lmllas = [lmlwe ), the last
equivalence according to Remark [2.7] On the other hand, according to the assumptions of the
Remark, is also bounded for any g € (1,00), Z =Y, and

1
(3.12) c:cl>a—|—1+§—|—,6.

1 1 _ 1
27 type L1(Z) cotype Li(Z)

lation [Bell, 4.4.1 Theorem] of (3.10) yields boundedness for the choice of spaces W§(3,2) =
[(Weo(3,2), We(5,2)]p, LP(Y) = [L?, Lg([H, Yolo) = [L*(H), L9(Yy)] [Bell, Theorem 5.1.2]
with appropriate ¢ close to 1 or co and similarly, LP(Y (A?)) = [L2(H(A?)), L9(Yy(A?))]. Here,

(3-11) and (3.12) give

Here, the second summand is 1 > max ( ) Bilinear complex interpo-

c:(1—0)00+001>ﬁ+0(04+2).

For the square function estimate, we argue similar as before and interpolate the bilinear mapping

0 (W5(5,2)) x LUZ(6y))  — LUZ(5(A%)))
{(ml,...,mN,(fk)Q’_l) = (= mi(tA) fi)Rg-
Then we use Remark [2.2] to deduce that for ¢ =2, Z = H, ¢g = j3 is allowed as in the first case
of the proof.
2. Wecantake@z?ﬁf%
3. We want to apply part 2. together with . Note that for n < —1, by the support

condition on m, we have m(2"-)¢po = 0. On the other hand, for n > 0, we have

dk

’ and apply 1.

Im(@")eollws e <, max || (m(2"2) L)
< max 2k d—k(m)(Q")\)
k=0,1,...,c ANk 12(1.2)
S COm27™,
which is summable over n > 0 for ¢ > 0. u

Remark 3.8 If A is a left invariant sublaplacian on a stratified Lie group G, then A does have
a HS calculus on LP(G,Y) for any UMD lattice Y, with o depending on the doubling dimension
of G and concavity and convezity exponents of Y (see Subsection . 1t also has a HS calculus
on LP(G) for a > Q/2, where Q is the homogeneous dimension of G [Christ]. It is essentially
shown in [MauMedd, Theorem 2.1 (ii)], that C’omllary holds for this choice of A, Y = C
1
P

and ¢ > Q zl) — %’ + B, compared to our ¢ > (Q + 3) |+ — %‘ + B using Remark . Thus,
Corollary extends [MauMedd, Theorem 2.1 (ii)] to the vector valued case of LP(Y) and to
square function estimates, under the price of a higher differentiation order c. Another related
result in the case Y = C with a different summability condition of |[m(2")¢ollwe(w) is given in

[Choi, Theorem 1.2].
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In Corollary if the spectral multiplier m(t) converges to a non-zero value at ¢ — 0+,
then

17}§_11;<f>|\m(2n')900\|W;(R) > Eg_ifgofnm(?"')wo\\m(k) 2 tl_iggr Im(t)] > 0.

Thus, the series >, < [[m(2")¢@o|lwg®) has no chance to converge. However, a possibility to
include such spectral multipliers is given in the following Proposition [3.9] using a semigroup
maximal estimate when available.

Proposition 3.9 Let Y = Y () be a UMD lattice, 1 < p < oo and (Q, ) a o-finite measure
space. Let A be a 0-sectorial operator on LP(Y'). Assume that A has a H§ calculus on LP(Y').
In this Proposition, we also assume that A is of the form A = Ay®Idy, where Ay is 0-sectorial
on LP(Q) and that the semigroup exp(—tAg) generated by —Ayg is lattice positive and contractive
on LP(2) (more generally regular contractive on LP(QQ)). Choose some

1 1 1
1 . 1.
¢ > a + max (2’ type LP(Y)  cotype LP(Y)> i

Let m be a spectral multiplier satisfying

ml,1 € C*0,1], [l xoll34e-1 < o0, Z [m(2™)pollwg®) < oo,

n=0

where xo € C°(Ry) has support in (0,4] and equals 1 on (0,2], and (¢n)nez s, as before, a
dyadic partition of Ry. Then for almost every (z,w) € Q x Q, t — m(tA)f(z,w) belongs to
L>*(Ry) and

(3.13) <O ImO)] +lIm'xollzge— + Y Im2™ )eollwse) | 1 Lrer)-

Lr(Y) n=0

sup [m(tA)f|
>0

Moreoever, let (my)ren be a sequence of spectral multipliers satisfying

miljo] € ctlo, 1], sgp|mk(0)| < 00, Sl;p||m;€X0HH§—1 < 00, Zsup [ (2™ ) n [l g Ry < 00
n=0

Then
(3.14)

<Z sup |mk(tA>fk|2>
L >0

2

Lo(Y)
%

< C | sup [my,(0)] + sup [[mj,xollze— + D sup [ma (2" )pollwy ) <Z |fk|2>
k k n>0 & Lr(x)

Proof : We start by proving (3.13). Let us put n(t) = m(t) — m(0)exp(—t). We then have
50Dt m(tA) Fll oy < | 5UPeg [(EA)F] [l ) +Im(O)] | 5Py oA f] | oy The second
summand is bounded by C|m(0)| || f||zr(yv) according to [Xu2015, Theorem 2] (note that since A
has a H$ calculus, exp(—tAp) extends to a bounded analytic semigroup on any strict subsector
of C4). Invoking Corollary it suffices to estimate

Z In(2") 0 llwg ) < oc.
lez
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We split according to [ > 0 or [ < 0. For [ > 0, we have ||n(21~)<p0||W2c(R) < ||m(21~)<,00||W20(]R) +
m(0)] || exp(=2 (Dollws ) S M@)o lws e + [m(0)[2/1] exp(—1 - 20), which is summable
according to the hypotheses. For [ < 0, we note by some elementary manipulation that
In(2")ollwgmy S 72" )poll L2y + In(2) @ollye—1 (), where @ € C°(Ry) is some func-
tion equal to 1 on the support of ¢y and having support in [%73]. For the first term in this
estimate, we have
l ? 1 2 1 1
2 2 2
(2ol oy S [ In(@0)de = [ m(2'e) — m(0) exp(~2t) P
3 3
5 2

2t
m(0) + /0 m’(€)dé — m(0) exp(—2't)| dt

/ "

2 2 2l
< |m(0)[? |2lt|2dt+ﬁ zlt/o |m/ (&)|*dedt
2

1
2

I
—

2

2 2
< / Im(0)(1 — exp(—214)) 2t + /

2
dt

< 22 m(0) + 2% |[m/|[7 o 1)
< 2°1m(0)* + 2%!||m/xol| 7~ (&)
S 22 (Jm(0)* + [ m'xol3e1)-

We infer that >, [n(2") ol L2(r) < 0o. For the second term, we have

Hn(2l')/%||w2c—1(n§) = 2l||n/(2l')§/56||w26—1(]1§) = 2l||n/(2l')X0(2l')‘7’56HW2C—1(]R)

< 2o e

< 2" | Im'Xollye—1 + [m(O)] le™ xollpge—1 | »
————
<o

which is again summable over [ < 0.

Now for the proof of , we proceed in a similar manner. Here we use that ¢ — exp(—tA)
admits a maximal estimate on the UMD lattice L?(Y (¢?)) according to [Xu2015, Theorem 2].
Note that in contrast to Corollary [3.5] we cannot invoke the nonincreasing rearrangement of
(Ilme (2™ )pollwe ®))n=0 due to the use of the semigroup. [ |

Remark 3.10 In [Wrd, Theorem 3.1]. there is an easier proof of applying in most
of the interesting cases of operators A (the statement there concerns only scalar valued LP(S2)
spaces, but seems verbatim to translate to the UMD lattice valued space case). Wrébel’s proof
uses imaginary powers in place of the wave operators exp(isA) as they appear in our proof of
Theorem [3.1], and he imposes a different norm on m, which is slightly bigger in its derivation
exponent, that is ¢ = a+ 2, (note that in case of scalar valued LP () spaces, we always have

1 1 _ 1
27 type LP(Q2) cotype LP(Q2)

is uncomparable to our expression in , since the integration exponent in [Wrd, C(n, ),
p. 146] is ¢ = 1, whereas we have ¢ = 2 in our space W7 (R) = W5 (R). Note that [Wrd] does not
yield the pointwise convergence from C’omllary nor square function estimates as in ;
but a sort of Paley-Littlewood equivalence in [Wrd, Section 4].

max

) = 1, so that our ¢ > a+ 2). The ezact norm in [Wrd]
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Proposition [3.9] applies in the following two important cases. The second part concerns
the Bochner-Riesz maximal operator. Bounds for this operator in the case of the euclidean

Laplacian have been obtained in dimension 2, 1 < p < 2 and certain exponents v by Tao [Tao],
and in dimension d > 3 for sufficiently large p and optimal exponent v > max(d|% —3|—3,0) by

Lee [Lee]. Moreover, Seeger [See] gave LP estimates of Paley-Littlewood ¢ functions associated
with the Bochner-Riesz means.

Corollary 3.11 Assume that the hypotheses of Proposition[3.9 hold. Let c as in this proposition

and
0>c>a+ma L ! ! +1
¢>a+max | = - :
27 type LP(Y)  cotype LP(Y)

Then the wave operators associated with A satisfy the maximal estimate

sup |(1 + tA)_5 eXp(itA)f‘
t>0

<O fllzryy-
Lr(Y)

Moreover, let

1 1 1 1
VZem gz admax (27 type LP(Y) cotypeLP(Y)) Ty

Then the Bochner-Riesz means associated with A satisfy the maximal estimate

A v
-2 f
(-3),

Proof : We check the hypotheses of Proposition for the spectral multiplier functions m(\) =
(1+A)"°exp(iA) and m(\) = (1 — 4\)7, where the factor 4 is for convenience. For the wave
spectral multiplier, we have m(0) = 1. Moreover, if ¢ € N, then dd—/\ccm()\) = > roar(l+
M) ~0~FeiA for certain coefficients oy, € C. Thus, %ﬂcm(2n-)|)\ =230 (1427 \) 70 kei2"A
and [|[m(2™)pollwem) < 2m¢2=m9 By complex interpolation of the spaces W, we deduce that
for ¢ > £, we have [m(2"™ ) pollwe r) S 2720 (see also [KrPhD) p. 65-67]). We infer that for
6> ¢, 350 Im(2™)¢ollwer) < co. Note that m is a C'*° function in a neighborhood of [0, 4],
so that m'xo € HS™ .

For the Bochner-Riesz spectral multiplier, we have m(0) = 1, and since supp(m) C [0, i],
m'xo(A) = m/(A\) = —4v(1 — 4)\)1_1 in distributional sense. According to [COSY] p. 11], m’
belongs to 7—[571 iffy—1>c¢—1-— % For n > 0, note that m(2"-) and ¢( have disjoint supports,
so that Zn>0 |\m(2"~)s00\|W;(R) =0. [ ]

sup
t>0

<Ol fllze(yy-
Lr(Y)

Remark 3.12 Similar to Corollary[3.6, under the hypotheses of Proposition[3.9, we obtain a
pointwise convergence for f € LP(Y) and a.e. (z,w) € Q x ':

m(tA) f(z,w) = m(0)f(z,w) (t— 0+),
m(tA) f(z,w) - m(0)Pf(x,w) (t— o00),

where P : LP(Y) — LP(Y) denotes the projection onto the null-space of A. In particular,
according to the proof of Corollary we have with § and ~ as in this corollary, for f € LP(Y)
and a.e. (x,w) € QA xQ:

(1+tA) P exp(itA)f(z,w) — f(z,w) (t— 0+),

25



(1+tA) 0 exp(itA) f(z,w) — Pf(z,w) (t = o0),
(1 —tA)f(z,w) = flz,w) (t—04),
(1 —-tA)] f(z,w) = Pf(z,w) (t— oc0).

Again the convergence also holds pointwise a.e. x € Q in'Y and in LP(Y).

Indeed, we decompose as in the proof of Pmpositz'on m(tA) = m(0)e A 4n(tA), wheren
satisfies the hypotheses for m in Corollary withn(0) = 0. Now we have lim;_,o4 m(tA) f(z,w) =
limy 01 m(0)e™ 4 f (2, w) + lim; 04 n(tA) f(z,w) = m(0) f(z,w) + 0, according to the pointwise
convergence of the semigroup to the identity from [HoMd, Corollary 6.2]. In the same way, we
have limy_, oo m(tA) f(z,w) = limy_,oo m(0)e ™t f (2, w)+limy_ o0 n(tA) f(x,w) = m(0)Pf(z,w)+
0 [HoMd, Corollary 6.2].

4 Examples and Applications

In this section, we give several examples of 0-sectorial operators A and of UMD Ilattices Y, to
illustrate our main results from Section [Bl

4.1 Hormander calculus for (generalised) Gaussian estimates

In all our results in Section [3] we assume our O-sectorial operator A to have a Hormander
functional calculus on LP(Y), where Y is a UMD lattice. Such a functional calculus has been
recently established for a broad class of differential operators in [DKK], for which such a calculus
has been known before on the scalar valued spaces LP (2, C). In this subsection, we present the
wide range of such examples from [DKK| Section 5].

Let us first recall the definition of space of homogeneous type.

Definition 4.1 Let (2, dist, ) be a metric measure space, that is, dist is a metric on Q and u
is a Borel measure on Q. We denote B(x,r) = {y € Q: dist(x,y) < r} the closed balls of .
We assume that u(B(x,r)) € (0,00) for any x € Q and r > 0. Then Q is said to be a space of
homogeneous type if there exists a constant C < oo such that the doubling condition holds:

u(B(x,2r)) < Cu(B(x,r)) (z € Q1> 0).

We write in short V(x,r) = pu(B(z,r)). In what follows in this subsection, (Q,dist, u) is
always a space of homogeneous type. It is well-known that there exists some finite d € (0, 00)
such that V(z,Ar) < CAXV(x,r) for any 2 € Q, r > 0 and A > 1. Such a d is called
(homogeneous) dimension of (2.

We now introduce both the notions of Gaussian estimates and generalised Gaussian esti-
mates.

Definition 4.2 Let (T}):i>0 be a semigroup acting on L?(Y). Assume that

ﬂﬂ@=£m@wﬂw®

for any f € L?(Q), x € Q, t > 0 and some measurable functions p; : @ x Q — C. Let m > 2.
Then (Ty): is said to satisfy Gaussian estimates (of order m) if there exist constants C,c > 0

such that
L ((dist(ay) )7 (z,y €Q, t>0)
o o LSUZY)
V(x’rt) D o Y 9 9
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(4.1) Ipe(z,y)| < C




1
where ry = tm.

Definition 4.3 Let (2, dist, 1) be a space of homogeneous type. Let A be a self-adjoint operator
on L?(Y) generating the semigroup (T})i=0. Let po € [1,2) and m € [2,00). We say that (T})i=0
satisfies generalised Gaussian estimates (with parameters po,m) if there exist ¢,C < oo such
that

(4'2) H 1B(1J’t)TtlB(y1Tt) HLpo (Q)_>Lp6 ()

m

— L_% dist m—1
<OV p0>exp<c( is (Ly))

) (z,y € Q, t>0),
Tt

1
where ry = tm.

Remark 4.4 According to [BK02, Proposition 2.9] and [BK05, Proposition 2.1], Gaussian
estimates with parameter m > 2 for a semigroup imply generalised Gaussian estimates
with parameter po = 1 and m. Moreover, according to [BK0J, Proposition 2.1], generalised
Gaussian estimates with parameters py € [1,2) and m > 2 imply generalised Gaussian estimates
with parameters p1 € [po,2) and m.

We recall the main theorem on Hoérmander functional calculus on LP(Y") for Gaussian esti-
mates from [DKK].

Definition 4.5 Let p € (1,00), py € (1,2] and qy € [2,00). We put

1 1 1 1 1 1

4.3 a(p,py,qy :max(,,) —min(,,) € (0,1).
(4.3) ( ) ey e (0,1)
Informally spoken, this is the length of the segment, which is the convex hull of the points
1L L gnd % sitting on the real line.
P’ py’ Qv

For the next theorem, we recall the notion of p-convexity and g-concavity of a Banach lattice
ILTZ, Definition 1.d.3] and the p-convexification of a Banach lattice [RAEF] p. 215]. Note that
with these notions, a space L"(£') is r-convex and r-concave and its s-convexification is L5 ().

Theorem 4.6 [DKK, Theorem 4.10] Let (€, dist, u) be a space of homogeneous type with a
dimension d. Let A be a self-adjoint operator on L?(SY) generating the semigroup (T})i>0. Let
po € [1,2) and m € [2,00). Assume that (T})i>0 satisfies Gaussian (resp. generalised Gaussian)
estimates with parameter m (resp. po,m). Let Y be a UMD lattice which is py -convex and qy -
concave for some py € (1,2] (resp. py € (po,2]) and gy € [2,00) (resp. qv € [2,p})). Assume
that the conveifications YP and (Y')% are also UMD lattices. For example, if Y = L(€)
for some s € (1,00), then any py € (po,s) and any qy € (s,p,) are admissible. Finally,
assume that A has a bounded H*®(X,,) calculus on LP(Q,Y) for some fized p € (1,00) (resp.
p € (po,ppy)) and w € (0, 7).
Then A has a Hormander HS calculus on LP(Q,Y) with

1
B> a(p,py,qy)-d+ B

and o from (4.3)).
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Remark 4.7 Theorem[].0] applies to a wide range of differential operators in different contexts.
In the following, we list operators having a Hormander 7—[26 calculus on LP(Q,Y) for 1 < p < oo,
for any UMD lattice Y and 8 > a(p,py,qy) - d+ %

1. The heat semigroup on a complete Riemannian manifold with non-negative Ricci curvature
ILY], |GriTel, p. 3/70 (1.8)], [Sal], [Fen, Theorem 4.2.1 & p. 45], [DKK, Proposition
4.8].

2. Schrodinger operators on connected and complete Riemannian manifolds with non-negative
Ricci curvature and locally integrable, positive potential [DuOS, Section 7.4, (7.8)], [DKK,
Proposition 4.8].

3. Other Schrédinger and elliptic differential operators acting on L*(Q), where Q C R is
an open subset of homogeneous type [Ouh06]], [Oull, Section 6.4, in particular Theorems
6.10, 6.11].

4. Sub-laplacians on Lie groups with polynomial volume growth [Sal, Theorem 4.2, Example
2], [Gri], [DKK, Corollary 4.9].

5. Heat semigroups on fractals [GriTel, (1.4)], [DuOS, Section 7.11].

6. For a discussion of many further examples where Gaussian estimates as in (4.1) are
satisfied, we refer to [DuQS, Section 7], see also [DKK, Subsection 5.1].

Remark 4.8 In the recent past, several operators with generalised Gaussian estimates (4.2)
for some pg > 1 have been studied. In these cases we will obtain according to [KuUl], [DKK,
Theorem 4.7] and Theorem that A has a Hg calculus on LP(Q, L (Y)) for po < p,s < pj
and

111 111 1
4.4 223 ) —min( =, 5,2 ) ) Az
(4.4) 8 > <max<p,8,2) mm(p’s’?)) d—|—2

Such examples can be found e.g. in [KuUl, Section 3], [Bl, Section 2], see also [DKK|, Subsection
5.3].

A non-self-adjoint example Up to now, our examples of 0-sectorial operators are mostly of
the form A = Ay ® Idy, where Ag : L2(Q) — L?(Q) is self-adjoint. However self-adjointness is
not necessary for an operator to have a Hérmander calculus on L?(Q), as the following natural
example shows.

Let (T})i>0 be a self-adjoint semigroup of contractions on L?(Q, i), where ) is a space of
homogeneous type, with dimension d € N. Assume that (T});>o satisfies Gaussian estimates
as in (4.I). Then according to [DSY} Theorem 3.2], there exists some 7o € [1,2) such that for
any p € (rg,00), any w € A% (Muckenhoupt weight class [DSY], p. 1109]) and s > %, the

generator A of (T3);>o has a Hérmander calculus on LP (2, wdu). Picking p = 2, the semigroup
(T})¢>o0 is thus uniformly bounded on L?(Q, wdpu), but if w € A2 is not constant, the semigroup
[

(Tt)t>0 and the generator A are not self-adjoint on this weighted L? space. Indeed, if p;(z,y)
denotes the integral kernel of (T});>0 with respect to measure p, then for f € L>*(Q,wdp) of
compact support,

T,f(x) = / P, y) () dpa(y)
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1

= | ——p(z,y) f(y)w(y)dp(y).
/Q w(y)

Therefore, the kernel of T; with respect to weighted measure wdy is qi(z,y) = ﬁpt(x,y),

which is not symmetric if e.g. pi(z,y) # 0 for all z,y € Q and w is not constant. Thus, this
semigroup is not self-adjoint on L?(£2, wdu) yet its generator is O-sectorial and has a Hormander
calculus on this space.

4.2 Examples of UMD lattices

Apart from L7(Q') spaces for 1 < g < oo which are the major examples of UMD lattices, one can
also consider their intersections and sums when seen as subspaces of the common superspace of
(equivalence classes of) measurable functions over €.

Lemma 4.9 Let 1 < q1,q2 < co. Let ) be a o-finite measure space.

1. Then Y = L9(Q') N L9=(Q') equipped with the norm ||flly = max{[|fll, .| fll,,} and
obvious partial order is a UMD lattice.

2. ThenY = L1(Q')+L%(Q') equipped with the norm || f||y = inf{{|gll,, + 2, : f=g+h}
and obvious partial order is also a UMD lattice.

Proof : 1. Tt is immediate from the definition of a Banach lattice [LTZ, Definition 1.a.1] that Y’
is a Banach lattice. Moreover, it is easy to check that Y satisfies the axioms of a Kothe function
space from Subsection [2.2] Finally, it is straightforward to check that the Hilbert transform
satisfies [ H|| 2z yy < \/ﬁmax{HHHLQ(R’qu) N H | 2(r,pa2)}> s that Y is also a UMD space.

2. Tt follows from [Bell, 2.7.1 Theorem] that L7 (Q') + L% (Q') is the dual space of L9 (Q')N
L% (). Then it follows from [Lin, Theorem B.1.12] that Y = L9 () 4+ L%(Q') is a Banach
lattice with the o-Fatou property. Now it is easy to check that Y is a K6the function space.
Moreover, since the dual space of a UMD space is again UMD [HyNVW| Proposition 4.2.17],
the lemma is proved. [ ]

In the remainder of this subsection, we give two natural examples of sectorial operators, the
first one defined on a subspace of the UMD lattices from Lemma the second one defined
on a vector valued amplification of them, see below.

Analysis of the Stokes operator The following operator provides an example where the
UMD lattices from Lemma [£.9] appear naturally. Indeed, we shall see that the Stokes operator
on (unbounded) Lipschitz domains 2 C R? has a functional calculus on a subspace of L4 N L2
resp. L+ L?, but not on L7 itself. We recall that the Stokes system is given by

—Au+Vp =finQ,
div(u) =0in Q,
U =0 on 019,
where f is a given function, and (u,p) is the solution [She, (1.1)]. Let LZ(Q) be the closed

subspace of L(£2, C%) generated by {g € C>(Q2,C%) : div(g) = 0}. Associated with the above
system is the Stokes operator

A, 1 D(A,) € LL(Q) — L), u— —Au+ Vp,
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where p € L9(Q) is the unique function such that —Au+ Vp belongs to LZ(Q2) [Shel (1.7), (1.8)],
[KW17, p. 404]. Then it is well-known that A, is self-adjoint positive for any non-empty open
Q C R? [Tol, Remark 5.2.2]. However, when g # 2, the operator A, has less good properties.
Namely, for 1 < g # 2 < oo there exist certain unbounded smooth domains Q C R? such that
A, does not generate a semigroup any more [FKZ08|, abstract]. This is due to the fact that the
Helmholtz projection P : LI(Q,C%) — L4(f2), where Pu = u — Vp for appropriate p € L(Q)
as above, is not bounded [FKZ08|, [Ku0§].

A convenient remedy for this obstruction is to consider the spaces from Lemma that is,
one puts

fi() = LI(Q,CHNLAHQ,CY :2<g< @
| L9(Q,CY + L2(Q,CY) i 1<qg<?2
and also
- q 2 . <
[9(0) = LL(Q)N L () 2<g< @
Li(Q)+L2(Q) :1<qg<?2

[FKZ08, p. 258], [KuO8, p. 178]. Then LZ(Q) is an isometric subspace of L4(Q) (since it is
complemented by the Helmholtz projection [FKZ05, Theorem 2.1]). It is proved in [FKZ07,
Theorem 1.3] that the appropriate version flq on L2(f) is 0-sectorial provided € is a uniform
CY! domain, for any 1 < g < co. Moreover, in [FKZ08, Theorem 1.4], it is proved that flq has
maximal regularity for the same type of domain © and ¢. Finally, in [Ku08, Theorem 1.1] (see
[GeKul, Remark 1.2] for a correction of a gap in the original argument), it is shown that flq has
an H* calculus provided that  has a uniform C?*¢ boundary and 1 < ¢ < oo.

For those domains 2 such that flq has in addition a Hoérmander calculus on the UMD
space Z := Li(Q) C Y := L9(Q), our Theorem applies to this operator and yields
[t = m(tA) fllyas) S ||m||W26(%72) | f||, for appropriate ¢ (the LP(£2) component in this the-
orem is then void, i.e. consider a one-point space). Indeed, one can check that Theorem
holds in this form for O-sectorial operators acting on subspaces of UMD lattices, by the same
proof. Note that the Hérmander calculus implies the H* (X, ) calculus for any angle o € (0, 7),
the maximal regularity as well as the 0O-sectoriality.

We remark that it is an open question for which domains €2, flq has a Hormander calculus
on LI(Q), or even A, on LZ(Q). As a step in this direction, in the case that © is a bounded
Lipschitz domain in dimension d > 3, [KW17, Proposition 13] shows that A, on the original
space LZ1(f2) is R-sectorial of angle 0 and thus has an H*(3y) calculus for any 6 € (0,7)

[IKW17, Theorem 16], provided ‘% — %’ < ﬁ + &. Such H*® calculi for arbitrarily small angles

are linked to Hormander calculus by [CDMY] Theorem 4.10]. As a precursor, see also [Shel
Theorem 1.1] which proves that A, is O-sectorial on LZ(2) for the same © and g. See also [Tol]
for related results, and [GeKul Theorem 1.1] on more general domains under the assumption
that the above Helmholtz projection P is bounded on L9(Q, C%).

Coagulation-fragmentation equations Examples of differential operators acting on Bochner
spaces (or even more general vector valued spaces, such as spaces of bounded uniformly contin-
uous functions and Besov spaces) are considered in [Amal. In [Ama) (0.1)], the author defines
the elliptic differential operator

(4.5) A= A(xz,D) = Z ao(z) D

lal<m
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acting on functions f : R™ — E, with operator valued coefficients a,, € B(E), where FE is an
arbitrary Banach space. Then he denotes the principal part of A by [Amal, p. 155]

oA: R" xR" = B(E), (z,€) = Y aa(x)”,

|a]=m
and assumes that it is uniformly (&, ?)-elliptic, meaning that [Amal (3.1), (3.2)]
p(—UA($,§)> 2 2719

and o
U+ A O+ oA )y <5 (AeT0)

for (z,€) € R™ x R™ and [¢| = 1. Moreover, the coefficients a,, are subject to Holder continuity
of some order p € (0,1), meaning that [Amal p. 147

laally.o0 = sUP Jlaa (@) 5 +suplllaa(@) = aay)l pm /v - Yllgn : = #y €R"} < oo.

Then [Amal Theorem 5.10] shows that given any Banach space E and any 1 < p < oo, the
LP(R", E) realisation of —A is (m — ¥)-sectorial after some shift, w — A, for a certain w > 0,
under the conditions that A is (k,9)-elliptic in the above sense for some £ > 0 and 9 € (0, 7),
and 32, <, laall, o < 00 for some p € (0, 1).

It is an open question for which spaces E' and exponents 1 < p < oo the operator w — A4,
has moreover a (Hormander) functional calculus on LP(R™, E). Note that one has probably
to assume Banach space geometric properties on E and take 1 < p < oo, in addition to the
hypotheses of [Amal].

The physical motivation for the operator A from comes from reaction-diffusion equa-
tions [Amal (0.4)]

(4.6) Ou— Ve - (a(z,y,u)Vu) = f(z,y,u), (z€R", t>0)

where the solution u = u(t,z,y) depends (a part from time ¢ > 0 and space variable z € R"
also) on a variable y € €. Here, ' = N in case of discrete models and ' = Ry in the
continuous case. In order to obtain information on the solution of , one is naturally led to
consider a function space like LP(R™, Y (Q)')), R™ accomodating the variable z in the physical
problem and € accomodating the variable y. In the simple case of a being independent of wu,
A becomes

A(z, D) = a(x,y) Z Dii + Z D,,a(z,y)D,,,
i=1 i=1
a(z,y) (and D, a(z,y)) being interpreted as pointwise multipliers, that is, a(x,y) : Y(Q') —
YY), u— (y — al(x,y)u(y)). Moreover, according to [Amal (0.7)], a natural function space
on which the sectorial operator w — A will act, and thus for the solution of (4.6)), is the lattice

(4.7) X = (LN LP)(RY, L™ (Y, dy'))

with ¢ = 1, p > n and r = 1. Note that for modified exponents 1 < ¢,p,r < oo, X is turned
into a UMD lattice (without the Kéthe property 2. from Subsection in general unless
g = p = r), which can be shown in a similar way to Lemma So it becomes a candidate of
function space for our Theorem provided w — A has a Hormander calculus on X. Again
note that sectoriality in vector-valued LP spaces proved in [Amal Theorem 5.10] is a necessary
condition for this Héormander calculus.
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4.3 Necessity of type and cotype assumptions

In Theorem [3.T]and its consequences, one remarks that there is a gap between the order « of the
Hoérmander calculus of A in the hypothesis and the order ¢ in the conclusion of the vectorial or
maximal estimate. Concerning the quantity ¢ I ol Cotypele (vj Which appears in this gap,
note that it is only needed to pass from the H$ calculus of A to an R-bounded H3 calculus of A
through Proposition An indication that the type and cotype of Y (which are equal to the
type and cotype of L?(Q,Y)) are necessary in order to obtain R-bounded functional calculus is
given in equation of Proposition below, already in the case of spectral multipliers of
—A and Fourier multipliers on euclidean space. First we have the following technical lemma.

Lemma 4.10 Let (g,), be a normalized sequence in L?>(R?) such that supp(g,) Nsupp(gx) = 0
forn #k. LetY be a Banach space. Assume that (T,),, is a sequence in B(L*(RY)) such that
forany N € N, {T\ ®1dy, ..., Tn®Idy} is R-bounded over L?(R%,Y) with a control of R-bound
< N7 for some v = 0. Finally, assume that Tg, = f for alln € N with 0 # f € L?(R9).

1. If v =0, then Y is of type 2.
2. If v >0, then Y is of any type r with % >y + %
Proof : Welet N € Nand y1,...,y, € Y arbitrary. Then
2\ 3 2\ 3
B[ 1@l e
R j
2

= ]E/Rd zj:fjf(x)yj dx

Y

12

N
E ijyj
j=1

Y Y

[N

=

2

= ]E/Rd > eiTigi(x)y;| d
i

Y

Nl=

2

< N7 E/ E gjg;(x)y;|| dz
Rd -
J

Y

N

= N7 Eg / E g;9;(x)y;|| dx
k=1 supp(gx ) i
Y

N
~N(EY [ @ ol do
supp(gk)

k=1

N 3
2
v (Dyjny) |
k=1

Here, we have used the R-boundedness of {77 ® Idy,...,Tny ® Idy} in the fourth line, the
disjointness of the supports of the g; in the last but one line, and the L?-normalisation of the

2

32



g; in the last line. If v = 0, we immediately deduce that Y is of type 2. If v > 0, then we
deduce that Y is of weak Rademacher type r with % =7+ %, which implies that Y is actually
of usual Rademacher type r with 2 >~ + 1 [Mas]. [ ]

In the following proposition, we write By, (R?) for the Banach algebra of bounded Borel func-
tions over R (similarly Bo(R4)), and for ¢ € By (RY), M, the Fourier multiplier with symbol
¢. Moreover, for 8 > % we write "Hfj(Rd) = {m € Cy(R?) : ||m||H§(Rd) = SUpPy~q ||¢m(t-)||Wqﬁ(Rd) <
oo} the Hérmander symbols over d-dimensional space. Hereby, ¢ € C°(R?) is a non-zero radial
function with support in B(0,4)\B(0, 1).

Proposition 4.11 Let Y be a Banach space and d € N a dimension.

1. Assume that —i% ® Idy has an R-bounded Boo(R) calculus over L*(R,Y). ThenY is
isomorphic to a Hilbert space. The same conclusion holds if —A ® Idy has an R-bounded
B (R4 calculus over L2(R,Y) or if the family {My®1dy : ¢ € Boo(R?), ¢l 5. ray < 1}
is R-bounded over L*(R,Y).

2. Assume that —i% ® Idy has an R-bounded HE(RY) calculus over L*(R,Y) for some
1<s<ooand a> % Then Y is of type p and cotype q where %,17 % > a4+ % E.g. if
Y is an L" space, then necessarily

1 1 1 1
(4.8) a>|-—
,

5' - type L™  cotype L"

The same holds if —A @ Idy has an R-bounded H%(Ry) calculus over L*(R,Y) or if the
family {My ®1dy : ¢ € HEYRY), [l 30-2ray < 1} is R-bounded over L?(R%,Y).

3. Conversely, if Y is an L" space with 1 < r < oo, then for any a > |7l — %|, if d is
sufficiently large, then —A ® Idy has an R-bounded HS 4 (Ry) calculus over L*(R4,Y).

Proof : 1. We apply Lemma@with g; = 1} j+1) and Tj = M_i;¢ the shift operator mapping
gj to f = go. Since T; = exp(ij(—i%)) is a By (R) spectral multiplier of —idi, we infer by the
assumptions that {T;®1d : j € N} is R-bounded over L*(R,Y). Thus, Lemma applies with
v =0, and Y is of type 2. Moreover, since m(—i-L)* = m(—i-L) with Imlls. & = Ml 5 ®
and R-boundedness is stable under passage to adjoints, the assumptions imply that —i% RIdy«
also has an R-bounded By (R) calculus, over L?(R,Y*). Thus, we deduce that Y* is also of
type 2, so by [DiJT} 11.10 Proposition p.220], Y is of cotype 2. Finally, by a well-known result
of Kwapien, any space of type 2 and cotype 2 is isomorphic to a Hilbert space.

If —A ® Idy has an R-bounded B (Ry) calculus, then by Guerre-Delabriére’s theorem
[AEvNVW2, Corollary 10.5.2 p.441], Y is a UMD space. Moreover, since m ~ m((-)?) is an isom-
etry in Boo(Ry), also (—A)2 ®Idy has an R-bounded Buo(R.) calculus. For any m € Bao(R),
write m.. () = m(£)1j0,00) (§) and m_(§) = m(=£)1(0,00)(§)- Then [millp (g, Im-llp_.) <
I .. =) and

1 1
) = (CA)H £ m_ (A1~ H),
where H = M, , is the Hilbert transform. Since Y is UMD, H @ Idy and (Id — H) ® Idy are
bounded on L?(R,Y). We infer that —i-- ® Idy then has an R-bounded B (R) calculus over
L?(R,Y), and can apply the first part of the proof.

If the family {M, ® Idy : ¢ € Boo(R?), ¢l 5. may < 1} is R-bounded over L3(R4Y), we
argue similarly with Lemma using g;(z) = ¢ 1p(o,1)(z — j) and Tjg(z) = g(z + j) with
j € N,

m(—i
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2. We again apply Lemma [L.10] with g; = 1} 1), j € N, but this time, we choose T; =
m;(—if) with m;(¢) = Weij& It is essentially shown in [KrW3l Lemma 3.9] that
||ijH§,(R1) S (14 7)*. We then have Tjg; = Mggo =: f # 0 with ¢(¢) = W Since the
assumptions on R-bounded calculus imply that {7} ® Idy,...,Tny ® Idy } is R-bounded with
control < N%, Lemma implies that Y is of type p with zla > a+1. For the cotype statement,
similarly to part 1., we can employ a duality argument. Indeed, |[m|ya g1y = 730 Ry and
(m(—iL)®Idy)* =m(—i-1) ®Idy-. Thus, —i-L ® Idy- has an R-bounded HS(R!) calculus
over L*(R,Y*). We infer by the above that Y* has type ¢* with q% > o+ %, so that by

[DiJT| 11.10 Proposition], Y has cotype ¢ with 1 — % > o+ % Since an L" space satisfies

max (typi =, 1— Cotyéc —) = |2 — 1|+ 1 (with no better type and cotype), we infer that
1)

necessarily, a satisfies (|

If —A ® Idy has an R-bounded HZ(Ry) calculus, then similarly as in 1., we deduce that
—i% ® Idy has an R-bounded H%(R') calculus. Indeed, again by [HYNVW2| Corollary 10.5.2
p-441], Y must be a UMD space so that H ® Idy = My,  ® Idy is bounded on L*(R,Y).

Then for m € HI(R'), we write m(—i-L) = mi((=A)2)H + m_((—A)2)(Id — H). Since
m — m((-)2) is an isomorphism on H%(R,), (—A)2 ® Idy has an R-bounded H(R ) calculus

over L?(R,Y). Then we conclude since Mt llge ryy > I=llgge @y < Imll3ge ra)-

Finally, in case that {My ® Idy : ¢ € H¥4(R?), H¢||Hg~d(Rd) < 1} is R-bounded over
L?(RY)Y), we again use Lemma but this time with g;(z) = ¢ - 1?(0,%)(:5 — j) indexed
by j € N% Moreover, we take T; = M,y,, with m;(§) = Wc”g.
above, one can show that Hmj”?—tg'd(]Rd) < (1 + |j))>94. We have Tjg; = Mygo =: f # 0 with
o(&) = W Then for N € N, the family {7} ® Idy = T(;, ..,y ® Idy : ji,...,ja €

{1,...,N}} is of cardinality N and of R-bound controlled by N*¢. Thus, Lemma applies
with v = O‘T'd = «, and thus yields that Y is of type r with % > o+ % (and similarly for the
cotype by a duality argument).

3. Since the heat semigroup satisfies Gaussian estimates and an L” space is r-convex and
r-concave, [DKK| Corollary 4.13, (4.1)] applies and yields a H§'d+f (R4 ) calculus for —A®Idy-
1

on L*(R%, L") with 8 > typéLr ~ @y = 1r 1] If also @ > |2 — 1|, then note a - d =

B-d+ % = a=0+ ﬁ, so that we conclude by taking 8 in between |% - %| and «, and d
sufficiently large so that ﬁ =a-—pf. [ ]

Similarly to the

5 Concluding remarks

Already for classical (i.e. non-maximal/g-variational) Hérmander multiplier theorems, a nice
description of the exact norm ||m(A)||Lr—r» in terms of a function norm ||m|| of the spectral
multiplier is not known today. This problem is equally present for our maximal spectral mul-
tipliers in this article and only a step by step progression of sufficient conditions in the form
[t = mtA)()l|Lr e,y S l[mll.. seems to be manageable. In this direction, it would be
interesting to know whether in the context of Corollary of semigroup generators, one can
relax the summation condition to

Z ||m(2n')<P0||W2C(R)
< o0
1+ |n|

neZ
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as in the euclidean case [CGHS], or with an additional factor log(|n| + 2) as in [Choi]. As
another possible relaxation, one can ask the question, whether

Z ||m(2n')900||%/[/;(]1§) <
nez

is sufficient for a maximal estimate, which is known to be true for the euclidean Laplacian
[CGHS, (1.3)]. Also maximal estimates for spectral multipliers that do not decay at co are not
well understood. Already the scalar case Y = C would be interesting.

As a partial result for radial spectral multipliers of the euclidean Laplacian, and on the
radial part LE ;(R?), see [HINS] for a description of |[m(—A)||Lr—r» and [Kim| for a description
of [|t = m(—tA)(-)||Lr—Lr(L=(r,)) in terms of the associated convolution kernel of m(—A).

6 Acknowledgments

The authors acknowledge financial support through the research program ANR-18-CE40-0021
(project HASCON). They also respectively acknowledge financial support through the research
program ANR-18-CE40-0035 (project REPKA) and ANR-17-CE40-0021 (project FRONT). We
thank Peer Kunstmann for explanations concerning the Stokes operator from Subsection [£.2}

References

[ACMM] J. Ahrens, M. G. Cowling, A. Martini and D. Miller. Quaternionic spherical
harmonics and a sharp multiplier theorem on quaternionic spheres. Math. Z. 294
(2020), no. 3-4, 1659-1686.

[Al79] D. Aldous. Unconditional bases and martingales in L,(F"). Math. Proc. Cambridge
Philos. Soc. 85 (1979), no. 1, 117-123. [7]

[Alex] G. Alexopoulos. Spectral multipliers on Lie groups of polynomial growth. Proc.
Amer. Math. Soc. 120 (1994), no. 3, 973-979.

[Ama] H. Amann. Elliptic operators with infinite-dimensional state spaces. J. Evol. Equ.
1 (2001), no. 2, 143-188. [6
[BeL] J. Bergh and J. Lofstrém. Interpolation spaces. An introduction. Grundlehren der

Mathematischen Wissenschaften, No. 223. Springer-Verlag, Berlin-New York, 1976.

x+207 pp. [12] 22} 29

[B]] S. Blunck. A Hérmander type spectral multiplier theorem for operators without
heat kernel. Ann. Scuo. Norm. Sup. Pisa (5) Vol.IT (2003), 449-459.

[BK02] S. Blunck and P. Kunstmann. Weighted norm estimates and maximal regularity.
Adv. Differential Equations 7 (2002), no. 12, 1513-1532.

[BKO5] S. Blunck and P. Kunstmann. Generalized Gaussian estimates and the Legendre
transform. J. Operator Theory 53 (2005), no. 2, 351-365.

[Bou83] J. Bourgain. Some remarks on Banach spaces in which martingale difference se-
quences are unconditional. Ark. Mat. (1983), no. 2, 163-168.

35



[Bur81]

[Bur83]

[Bur01]

[Crb]

[Car]

[CDLWY]

[CDY]

[COSY]

[Choi]

[Christ]

[CGHS]

[CDMY]

D. L. Burkholder. A geometrical characterization of Banach spaces in which martin-
gale difference sequences are unconditional. Ann. Probab. 9 (1981), no. 6, 997-1011.
@

D. L. Burkholder. A geometric condition that implies the existence of certain sin-
gular integrals of Banach-space-valued functions. Conference on harmonic analysis
in honor of Antoni Zygmund, Vol. I, IT (Chicago, Ill., 1981), 270-286, Wadsworth
Math. Ser., Wadsworth, Belmont, CA, 1983. [7]

D. L. Burkholder. Martingales and singular integrals in Banach spaces. Handbook
of the geometry of Banach spaces, Vol. I, 233-269, North-Holland, Amsterdam,
2001. [

A. Carbery. Radial Fourier multipliers and associated maximal functions. Recent
progress in Fourier analysis (El Escorial, 1983), 49-56, North-Holland Math. Stud.,
111, Notas Mat., 101, North-Holland, Amsterdam, 1985.

L. Carleson. Euclidean harmonic analysis. Proceedings of Seminars held at the
University of Maryland, College Park, Md., 1979. Edited by John J. Benedetto.
Lecture Notes in Mathematics, 779. Springer, Berlin, 1980. i+177 pp.

P. Chen, X. T. Duong, J. Li, L. A. Ward and L. Yan. Marcinkiewicz-type spectral
multipliers on Hardy and Lebesgue spaces on product spaces of homogeneous type.
J. Fourier Anal. Appl. 23 (2017), no. 1, 21-64.

P. Chen, X. T. Duong and L. Yan. LP-bounds for Stein’s square functions associated
to operators and applications to spectral multipliers. J. Math. Soc. Japan 65 (2013),
no. 2, 389-409. 2]

P. Chen, E. M. Ouhabaz, A. Sikora and L. Yan. Restriction estimates, sharp
spectral multipliers and endpoint estimates for Bochner-Riesz means. J. Anal.
Math. 129 (2016), 219-283.

P. Chen and E. M. Ouhabaz. Weighted restriction type estimates for Grushin
operators and application to spectral multipliers and Bochner-Riesz summability.
Math. Z. 282 (2016), no. 3-4, 663-678.

X. Chen and A. Hassell. Resolvent and spectral measure on non-trapping asymp-
totically hyperbolic manifolds II: Spectral measure, restriction theorem, spectral
multipliers. Ann. Inst. Fourier (Grenoble) 68 (2018), no. 3, 1011-1075.

W. Choi. Maximal functions for multipliers on stratified groups. Math. Nachr. 288

(2015), no. 10, 1098-1121.

M. Christ. LP bounds for spectral multipliers on nilpotent groups. Trans. Amer.
Math. Soc. 328 (1991), no. 1, 73-81.

M. Christ, L. Grafakos, P. Honzik and A. Seeger. Maximal functions associated
with Fourier multipliers of Mikhlin-Hérmander type. Math. Z. 249 (2005), no. 1,

223-240. [} Bl BY)

M. Cowling, I. Doust, A. McIntosh and Y. Yagi. Banach space operators with a
bounded H* functional calculus. J. Austral. Math. Soc. Ser. A 60 (1996), no. 1,
51-89. B0

36



[DaTr]

[DKK]

[DKqVar]

[DiJT]

[Duong]

[DuOS]

[DSY]

[FKZ05]

[FKZ07]

[FKZ08]

[Fen]

[GeKu]

[GiWe]

[Gri]

H. Dappa and W. Trebels. On maximal functions generated by Fourier multipliers.
Ark. Mat. 23 (1985), no. 2, 241-259.

L. Deleaval, M. Kemppainen and C. Kriegler. Hérmander functional calculus on
UMD lattice valued LP spaces under generalised Gaussian estimates. Accepted in
Journal d’Analyse Mathématique. Preprint on https://arxiv.org/abs/1806.03128

G 211 26} 27} 231 B4]

L. Deleaval and C. Kriegler. g¢-variational Hérmander Functional Calculus and
Schrodinger and wave maximal estimates. Preprint, in preparation. [5

J. Diestel, H. Jarchow and A. Tonge. Absolutely summing operators. Cambridge
Studies in Advanced Mathematics, 43. Cambridge: Cambridge Univ. Press, 1995.

[0 B3} B4

X. T. Duong. H,, functional calculus of second order elliptic partial differential
operators on LP spaces. Miniconference on Operators in Analysis (Sydney, 1989),
91-102, Proc. Centre Math. Anal. Austral. Nat. Univ., 24, Austral. Nat. Univ.,
Canberra, 1990. 2]

X. T. Duong, E. M. Ouhabaz and A. Sikora. Plancherel-type estimates and sharp
spectral multipliers. J. Funct. Anal. 196 (2002), no. 2, 443—-485.

X.T. Duong, A. Sikora and L. Yan. Weighted norm inequalities, Gaussian bounds
and sharp spectral multipliers. J. Funct. Anal. 260 (2011), no. 4, 1106-1131.

K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations.
Graduate Texts in Mathematics, 194. Springer-Verlag, New York (2000). xxii+586

pp- [I7]

R. Farwig, H. Kozono and H. Sohr. An L%-approach to Stokes and Navier-Stokes
equations in general domains. Acta Math. 195 (2005), 21-53.

R. Farwig, H. Kozono and H. Sohr. The Stokes resolvent problem in general un-
bounded domains. Conference on the Navier-Stokes Equations and their Applica-
tions, 79-91, RIMS Kokytiroku Bessatsu, B1, Res. Inst. Math. Sci. (RIMS), Kyoto,
2007.

R. Farwig, H. Kozono and H. Sohr. Maximal regularity of the Stokes operator in
general unbounded domains of R™. Functional analysis and evolution equations,
257-272, Birkhéuser, Basel, 2008. [30]

G. Fendler. On dilations and transference for continuous one-parameter semigroups
of positive contractions on LP-spaces. Ann. Univ. Sarav. Ser. Math. 9 (1998), no.

1, iv+97 pp. 2§

M. Geiflert and P. Kunstmann. Weak Neumann implies H* for Stokes. J. Math.
Soc. Japan 67 (2015), no. 1, 183-193.

M. Girardi and L. Weis. Operator-valued Fourier multiplier theorems on LP(X)
and geometry of Banach spaces. J. Funct. Anal. 204 (2003), no. 2, 320-354.

A. Grigor’yan. The heat equation on noncompact Riemannian manifolds. Math.
USSR Sbornik 72 (1992), no. 1, 47-77.

37



[GriTel]

[HNS]

[HoMa]

[Hor]

[Hyl]

[Hy2]

[HvNVW]

[HYNVW2]

[Kim]

[KrPhD)]

[KrW2]

[KrW3]

[Ku0g]

[KuUhl]

[KU2]

A. Grigor’yan and A. Telcs. Two-sided estimates of heat kernels on metric measure
spaces. Ann. Probab. 40 (2012), no. 3, 1212-1284.

Y. Heo, F. Nazarov and A. Seeger. Radial Fourier multipliers in high dimensions.
Acta Math. 206 (2011), no. 1, 55-92.

G. Hong and T. Ma. Vector valued g-variation for differential operators and semi-
groups II. Preprint on https://arxiv.org/abs/1411.1254

L. Hormander. Estimates for translation invariant operators in LP spaces. Acta
Math. 104, (1960), 93-140.

T. Hytonen. Reduced Mihlin-Lizorkin multiplier theorem in vector-valued LP
spaces. Partial differential equations and functional analysis, 137-151, Oper. The-
ory Adv. Appl., 168, Birkhéuser, Basel, 2006. [2]

T. Hytonen. Anisotropic Fourier multipliers and singular integrals for vector-valued
functions. Ann. Mat. Pura Appl. (4) 186 (2007), no. 3, 455-468.

T. Hytonen, J. van Neerven, M. Veraar and L. Weis. Analysis in Banach spaces.
Vol. 1. Martingales and Littlewood-Paley theory. Ergebnisse der Mathematik und
ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results
in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in

Mathematics], 63. Springer, Cham, 2016. xvi+614 pp.

T. Hytonen, J. van Neerven, M. Veraar and L. Weis. Analysis in Banach spaces.
Vol. I1.Probabilistic methods and operator theory. Ergebnisse der Mathematik und
ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results
in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in
Mathematics|, 67. Springer, Cham, 2017. xxi4+616 pp.

J. Kim. A characterization of maximal operators associated with radial Fourier
multipliers. Proc. Amer. Math. Soc. 145 (2017), no. 3, 1077-1085.

C. Kiriegler. Spectral multipliers, R-bounded homomorphisms and analytic
diffusion semigroups.  PhD thesis, available online at https://hal.archives-

ouvertes.fr/tel-00461310v1

C. Kriegler and L. Weis. Paley-Littlewood decomposition for sectorial operators
and interpolation spaces. Math. Nachr. 289 (2016), no. 11-12, 1488-1525.

C. Kriegler and L. Weis. Spectral multiplier theorems via H* calculus and R-

bounds. Math. Z. 289 (2018), no. 1-2, 405-444.

P. Kunstmann. H°-calculus for the Stokes operator on unbounded domains. Arch.
Math. (Basel) 91 (2008), no. 2, 178-186.

P. Kunstmann and M. Uhl. Spectral multiplier theorems of Hérmander type on
Hardy and Lebesgue spaces. J. Operator Theory 73 (2015), no. 1, 27-69.

P. Kunstmann and M. Uhl. LP-spectral multipliers for some elliptic systems. Proc.
Edinb. Math. Soc. (2) 58 (2015), no. 1, 231-253.

38



[KuUl]

[KW04]

[KW17]

[Lee]

[LY]

[Lin]

[LTz)

[Mas]

[MauMeda]

[Ma74]

[Mul]

[MuSt)

[Ouh]

[Ouh06]

[RoVe]

P. Kunstmann and A. Ullmann. Rs-bounded H°-calculus for sectorial operators
via generalized Gaussian estimates. Math. Nachr. 288 (2015), no. 11-12, 1371-1387.

P. Kunstmann and L. Weis. Maximal L,-regularity for parabolic equations, Fourier
multiplier theorems and H°-functional calculus. Functional analytic methods for
evolution equations, 65-311, Lecture Notes in Math., 1855 (2004) Springer, Berlin.

A [ L1

P. Kunstmann and L. Weis. New criteria for the H-calculus and the Stokes
operator on bounded Lipschitz domains. J. Evol. Equ. 17 (2017), no. 1, 387-4009.
R{0)

S. Lee. Improved bounds for Bochner-Riesz and maximal Bochner-Riesz operators.
Duke Math. J. 122 (2004), no. 1, 205-232.

P. Li and Sh. Yau. On the parabolic kernel of the Schrodinger operator. Acta
Math. 156 (1986), no. 3-4, 153-201.

N. Lindemulder. Parabolic Initial-Boundary Value Problems with Inhomogeneous
Data A Maximal Weighted LY — LP-Regularity Approach. Master thesis, Utrecht

University.

J. Lindenstrauss and L. Tzafriri. Classical Banach spaces. II. Function spaces.
Ergebnisse der Mathematik und ihrer Grenzgebiete [Results in Mathematics and
Related Areas|, Vol. 97. Springer-Verlag, Berlin-New York, 1979. x+243 pp.

27 29

V. Mascioni. On weak cotype and weak type in Banach spaces. Note Mat. 8 (1988),
no. 1, 67-110. B3]

G. Mauceri and S. Meda. Vector-valued multipliers on stratified groups. Rev. Mat.
Iberoamericana 6 (1990), no. 3-4, 141-154.

B. Maurey. Type et cotype dans les espaces munis de structures locales incondition-
nelles. Séminaire Maurey-Schwartz (1973/74), 24-25 (1974), Ecole Polytechnique,
Paris. [I0]

D. Miller. A geometric bound for maximal functions associated to convex bodies.
Pacific J. Math. 142 (1990), no. 2, 297-312.

D. Miiller and E. M. Stein. On spectral multipliers for Heisenberg and related
groups. J. Math. Pures Appl. (9) 73 (1994), no. 4, 413-440.

E.-M. Ouhabaz. Analysis of heat equations on domains. London Mathematical
Society Monographs Series, 31. Princeton University Press, Princeton, NJ, 2005.

E.-M. Ouhabaz. Sharp Gaussian bounds and LP-growth of semigroups associated
with elliptic and Schrédinger operators. Proc. Amer. Math. Soc. 134 (2006), no.
12, 3567-3575. 2§

J. Rozendaal and M. Veraar. Fourier multiplier theorems involving type and cotype.
J. Fourier Anal. Appl. 24 (2018), no. 2, 583-619.

39



[RdF]

[RAF2]

[Sal]

[See]

[SYY]

[She]

[Tao]

[Tol]

[Wro]

[Xu2015]

Luc Deleaval

J. L. Rubio de Francia. Martingale and integral transforms of Banach space valued
functions. Probability and Banach spaces (Zaragoza, 1985), 195-222, Lecture Notes
in Math., 1221, Springer, Berlin, 1986.

J. L. Rubio de Francia. Maximal functions and Fourier transforms. Duke Math. J.
53 (1986), no. 2, 395-404.

L. Saloff-Coste. A note on Poincaré, Sobolev, and Harnack inequalities. Int. Math.
Res. Not. (1992), no. 2.

A. Seeger. On quasiradial Fourier multipliers and their maximal functions. J. Reine
Angew. Math. 370 (1986), 61-73.

A. Sikora, L. Yan and X. Yao. Sharp spectral multipliers for operators satisfying
generalized Gaussian estimates. J. Funct. Anal. 266 (2014), no. 1, 368—409.

Z. Shen. Resolvent estimates in LP for the Stokes operator in Lipschitz domains.
Arch. Ration. Mech. Anal. 205 (2012), no. 2, 395-424.

T. Tao. On the maximal Bochner-Riesz conjecture in the plane for p < 2. Trans.
Amer. Math. Soc. 354 (2002), no. 5, 1947-19509.

P. Tolksdorf. On the LP-theory of the Navier-Stokes equations on Lipschitz do-
mains. PhD-thesis, Technische Universitiat Darmstadt, 2016.

B. Wrébel. On the consequences of a Mihlin-Hérmander functional calculus: max-
imal and square function estimates. Math. Z. 287 (2017), no. 1-2, 143-153.
24

Q. Xu. H® functional calculus and maximal inequalities for semigroups of con-
tractions on vector-valued L,-spaces. Int. Math. Res. Not. IMRN 2015, no. 14,

5715-5732. [ 23} 4]

Laboratoire d’Analyse et de Mathématiques Appliquées (UMR 8050)
Université Gustave Eiffel

5, Boulevard Descartes, Champs sur Marne

77454 Marne la Vallée Cedex 2

luc.deleaval@Qu-pem.fr

Christoph Kriegler
Université Clermont Auvergne,

CNRS,
LMBP,

F-63000 CLERMONT-FERRAND,

FRANCE

URL: https://lmbp.uca.fr/~kriegler /indexenglish.html
christoph.kriegler@uca.fr

40


https://lmbp.uca.fr/~kriegler/indexenglish.html

	Introduction
	Preliminaries
	R-boundedness
	UMD lattices
	Abstract Hörmander Functional Calculus

	The Maximal Hörmander Functional Calculus Theorem
	Examples and Applications
	Hörmander calculus for (generalised) Gaussian estimates
	Examples of UMD lattices
	Necessity of type and cotype assumptions

	Concluding remarks
	Acknowledgments

