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Abstract

We consider self-adjoint semigroups T; = exp(—tA) acting on L?*(Q2) and satisfying
(generalised) Gaussian estimates, where 2 is a metric measure space of homogeneous type
of dimension d. The aim of the article is to show that A ® Idy admits a Hérmander type
HY functional calculus on LP(Q;Y) where Y is a UMD lattice, thus extending the well-
known Hérmander calculus of A on LP(Q). We show that if T} is lattice positive (or merely
admits an H* calculus on LP(Q2;Y)) then this is indeed the case. Here the derivation
exponent has to satisfy 8 > a-d + %, where a € (0,1) depends on p, and on convexity
and concavity exponents of Y. A part of the proof is the new result that the Hardy-
Littlewood maximal operator is bounded on LP(€Q;Y"). Moreover, our spectral multipliers
satisfy square function estimates in LP(Q;Y). In a variant, we show that if e®®“ satisfies
a dispersive L'(Q2) — L>(Q) estimate, then 3 > I above is admissible independent of
convexity and concavity of Y. Finally, we illustrate these results in a variety of examples.
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1 Introduction

Let f be a bounded function on (0, 00) and u(f) the operator on L?(R?%) defined by [f(—A)g] =
[w(f)g] = f(||€]|*)§(€). Hormander’s theorem on Fourier multipliers Theorem 2.5] asserts
that u(f) : LP(RY) — LP(R?) is bounded for any p € (1,00) provided that for some integer 3
strictly larger than %,

) 2R k dk; 2
(1.1) Hf”né‘ = max ;l;l:())ﬁ/ dtk dt < 0.

This theorem has many refinements and generalisations to various similar contexts. Namely,
one can generalise to non-integer 5 in (1.1)) to get larger (for smaller 5) admissible classes
5 = {f : (0,00) = C bounded and continuous : [ f]l,,6 < oo} of multiplier functions f (see

2

Subsection . Moreover, it has been a deeply studied question over the last years to know to
what extent one can replace the ordinary Laplacian subjacent to Hérmander’s theorem by other
operators A acting on some LP(2) space. A theorem of Hormander type holds true for many
elliptic differential operators A, including sub-Laplacians on Lie groups of polynomial growth,
Schrodinger operators and elliptic operators on Riemannian manifolds, see |Alex) (Christl [Duongj,
[DuOS]. More recently, spectral multipliers have been studied for operators acting on LP(£2) only
for a strict subset of (1,00) of exponents [Bl, [CDY] [COl [COSY], [KuUhl, [KU2, [SYY] and for
abstract operators acting on Banach spaces [KrW3|. A spectral multiplier theorem means then
that the linear and multiplicative mapping

(1.2) Hy — B(X), f— f(A),

is bounded, where typically X = LP(Q).

The main topic of the present article is to determine in which cases holds with X =
LP(Q;Y), i.e. when does the tensor extension f(A) ® Idy of f(A) : LP(2) — LP(Q) extend
to a bounded operator on the Bochner space LP(Q;Y). It is well-known that if YV is a Hilbert
space, or if f(A) is lattice positive, or if f(A) is both bounded on L> () and on L!(Q), then
this tensor extension is possible, but in general, this is a difficult task, e.g. for a multiplier f(A)
with singular integral kernel having a cancellation effect. As a motivation for this question,
take the following abstract hyperbolic PDE

Fulx,y,t) = —Agu(z,y,1) (zeQ yeQt>0)
u(z,y,0) = f(z,y) (e, ye),

which is solved formally by u(x,y,t) = exp(itv/A)(f)(x,y). Noting that

SO = (14 X) "% exp(itV/X)



belongs to the class 7—[5 for 6 > g [KxW3, Lemma 3.9], [KxPhD| Prop 4.8 (4)] yields that
lu@®)lx < C(1 + [t)®||(1 + A)°f||x provided that holds. One thus obtains a norm
estimate of the solution u in terms of fractional domain space norms D((1 + A4)°) C X of the
initial value f. As an example, we can take X = LP(2; L*(QY')). We refer to [HiPrl Sections 5
and 6] and [DeKrll Section 4] for further applications of the functional calculus to equations
on such X.

Even in the case that A = —A, which can be considered as our basic example and starting
point for further considerations, one cannot take any Banach space Y in X = LP(;Y) of
, but is restricted to take a UMD space Y [KW04, 10.3 Remark], for a definition of the
UMD property see Subsection In establishing a functional calculus on X = LP(Q), square
function estimates such as

(13) |(Smse)’| <o (Zine)’
k k

are known to play an important role, where T; is a spectral multiplier of A, typically the
semigroup generated by A. We will prove such square function estimates also for X = LP(€;Y).
In order to do so, we will need a maximal estimate, which in the simplest form states as
Ty f] < eMyp(f) for all t > 0. A natural framework for us will be that ¥ = Y(€?') is a
UMD lattice over some measure space €)' and € a metric measure space, in fact, a space of
homogeneous type, see Subsection [2.4] Then My stands for the Hardy-Littlewood maximal
operator, which is

X

My () (') = sup ——

T>OW/BW)f(y,W)du(y) (reQ o e)

where B(z,r) stands for the closed ball centered in z of radius r and V(x,r) stands for the
volume of that ball. Our first main result reads then as:

Theorem 1.1 If Q is a space of homogeneous type, then Mgy, is bounded on LP(Q;Y) for any
p € (1,00) and for every UMD lattice Y.

By an abstract machinery from [KrW3], square functions as in for T} the semigroup
for complex times ¢ € C, plus an a priori H* calculus of A on LP(£;Y) are sufficient for the
Hoérmander calculus . Our task thus becomes to verify and the H* calculus of A,
which means that holds with the class Hg replaced by the smaller class H*>°(%,,) consisting
of bounded and analytic functions, see Subsection for a precise definition. For the H*
calculus, there are several strategies of extrapolation, or lattice positivity of the semigroup, or
L>(Q) and L'(2) contractivity of the semigroup, see Theorem [4.6] Corollary 4.9 or Proposition
respectively. When it comes to the square function estimate , we have chosen as
a starting point that € is a space of homogeneous type, T} is self-adjoint on L?(f2), has a
representation

Tof(z) = / pe(, ) f(y) duy)

and its integral kernel p;(z,y) satisfies Gaussian estimates, that is, for some m > 2, C,¢ > 0

Tt

(14) P y)] < cv(l)xp<<d“y)) "”) (g€ D, t>0),

where 7, = tw . Such estimates are by now a well-established property for semigroups generated
by differential operators (see Section . These are not the most general assumptions for our



purposes and the more general generalised Gaussian estimates, see below, for semigroups
acting only on LP(2) for p belonging to a subinterval (po,pj) C (1, 00) fit equally well for our
methods. See Subsection for examples. We have chosen a presentation of our method in
Section [4] for generalised Gaussian estimates and deduce the classical Gaussian estimates case
as corollaries. Then our main result reads as follows.

Theorem 1.2 Let (,dist, u) be a space of homogeneous type with a dimension d. Let A be a
self-adjoint operator on L*(Q) generating the semigroup (T})i>0. Assume that (Ty)i>o0 satisfies
Gaussian estimates with parameter m > 2. LetY be a UMD lattice. Finally, assume
that Ty is lattice positive, i.e Tyf > 0 for all f > 0 and all t > 0, or merely that A has a
bounded H*®(X,,) calculus on LP(;Y) for some fizred p € (1,00) and w € (0,7). Then A has
a Hormander H5 caleulus on LP(Q;Y) with

1
cd+ =
B>« +2

Here, o € (0, 1) is a parameter depending on p and Y, and will be close to the best value 0 if p
is close to 2 and Y is close to a Hilbert space, e.g. Y = L*(Q') with s close to 2. More generally,
« is a function of p and of the convexity and concavity index of the lattice Y in the sense of
[LTZ] (see (4.1), and Subsection [2.2] for the definition of these notions). Theorem [1.2|is proved
in Corollaries and We refer to Theorem for the version with (pg,m) generalised
Gaussian estimates, which needs convexity and concavity exponents of Y compatible with pg.
In the scalar case Y = C (or Hilbert space case), the derivation index of Theorem becomes
g > |% — 3|d+ 3, compared to the better 5 > max(|% — 2|d, 3) known in many cases, see e.g.
[COSY], Theorem 4.1] and Remark This price of higher differentiation order is justified
not only by the fact that Y can be a lattice for us, but also by the following strengthening of
Theorem to square function estimates that we obtain:

Theorem 1.3 Assume that the hypotheses of Theorem above hold and let > o - d + % be
as in the conclusion. Then there is C < oo such that

s | (; |mk<A>fk|2)é (; |fk|2)5

This can be rephrased as {m(A4) : ||m||H§ < 1} is R-bounded in LP(§;Y) (see Subsection
for the definition). Concerning our method, there might also be weaker Poisson estimates
as e.g. in [DuRol [Kr1] sufficient, which have a polynomial decay at dist(x,y) — oo in place of
the exponential decay in the Gaussian estimates. But since they are rarely known for complex
times that we would need (see [Krll Section 4] for examples), we have chosen not to pursue this
case in our presentation.

In case that one does not know the convexity and concavity exponents of Y, there is an
alternate approach to get to , which has as additional assumption a dispersive estimate
. Namely we shall show the following.

< C'sup il

LP(Q;Y) LP(Q;Y)

Theorem 1.4 Let (Q,dist, u) be a space of homogeneous type of dimension d, let Y be any
UMD lattice and let 1 < p < oco. Assume that A generates the self-adjoint semigroup (T%)i>0
on L?(Q) satisfying the Gaussian estimate with m = 2 and that (T})i>0 is lattice positive.
Assume moreover that there is a polynomial volume growth V(z,r) < Clr|? (x € Q, 7 > 0) and
that A satisfies the dispersive estimate

(1.6) | exp(itA)|| L1 (@)L~ @) < Clt|=2  (t e R\{0}).
Then A has a ’Hg caleulus on LP(Q;Y) for any exponent 8 > % + % Moreover, (1.5)) holds.



For a proof of this theorem, we refer to Corollaries [£.9) and [1.23] where a slightly more
general formulation than Theorem is used. Let us remark that the above Theorems
and are valid if Y is a UMD space isomorphic to a (UMD) lattice (having convexity and
concavity if applicable). This is e.g. the case if Y is a UMD space with an unconditional basis
ILTZz1, p. 19]. Then for Theorem one has to rewrite the square functions by Rademacher
sums as in below.

We conclude this introduction with an overview of the sections. In Section 2] we introduce
the necessary background of the mathematical objects we study. In particular, in Subsection|2.1
we introduce square function estimates as used in in Banach spaces, define the Hérmander
function space and give some simple properties. Moreover, we indicate how one can define the
Hoérmander calculus for a semigroup generator, without using the self-adjoint calculus as
a starting point, which is missing for Bochner spaces LP(;Y") unless Y itself is a Hilbert space.
Moreover, we give in Theorem the above mentioned abstract criterion for the Hérmander
calculus from [KrW3|. In Subsection we discuss the framework for the UMD lattice ¥ and
the needed properties, e.g. related to convexity and concavity. Next, we give in Subsection
the indications how a tensor amplificated operator T @ Idy : LP(Q) @Y — LP(Q) Y
extends properly to LP(;Y"). In Subsection we recall the class of metric measure spaces (2
that we use throughout as well as the above mentioned (generalised) Gaussian estimates (1.4]).
Section [3]is entirely devoted to prove Theorem Then Section [ contains the main material
to prove the above Theorems [1.2] and and we also give several sufficient criteria when A
admits the a priori needed H* calculus on LP(£;Y). For the reader’s convenience, we spell
out the Hérmander theorem in the important particular cases of Gaussian estimates and of the
case Y = L*(Q)) with Q' a further measure space (Corollary [£.13). We compare our results
with those from other literature (Remark . Moreover, we indicate some consequences of
Theorem on Bochner-Riesz means and Paley-Littlewood decompositions in Bochner spaces.
The proof of Theorem is based on extrapolation of (generalised) off-diagonal estimates from
real to complex time of the self-adjoint semigroup generated by A stemming from Blunck’s and
Kunstmann’s work, combined with the Hardy-Littlewood maximal operator theorem [I.1] and
uses the non-trivial convexity and concavity of Y. A different approach without the extrapo-
lation procedure and hence without referring to convexity and concavity is given in Subsection
Here, we present three cases in which complex time estimates of the semigroup are known:
first, the pure Laplacian case, which is one of the rare cases where the complex time integral
kernel is explicitly known, second, the extrapolation of Gaussian estimates from [CaCoOul] and
third, the case of Gaussian estimates combined with a dispersive estimate, see Corollary [£.23]
In the first and the third case, a Hérmander calculus theorem is derived with an exponent %,
which is worse than the one from Theorem in case that LP(£2;Y) is close to being Hilbert,
but is better in case that no particular information on convexity and concavity of Y is given.
Finally in Section [5} we illustrate a variety of cases when our Theorems [T.2} [I.3] and [I.4] apply.

2 Preliminaries

In this section, we define and recall the central notions of the article and we prove several
lemmas and results which will be relevant for the sequel. We first begin with preliminaries on
R-boundedness, H* functional calculus and Hérmander functional calculus.



2.1 R-boundedness, H* functional calculus and Hérmander functional

calculus
Definition 2.1 Let X be a Banach space and 7 C B(X). Then 7 is called R-bounded if there
1s some C < oo such that for any n € N, any x1,...,z, € X and any T1,...,T, € 7, we have

E < CE

X

)

X

n n
E e Ty E LT
=1 k=1

where the € are i.i.d. Rademacher variables on some probability space, that is, Prob(ep =
+1) = L. The least admissible constant C is called R-bound of T and is denoted by R(T).

Note that trivially, we always have R({T'}) = ||T|| for any T € B(X). Although the notion of
R-boundedness is stated in the literature usually only for families of linear operators, it makes
literally perfectly sense for non-linear mappings X — X, and we shall use it later for sublinear
operators on Banach lattices.

Definition 2.2 Let X be a Banach space. We call a family T of (in general non-linear) map-
pings X — X lower R-bounded if there exists a C' < oo such that for any x1,x9,...,2, € X
and T1,Ts,...,T, € T, we have

E <C

X

n n
E €LTk E e Ty
k=1 =1

We next recall the necessary background on functional calculus that we will treat in this
article. Let —A be a generator of an analytic semigroup (7%).ex, on some Banach space X, that
is, 6 € (0, 5], X5 = {z € C\{0} : |arg z| < 6}, the mapping z — T from ¥; to B(X) is analytic,
T.yw = T.T, for any z,w € ¥, and lim_ ey, 2|0 Tzx = @ for any strict subsector 5. We
assume that (7%).ex, is a bounded analytic semigroup, which means sup,cy,, || 73] < oo for
any &' < 4.

It is well-known [EN| Theorem 4.6, p. 101] that this is equivalent to A being pseudo-w-
sectorial for w = § — 4, that is,

X

1. A is closed and densely defined on X;
2. The spectrum o(A) is contained in 3, (in [0, 00) if w = 0);
3. For any w’ > w, we have SUD) cov5, AN — A)7L] < oo.

We say that A is w-sectorial if it is pseudo-w-sectorial and has moreover dense range. If A
is pseudo-w-sectorial and does not have dense range, but X is reflexive, which will always be
the case in this article, then we may take the injective part Ay of A on R(A) C X [KW04]
Proposition 15.2], which then does have dense range and is w-sectorial. Here, R(A) stands for
the range of A. Then —A generates an analytic semigroup on X if and only if so does —A4y on
R(A). This parallel will continue this section, i.e. the functional calculus for Ay can be extended
to A in an obvious way, see [KrPhD| Illustration 4.87].
For 6 € (0, ), let

H*®(3p) ={f:3p — C: f analytic and bounded}
equipped with the uniform norm || f||ec,¢. Let further

He®(Sg) = {f € H®(S9): 3C,e>0: |f(2)| < Cmin(|2], 2] ™)}.



For a pseudo-w-sectorial operator A and 6 € (w,7), one can define a functional calculus
H§°(X9) — B(X), f— f(A) extending the ad hoc rational calculus, by using a Cauchy integral
formula. If moreover, there exists a constant C' < oo such that ||f(A4)] < C||f]lcc,0, then A is
said to have bounded H*>(Xy) calculus and if A has dense range, the above functional calculus
can be extended to a bounded Banach algebra homomorphism H*(Xy) — B(X). This calculus
also has the property f.(A) = T. for f.(\) = exp(—2zA), z € Lz .

For further information on the H* calculus, we refer e.g. to [KW04]. We now turn to
Hérmander function classes and their calculi.

Definition 2.3 Let a > % We define the Hormander class by

HS = {f :[0,00) = C is bounded and continuous on (0,00),|f(0)| + sup lof (R )lwe®) < 0o}
R>0

=il fllng

Here ¢ is any C2°(0,00) function different from the constant 0 function (different choices of
functions ¢ resulting in equivalent norms) and W (R) s the classical Sobolev space.

The term |f(0)] is not needed in the functional calculus applications of H$ if A is in addition
injective. The Hormander classes have the following properties.

Lemma 2.4 1. Assume that o € N. Then a locally integrable function f : (0,00) — C
belongs to the Hormander class HS if and only if

IF(0) + Z;u%/

k—o >0JR

2R
p d 2 dt

gt T <

and the above quantity is equivalent to ||f||%{g

2. ‘HS is a Banach algebra for the pointwise multiplication.
3. Assume that % < a< . Then Hg C HS is a continuous injection.

Proof : See [KrW3, Section 3], [KrPhD] Section 4.2.1] for the case that || f||ss does not contain
the summand |f(0)|. The present case is deduced immediately. [ |

We can base a Hormander functional calculus on the H*® calculus by the following procedure.

Definition 2.5 We say that a pseudo-0-sectorial operator has a bounded H$ calculus if for
some 0 € (0,m) and any f € H*(Zy), [f(A) < C[[fllrg (< C[| fllso.0)-

In this case, the H>(3y) calculus can be extended to a bounded Banach algebra homomorphism
H$ — B(X) in the following way. Let

Wg ={f:(0,00) - C: foexpe Ws'(R)}

equipped with the norm || fllwg = [|f o exp [|wg(r). Note that for any 6 € (0,7), the space
H>(3p) N W5 is dense in W§ [KrW3]. Since W — H$, by the above density, we get a
bounded mapping W$ — B(X) extending the H> calculus.

Definition 2.6 Let (¢r)rez be a sequence of functions in C2°(0,00) with the properties that

suppor C [2F71, 281 r(t) = ¢o(27%t) and Zkez ox(t) =1 for allt > 0. Then (¢r)rez s
called a dyadic partition of unity.



Let (¢r)kez be a dyadic partition of unity. For f € H$, we have that ¢pf € WS, hence
(¢ f)(A) is well-defined. Then it can be shown that for any x € X, Y7 (¢rf)(A)z converges
as n — oo and that it is independent of the choice of (¢y)rez. This defines the operator f(A),
which in turn yields a bounded Banach algebra homomorphism H$ — B(X), f — f(A). This
is the Hormander functional calculus. For details of this procedure, we refer to [KrW3| Section
4], [KxPhD) Sections 4.2.3 - 4.2.6]. The Hoérmander functional calculus is the central object in
this paper. We shall access it by the following Theorem from [KrW3| Theorem 7.1] or [KrPhD]J.
Here and in what follows we put C; = Xz = {z € C: R(z) > 0}. For the notion of Pisier’s
property (a) we refer e.g. to [KWO04| 4.9].

Theorem 2.7 Let A be a generator of an analytic semigroup on some reflexive Banach space
X with property (o). Assume that A has an H*(X,) calculus to some angle o € (0,7) and that

(2.1) {exp(—te®A): t >0}
is R-bounded in B(X) with R-bound < C(cos(0))~*. This is clearly the case if
(2.2) {(cos(arg z))a exp(—zA4): z € Cy}

is R-bounded in B(X). Then A has a Hormander functional calculus Hg on X with > o+ 1.

Proof : The Theorem is proved in [KrW3| Theorem 7.1] under condition (2.2)) and for A having

dense range. An inspection of the proof given there shows that (2.1)) is sufficient, and the above

alluded passage from the injective part Ao to A together with |f(0)| < || f||,;s allows to conclude
2

for general A. m

2.2 UMD spaces, Banach lattices, p-convexity and ¢-concavity

In this article, UMD lattices, i.e. Banach lattices which enjoy the UMD property, play a
prevalent role. For a general treatment of Banach lattices and their geometric properties, we
refer the reader to |[LTZ, Chapter 1]. We recall now definitions and some useful properties. A
Banach space Y is called UMD space if the Hilbert transform

H: LP(R) — LP(R), Hf(z) = lim

O ja—y[ze T Y

fy)dy

extends to a bounded operator on LP(R;Y"), for some (equivalently for all) 1 < p < co [HYNVW|
Theorem 5.1]. The importance of the UMD property in harmonic analysis was recognized
for the first time by Burkholder [Bur81l [Bur83|, see also his survey [Bur0l]. He settled a
geometric characterization via a convex functional [Bur81] and together with Bourgain [Bou83],
they showed that the UMD property can be expressed by boundedness of Y-valued martingale
sequences. A UMD space is super-reflexive [AI79], and hence (almost by definition) B-convex.
A Kothe function space Y is a Banach lattice consisting of equivalence classes of locally
integrable functions on some o-finite measure space (Q', 1) with the additional properties

1. If f: ' — C is measurable and g € Y is such that |f(w’)| < |g(w’)| for almost every
w' e, then f €Y and ||f|ly < |lglly-

2. The indicator function 14 is in Y whenever p/(A) < oo.

3. Moreover, we will assume that Y has the Fatou property: If a sequence (fi)x of non-
negative functions in Y satisfies fx(w’) ' f(w’) for almost every w’ € Q' and sup,, || fx|ly <
oo, then f €Y and || flly = limy || fx|y-



Note that for example, any LP (') space with 1 < p < oo is such a Kothe function space.

Assumption 2.8 In the rest of the paper, Y = Y (Q') will always be a UMD space which is
also a Kdthe function space, unless otherwise stated.

By B-convexity, Y is order continuous and therefore Y and its dual Y’ can be represented
on the same measure space (', '), and moreover the duality is given simply by

/) = [ ) @) dil (),

see [LTZ, 1.a, 1.b]. It is not difficult to show that if Y is UMD, then also its dual is UMD.
Hence the dual of a UMD lattice is again a UMD lattice. LP(Q;Y) is reflexive for (2, p) a
o-finite measure space, Y a UMD space and 1 < p < oo, since Y is reflexive and thus has the
Radon-Nikodym property. As a survey for UMD lattices and their properties in connection
with results in harmonic analysis, we refer the reader to [RAF].

Let Y = Y(Q') be a B-convex Banach lattice and (ex); an i.i.d. Rademacher sequence.
Then we have the norm equivalence

n n 1

2

E § kY| = (E |yk|2)
k=1 Y k=1

uniformly in n € N [Ma74]. In particular, this also applies to LP(Q;Y), 1 < p < oo, since this
will also be a B-convex Banach lattice.

Let E be any Banach space. We can consider the vector valued lattice Y(E) = {F : / —
E : F is strongly measurable and ' — ||F ()| g € Y} with norm || F|lyg) = |||F()|g|. Y
and F are Banach lattices that are Kéthe function spaces with a o-order continuous norm (e.g.
an LP space for p < oo [Lind| p. 235] or more generally, a UMD lattice), then [Y(E)]' = Y'(E’)
[Lind, p. 239, p. 237]. From |[RAF} Corollary p. 214], we know that if Y is UMD and F is UMD,
then also Y(E) is UMD. Recall now the definition of p-convexity and g-concavity.

(2.3)

Definition 2.9 LetY be a Banach lattice and 1 < p,q < 0o. Then'Y is called p-convez if there

exists a constant C' < oo such that for any x1,...,x, € Y, we have
H |wz|f’) (Z el )
i=1
Similarly, Y is called q-concave if there exists a constant C > 0 such that for any x1,...,x, €Y,

we have
n 1
q
H Zw >c<2||xz-||§t)
i=1

We now state several lemmas which will be relevant for the sequel.

Lemma 2.10 Let Y =Y () be a Banach lattice and 1 < p < 0o. Suppose that Y is p-convex.
Then YP = {z: Q' — C: z measurable and there e:czsts somey €Y : |z| = yP} together with
the order induced by Y and the norm ||z||y» = H |z|» Hp is a Banach lattice. YP is called the

p-convezification of Y.

Proof : See [RAF, (c.2)]. [ |
Note that we clearly have for 1 < p < ¢ < oo that Y7 = (Yp)q/p.



Lemma 2.11 Let Y () = [Yo ('), L2()]g be the complex interpolation space between a Ba-
nach lattice over Q' and a Hilbert space, and 0 € (0,1). Then Y () is p-convezx and g-concave
for % =(1-6)+ g and % = g. Conversely, any p-convezr and q-concave Banach lattice Y (')
with values of p and q as above for some 0 € (0,1) is, after renorming, of the form above.

Proof : Note Calderon’s complex interpolation identity [Yo, L?]p = Yy~ (L?)? = {y : ' — C:
y measurable and |y| = |yo|'~?|y1|? for some yo € Yo, y1 € L?} [RAF, (c.3)]. Then the Lemma
follows from the description of p-convex and g-concave lattices [TJ], p. 218-219, Theorem 28.1]
after a possible renorming to have convexity and concavity constants equal to 1 (see e.g. [Lorl
Proposition 3.3.6]), together with the fact that a Hilbert space is both 2-convex and 2-concave.

|

Lemma 2.12 Let 1 < p < s < 00 with p < oo

. Then L5(§Y) is s-convex and s-concave. Its
p-convezification identifies to L*(Q)P = L» ().

1
s

w =

Proof : We clearly have H (Z |a:i|s) e = (Z ||;1ciHSLS(Q,)> , which immediately gives

which shows

s-convexity and s-concavity. Moreover, |||

Lp
Ls(Q)r = H |$|p| Ls () = H‘T”L%(Q/)’
the second statement. ]

Lemma 2.13 Letp € [1,2).
1. If Y is a p-convexr UMD lattice, then Y (£?) is also p-convex.
If Y is a p-convexr UMD lattice and YP is also UMD, then Y (¢2)P is UMD.

Y is a p-convex Banach lattice if and only if Y' is a p’-concave Banach lattice.

™

If Y is a p-conver Banach lattice, then it is also a q-convexr Banach lattice for any q €
(0,p).

5. IfY is a UMD lattice, then there exists some € > 0 such that for any 0 < ¢ < 1+¢, Y1
is a UMD lattice.

Proof : 1. Note that since p < 2, we have ¢P(£?) < (2({P) (contractively). This implies that if
y,"C €Y, then pointwise

1

{;@'yi(w')'p)i}é < {Z(gyz(w’w)g}p.
=

};
{z

where we have used that Y is p-convex in the last step.

Since Y is a lattice, this implies

)

SN

<

(Dyw)g};

?

(Zwmzf

i

Y Y

N
} 9
Y
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2. Let H be the Hilbert transform on L*(R). Let further >, fx ® (2F); € L*(R) ® Y (¢?)P.
We calculate

H (H ® Idy(ez)p) (Z fe ® (Zf)i)
x

2

dt
Y (£2)p

- [ (Sl nno)
- [ (Sizanost)

The latter is a norm in L?(R; Yp(f%)). Since Y is a UMD space and (7 also is a UMD space
(as % > 1), according to [RAE] Corollary p. 214], YP(K%) is also a UMD space. Thus we can
estimate the expression above by the same term without H, which shows that Y (¢2)P is UMD.

3. We refer to [LTZ, Proposition 1.d.4].

4. We refer to [Lin, Remark 3.4.14 (1)].

5. This is proved in [RAF, Theorem 4]. [ |

- [ S HamEh,
RI| %

L2(R;Y (¢2)7)

dt.

yp

Remark 2.14 In [RdF, Problem 3], Rubio de Francia asks the question: if Y is a UMD lattice
that is also p-convez, is then also Y9 a UMD lattice for any q < p? This problem seems to be
open since 1986. In several instances in this article, we need that for a p-convexr UMD lattice
Y, the convexification YP is also UMD and have thus to assume the latter as well.

We turn to vector valued LP spaces, which are the underlying Banach spaces at the center
of interest in this article. In what follows, we let (€2, 1) be a o-finite measure space. For later
use, we record the following fact.

Lemma 2.15 Let Y be a UMD lattice and p € (1,00). Then LP(;Y) has Pisier’s property
(@)

Proof : Since Y is UMD, it has finite concavity, and so finite cotype [LTZ, Proposition 1.f.3].
Thus, also LP(£2;Y) has finite cotype [DiJT, Theorem 11.12]. Then according to [KWO04] N 4.8
- 4.10], the Banach function space LP(Q;Y") has property («). [ ]

2.3 Tensor extension of operators to vector valued L” spaces

We recall some technical points on linear and sublinear operators acting on LP(Q) and their
tensor extensions to LP(€;Y), where Y is a UMD lattice. For an operator T acting on L?((Q)
with 1 < p < oo and Y any Banach space, we can consider the tensor extension 7' ® Idy :
LP(Q)@Y — LP(Q) QY defined by (T'®Idy )(>p_; fe®yk) = > pey Tfr @yk. Since LP(Q) QY
is dense in LP(Q;Y), T ® Idy extends to a bounded operator on LP(€2;Y") if and only if

ol <S50
H; Jr @ Yr . ];fk |-

for some C' < oo and any Y ;_; fr ® yx € LP(2) ® Y. We denote such an extension by slight
abuse of notation again by T

11



Definition 2.16 For D C LP(2;Y) a subspace (D = LP(Q) @ Y mainly), T : D — LP(Q;Y)
1s called sublinear if

Tl = el ITF]
T(f+ 9l <|Tfl+[Tg|
T(f) =TI <|T(f = 9)l

forany f,g € D and c € C.

Lemma 2.17 Let D above be a dense subspace of LP(;Y) and T : D — LP(;Y) be a
sublinear operator. Assume that T is bounded, that is, | T f| rr;vy < Cllfllzray) for any
f€D. Then T extends uniquely to a bounded sublinear operator T : LP(;Y) — LP(Q;Y).

Proof : For f € LP(Q;Y), let (f), be an approximating sequence in D. Define T'f = lim,, T'f,,.
Hereby, by sublinearity of T', we have || T fo, — T fu || < |T(fr. — )| < C|lfr, — fml|, so that T'f,,
is indeed a Cauchy sequence in LP(;Y") and the limit does not change if the approximating
sequence is changed. Hence, T : LP(Q;Y) — LP(;Y) is well-defined. Now boundedness is easy
to show. ]

In a similar manner, one can prove the following variant of the above lemma.

Lemma 2.18 Let 7 be a family of bounded sublinear operators on LP(Q;Y). Let D be a dense
subspace of LP(2;Y).

1. Suppose that T is R-bounded D — LP(Q;Y), that is, there exists a constant C' < oo such
that for any Ty,15,..., Ty € T and f1,..., fnv € D, we have

H i fn|2 < CH(ZW)Z
Lr(Q;Y) n

Then 7 is R-bounded LP(;Y) — LP(Q;Y).

Lr(Q;Y)

2. Suppose that T is lower R-bounded D — LP(;Y). Then T is lower R-bounded LP(;Y) —
LP(Q;Y).

We will close the preliminaries with the following subsection, which deals with space of
homogeneous type and (generalised) Gaussian estimates.

2.4 Spaces of homogeneous type, (generalised) Gaussian estimates

Let us first recall the definition of space of homogeneous type.

Definition 2.19 Let (Q, dist, u) be a metric measure space, that is, dist is a metric on Q and
w is a Borel measure on Q. We denote B(z,r) = {y € Q: dist(z,y) < r} the closed balls of Q.
We assume that p(B(x,r)) € (0,00) for any x € Q and r > 0. Then Q is said to be a space of
homogeneous type if there exists a constant C < oo such that the doubling condition holds:

u(B(x,2r)) < Cu(B(x,r)) (z € Q1> 0).

We write in short V(z,r) = pu(B(z,7)). In what follows, (€,dist,u) is always a space
of homogeneous type. It is well-known that there exists some finite d € (0,00) such that
V(z,Ar) < OV (x,r) for any z € Q, 7 > 0 and A > 1. Such a d is called (homogeneous)
dimension of 2.

12



Lemma 2.20 Let (2, dist, u) be a space of homogeneous type. Then there exists a constant
C > 0 such that for allr > 0 and x,y € Q with dist(z,y) <7 :

SV ) < V() < CV(ar).

Proof : One has B(z,r) C B(y,2r),so V(z,r) < V(y,2r) < CV(y,r) according to the doubling
condition. The converse inequality is proved in the same way. [ |

We now introduce both the notions of Gaussian estimates and generalised Gaussian esti-
mates.

Definition 2.21 Let (T3)i>0 be a semigroup acting on L*(Q). Assume that

T,f(x) = /Q P, y) () dy

for any f € L?(Q), x € Q, t > 0 and some measurable functions p; : Q x Q — C. Let m > 2.
Then (T}): is said to satisfy Gaussian estimates (of order m) if there exist constants C,c > 0
such that

Tt

1 dist(z, y) T
: pe(2,y)| S O —c| ——— Y €Q, )
(2.4) pe(z, y)] CV(x,n) eXp< C< > ) (x,y € Q, t>0)

1
where ry = tm.

Definition 2.22 Let (2, dist, ) be a space of homogeneous type. Let A be a self-adjoint oper-
ator on L?(Y) generating the semigroup (T});>0. Let po € [1,2) and m € [2,00). We say that
(Ty)i>0 satisfies generalised Gaussian estimates (with parameters pg, m) if there exist ¢,C < 0o
such that

(2.5) || lB(w,n)TtlB(y,n) HLpo(Q)_>LP6(Q)

m

_ Lfil dist , m—1
<OV 7 po>exp<—c(ls =0

Tt

) (z,y €Q, t >0),

1
where ry = tm.

Remark 2.23 According to [BK02, Proposition 2.9] and [BK05, Proposition 2.1], Gaussian
estimates (2.4]) with parameter m > 2 for a semigroup imply generalised Gaussian estimates
with parameter pg = 1 and m. Moreover, according to [BK0S, Proposition 2.1], generalised
Gaussian estimates with parameters pg € [1,2) and m > 2 imply generalised Gaussian estimates
with parameters py € [po,2) and m.

Remark 2.24 Assume that a semigroup is self-adjoint and satisfies generalised Gaussian es-
timates (2.5). Then according to [BK02, Proposition 2.1 (1) = (2) with v = v = 2], we
have

118, Te15, ll2—2 < g(dist(Bi, Ba)r™*)

for any ball By, Bo C ), with g some bounded decreasing function. This implies in particular
that sup; || T¢||2—2 < oo, which in turn gives o(A) C [0,00). Thus any of our self-adjoint
generators A of the semigroup Ty satisfying generalised Gaussian estimates is positive.
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In our work, we will make use of the fact that a space of homogeneous type 2 can be
partitioned into finer and finer subsets which take over the role of dyadic cubes in R?. This is
the content of the following theorem.

Theorem 2.25 Let (9, dist, u) be a space of homogeneous type. One can construct a dyadic
system D = ¢z Dr, where each collection Dy consists of pairwise disjoint sets of positive
measure, dyadic cubes, with the following properties:

° Q:UQEDkQ7
e ifQ €Dy and R € Dy with |l > k, then either RC Q or QN R = (),

e for some scaling parameter § € (0,1) it holds that, every Q € Dy contains a point z for
which
B(z,6%/3) € Q C B(z,26").

Proof : Theorem 2.2 in [HyKa] with § < 1/12, ¢ = Cy = 1, ¢1 = 1/3, C1 = 2, together with
[HyKal 2.21]. ]

According to the next two lemmas, arbitrary balls in €2 are comparable to these dyadic cubes
in a certain sense.

Lemma 2.26 Let (Q,dist, 1) be a space of homogeneous type. Let D be a dyadic system from

Theorem (2.25. For every r > 0 there exists an integer k(r) such that if x € Q € Dy, then
Q C B(z,r) and p(B(z,r)) < pu(Q) with implied constant independent of x and r.

Proof : For r > 0 let k(r) be the smallest integer for which §%(") < /4, so that §r < 46%(") < r.
For any z € {2 and r > 0, there exists a unique ) € Dy, containing z. Now, for some z € Q,
since dist(z, z) < 207",

Q C B(z,26*") ¢ B(z,46*™) c B(x,r).
On the other hand, r < 4% =1 = 126=1(5%(") /3) so that
u(B(z,1) S p(B(z,7)) S u(B(z,6""/3)) < n(Q),

where we have used Lemma together with dist(z, z) < 26%(") < 7. [ |

Lemma 2.27 Let (2, ) be a space of homogeneous type. There exists a finite collection of
dyadic systems D™ on €, so that for every ball B one can find a dyadic cube Qp in one of the
systems such that B C Qp and p(Qp) S u(B).

Proof : See [HyKa, 2.21 and Theorem 4.1]. [ |

3 The Hardy-Littlewood lattice maximal function

In this section we consider the Hardy-Littlewood lattice maximal function

AN # / ’ /
B Man(Pew) = swp e /B L i), reo. o e,

and prove the following result:
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Theorem 3.1 My, is bounded on LP(Q;Y") for any p € (1,00) and for every UMD lattice Y.

Boundedness of such vector-valued maximal operators originates in the case ¥ = ¢¢ and
Q = R? in the work of Fefferman and Stein [FeSt]. The boundedness of lattice maximal
operators is commonly abstracted in the following Banach space property [GMT1] [GMT2]:

Definition 3.2 Let Y = Y (') be a Banach lattice and denote by D the family of dyadic
intervals on the unit interval [0,1). The space Y is said to have the Hardy-Littlewood property
if the dyadic lattice mazximal function

/ fly,w') dy|,

defines a bounded operator on Lp([O, 1);Y) for one (or, equivalently, for all) p € (1,00).

(3.2) Ma(f)(z,w') = sup — €[0,1), e,

Note that the definition in [GMTT] refers directly to Mgz, on RY. The point of this section
is to extend this property to My, on spaces of homogeneous type, and it is useful to begin with
dyadic maximal operators. It is immediately clear that My dominates any dyadic maximal
operator on R?. Conversely, using the well-known Euclidean version of Lemma above, we
see that dyadic maximal operators dominate Mpy;. The equivalence between the definition in
[GMTTI] and the one above will thereby quickly follow from our considerations.

The UMD property was connected with the Hardy-Littlewood property by Bourgain in
[Bou84l, Lemma 1], see also [RAEL, Theorem 3].

Theorem 3.3 (Bourgain) Let Y be a Banach lattice. Then'Y is UMD if and only if Y and
Y’ have the Hardy-Littlewood property.

The proof of Theorem [3.1] is based on the following transference result:

Lemma 3.4 Let Y = Y(Q)) be a Banach lattice. Further, let F = (Fi)rez be a filtration
on (Q,u) and denote by Ey the corresponding conditional expectation operators. If Y has the
Hardy-Littlewood property, then the lattice maximal function

(3.3) Mz (f)(z,w') =sup |Epf(z,0')], z€Q, w' e,

keZ
defines a bounded operator on LP(Q;Y) for all p € (1,00). Moreover, the operator norm of Mz
s mot greater than the operator norm of My.

The proof of Lemma is based on a concave function argument originating from the work
of Burkholder [Bur81] (see also [Bur(Q1]). We follow closely the argument presented in [Kemppl]
Section 7]. We begin by observing that, given a filtration (Fy)ren on (€, u), the inequality

(3.4) / | sup |Bxf(e, )| du() < c/ IEf@)|P du(z), feIP(QY), neN,
Q 0<k<n Q
where C' is a fixed constant, is equivalent with
) [ Vo({Bet @i Buf(@) dua) <0, £ € 1Y), neN.
where
(3.5) Vo(S,y) = || su% |y’()|Hp —Clyll’, S CY finite, yeY.
y'e
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Lemma 3.5 Suppose that 'Y is a Banach lattice and let 1 < p < co. The following conditions
are equivalent:

1. holds for the dyadic filtration on the unit interval (with the Lebesque measure).
2. There exists a real-valued function U : {finite subsets of Y} x Y — R such that

hd U(Sa y) 2 V;D(Sa y)
o U(SU{y}y) =U(S,y)
e U(,y) <0
e U(S,-) is concave
for finite subsets S of Y andy €Y.
3. holds for any filtration on any o-finite measure space.

Proof : 1. = 2. We define
1

(3.6) U(S,y) = Sup{/ Vo (S U B (@)} o, Buf (@) do
0

1
/ f(@)dz =y, f F,-measurable and Y-valued, n € N}
0

for finite SCY and y € Y.

That U(S,y) > V,(S,y) is immediate from the definition of U already with n = 0. Likewise,
that U(SU{y},y) = U(S,y) follows at once from the observation that {y} C {Eyf(z)}_, for
almost every = € [0,1) whenever fol f(z)dx =y and n € N. That U((),y) < 0 is exactly the
assumption 1.

To see that U(S,-) is concave, we first show that it is midpoint concave, i.e. that for any
y1,y2 € Y we have

(37) U(s, B ) > S(U(S) + U (S m).

To deal with the suprema, let m; < U(S,y;) for i = 1,2. By the definition of U there exist
functions f1, fa € LP(]0,1);Y) for which fol fi(z)dx = y; and

1
/ V(S UABL L) Vi B fi(a) ) d > my, = 1,2
0

The function defined as

2z), 0<z<1/2,
fla) = { 12 /
f2(2x — 1), 1/2<z <1,
will then satisfy
1 mi +m
/ VP(SU {Ekf(x)}Zié,Ean(x)) de > %
0

To see this note that
{Erf(x)}it) D {Efi(22)}izg, 0< 2 <1/2,
{Enf@) i D {Eufo(2e — DY, 1/2<z <1,

16



Therefore

1/2
(S VLB @S B f(2) ) do

1/2
> / Vo (50 (B0 (20} . Bufy(20) d

1
— %/O V}o(SU {Ekfl(m)}ZZO,Enfl(x)> de > %

and similarly

1
[ (SUBS @R B f@) do > 32,
1/2 2

Since m; were arbitrary, follows.

To finish this part of the proof, we remark that a midpoint concave function that is also
locally bounded from below is actually concave. We have now shown that U satisfies the required
conditions.

2. = 3. (finite space, finite algebras) For this step we first consider filtrations of finite
algebras and then reduce the general case to this.

Claim: If (Fg)gen is a filtration of finite algebras on a finite measure space (2, 1), then

68 [ U(Bf @i Baf@) due) < [ U({BI@NRZ Eraf@)) dia)
for all f € L*(;Y) and n € N.

Proof of claim: By the second property in Lemma 2., U({Ekf(x)}ZZO,Enf(x)> =

U({Ekf(x) "o, Enf(x)) Moreover, on each generator A of the (finite) algebra F,,_1, the set
{Exf(z)}7Z, is a constant Y4 and

1
(3.9) [ V0B p @) dnte) < w0 (Voo [ Buf(a) dute)).
Therefore
[ U((Br@)imos Bt (@) dula)
Q
= U(Ya, Enf(x)) dp(x)
AEgEHE(;‘—n—l)A ( ! ) g
(3.10) < D> u(A)U(YA7/@AE7Lf(z) du(ﬂc))

A€gen(Fpn_1)

= Z /AU(YA7 En_1f(x)) du(x)

Aegen(Fp—1)
= [ (B @iz s (@) ).
We have now shown: 2. implies that the maximal function

MO (H@,o) = swp |Bef(z,o)], 29 o €,

0<k<n
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satisfies
(3.11) 1M (Pl zvvy < CUEnfllio@ev), € LP(Y), neN,

uniformly for all filtrations (Fj)ren of finite algebras on any finite measure space (2, ).

2. = 3. (reduction to finite algebras) To see that the finiteness requirement for
o-algebras is not necessary we argue as follows:

Suppose that (Fi)ren is a filtration, n a positive integer and f a function in LP(Q;Y). Let
€ > 0 and begin by choosing simple functions s € LP(Fy;Y), k =0,1,...,n, so that

3
[Exf — skllLr@yy) < BTk

For k = 0,1,...,n, let }'k be the finite algebra generated by sg, s1,...,s, and observe that
.7-"k C Fp and that ]—'k C }_k+17 i.e. that (]:k)k _o is a filtration. Now

1/p
I Py = ( [ s B (o) w>)

0<k<n

1/p
(/QH sup (B f(z,) — Exf(@,)||" du(z )

0<k<n
F M (Pl o @iy

where the maximal operator ]\A/[/(n) satisfies ||M(")( Nieryy < C|Ex f”Lp(Q y) for a constant

C' independent of the filtration (]—"k) r—o- This independence is crucial, as ]-'k s arose from f.
We then estimate

~ 1/p
( | sup (Exf(z,)— Ekf(a:,-))H”du(g;))

0<k<n

< ([ (st - Bt ) o )"

< NEef = Bifllrre)
k=0

S Z(HE’J = 5kl Loy + I1BRS = sk”LP(Q;Y))-

k=0

Furthermore, since

IErf — skllr@yy = |Eof — Exsilloyy = | Ex(Brf — si)ll ey
<N Erf = sellzeoivys

we get

" 1/p n
( | sup (Ewf(z,-)— Ekf($>'))de/~‘($)> <QZ||Ekf—8kHLP(Q;Y)

0<k<n o

n
3
<D g <e
k=0
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2. = 3. (reduction to finite space) As the final step, we will get rid of the assumption
that the measure space (2, 1) is finite.

Suppose then that holds uniformly with respect to any filtration F on any finite
measure space and let (2, 1) be a o-finite measure space with a filtration F = (Fj)3,. Since
Fo is o-finite (by assumption), we can write {2 as a union of disjoint sets A; € Fy, j € N, each
with finite p-measure. Let us define for j € N the finite measures p;(A) = (AN A4;) on .
The conditional expectation of a function f € LP(Q;Y) with respect to Fj and p; is simply the
conditional expectation of 14, f with respect to Fj which further equals 14, Ej f (since Fy C Fg
for all k). In symbols

BV f = 14,Exf,

where E f denotes the conditional expectation of f with respect to Fj and p;. Thus

HM(")( LPQY) Z/ || sup Eif(x || du(x

0<k<n
=3 [ s B s dy @
=0 A; 0<k<n

<Zcp/ Bt iy (o)
= CPIEuf I .

So far we have only considered filtrations indexed by N. Suppose that (3.11) holds with
respect to any filtration indexed by N on any o-finite measure space and let F = (Fj)xez be a
filtration on (€2, p). Then for all N > 0, holds with respect to (Fx)72 _ 5 with a constant
independent of N and thus by monotone convergence theorem with respect to (Fx)kez.

This finishes the proof. [ ]

Let now D = |J,.c; Dk be a dyadic system on Q as in Theorem M Denote by Fj the
o-algebra generated by Dj and note that the corresponding conditional expectation is

(3.12) Epf(z) = 1Q
QGD

y) du(y

The maximal function associated with the increasing filtration (Fy)rez is therefore given by

(3.13) Mz (f)(z,w') = sup —— ‘/ fly,)du(y)|, z€Q, €.

Qam M

Lemma allows us to control the Hardy-Littlewood lattice maximal function My by
its dyadic counterparts. Indeed, we see that for any ball B,

(3.14) /|f )l duty) < 5 )/ )| duy).

Therefore,

(3.15) Mpur(f)(z,w) Y Men(|f)(z,0"), 2€Q, o €,
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where F™ are the filtrations arising from the finite collection of dyadic systems D™.
We are now in a position to prove Theorem
Proof of Theorem : The result is an immediate consequence of the considerations above.
Indeed, if Y is a UMD lattice, it has the Hardy-Littlewood property by Theorem By
Lemma [2:27] we may construct dyadic filtrations F™ so that My, is dominated pointwise by
the sum of Mzm as in . By Lemma the latter maximal operators are bounded on
LP(Q;Y) for any p € (1,00), and therefore so is Myr. [ |
We remark that in the case Y = ¢%(¢?), Theorem can be proved by a similar method
as [GLYl Theorem 1.2, Corollary 2.9]. Important for our later considerations will also be the
following variant of the centered Hardy-Littlewood maximal operator.

Definition 3.6 Let [ : Q — Y locally integrable, q € [1,00] and r > 0.
1. We put

’—; w|e !
(3.16) Nl = e (i)

(obvious modification if ¢ = 00).

2. Furthermore, we put

(317) My (f) () = sup Ny () .6,

These operators are well-defined a priori on LP(Q2) ® Y, and they are sublinear on that
subspace. We will show below that they are bounded LP(Q) @ Y C LP(Q;Y) — LP(Q;Y), so
that by Lemma they extend boundedly to LP(Q;Y).

Proposition 3.7 Let Y be a py-conver UMD lattice for some py € [1,00] such that the con-
vexification YPY is again a UMD lattice, q € [1,00) and p € (1,00). Assume that py > q and
p > q. Then M}, is bounded on LP(Q;Y).

Proof : Let f € LP(Q) @Y C LP(Q;Y). For x € Q and w’ € ¥, we put g(z,w’) = |f(x,w’)|?.
Then

p
dx
Y

1 q
M (O =/ Supi/ Sy, w9 dy
ML (e 0,y A <r>0 Vi) B(m)l (y,w)]
1 ar
= Supi/ g(y,w') dy
/Q <r>0 V(x,r) B(z,r) ( ) )

dzx
Y
/ — )|
= Sup ——~ gly,w)ay
al|r>0 V(z,7) B(x,r)
< N
< [ llatwsn|f. da

dx
[l = Uiy

Ya

where we have used that % > 1 and that Y?¥ is a UMD lattice, so also Y? = (YPY)% is a
UMD lattice according to Lemma m Hence Theorem [3.1| was applicable on L7 (Q;Y9). ®
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4 Hormander functional calculus

In this section, we prove the Hérmander functional calculus result on LP(£2;Y), using the R-
boundedness of the semigroup for complex times. The main idea is to estimate the semigroup
against the Hardy-Littlewood maximal operator. To push down the Héormander calculus deriva-
tion exponent and also to treat generalised Gaussian estimates in place of classical Gaussian
estimates, we will the need the local L? average operator IV, given in Definition @ We will
also illustrate in this section several consequences of the Hérmander functional calculus result.
In the following definition, we give the parameter needed in the Héormander calculus, which will
encode convexity and concavity of Y and the Lebesgue L? exponent.

Definition 4.1 Let p € (1,00), py € (1,2] and gy € [2,00). We put

1 1 1 1 1 1
4.1 a(p, py, max min 0,1
(@) (o) =max(3, ) i (3, 2 € 0.0

Informally spoken this is the length of the segment, which is the convexr hull of the points

L' 1l gnd L 5 sitting on the real line.
p’ py’ qy

The R-boundedness of the semigroup under generalised Gaussian estimates reads as follows.

Theorem 4.2 Let (9, dist, 1) be a space of homogeneous type with a dimension d. Let A be a
self-adjoint operator on L*(Q) generating the semigroup (Ty)i>o. Let po € [1,2) and m € [2, 00).
Assume that (T})i>o0 satisfies generalised Gaussian estimates with parameters pg,m. LetY be a
UMD lattice which is py -convex and qy -concave for some py € (po,2] and qy € [2,p() Assume
that the convezifications YPY and (Y')% are also UMD lattices. Then

{(cos(arg z))a exp(—zA4): z€ Cy}
is R-bounded on LP(Q;Y) for p € (po,p}), where

a > a(p7pY7qY)d
from (4.1]).
We spell out some particular cases of Theorem [4.2]

Corollary 4.3 1. Let the assumptions of Theorem- 4.9 be satisfied, with Y = L*()). Assume
that p, s € (po,py). Then {(cos(arg z)) T.: z € Cy} is R-bounded on LP(%; L*(€Y)) for

- o 111 . 1 1 1
max| —, — — min —
@ 572 "572

2. Let (Ty): be a self-adjoint semigroup on L2( ) having (classzcal) Gaussian estimates. Let
Y be any UMD lattice. Then for p € (1,00), (cos arg z ) T,: z€ (C+} is R-bounded
on LP(Q;Y) for a > a(p,py,qv) -d € (O,d)

Proof : 1. It suffices to note that according to Lemma [2.12] L* is s-convex and s-concave, so
also p,-convex and gs-concave with some exponents pg < ps < min(s, 2) and pj > g5 > max(s, 2)
which are allowed in the assumptions of Theorem Moreover, (L*()))P= = L7s () and

(L5 ()% = L‘T/(Q’) are UMD lattices since >, ;—,/ € (1, 00).
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2. According to Remark [2:23] classical Gaussian estimates are equivalent to generalised
Gaussian estimates with parameter pg = 1. Note that according to Lemma any UMD
lattice Y is py-convex and gy-concave for some py € (1,2] and gy € [2,00) and moreover such
that, Y?¥ and (Y)% are UMD. [ |

For the preparation of the proof of Theorem we need two lemmas. First, we have the
following result from [Ku08| Proposition 2.3].

Lemma 4.4 Let (Q,dist, ) be a space of homogeneous type with a dimension d. Let 1 < qo <
q1 < 00 and (S(t))ter be a family of linear operators on L% (Q) N L% (). Recall the notation

A(z,r, k) = B(z, (k+ 1)r)\B(z, 7).

Assume

1

=)
118,00 SO Ao 01,0 | oo (@) s an 0y < V (@ 0() "™ h(k) (z€Q, teT, keNo)

for some functions p : 7 — (0,00) and h : Ng — (0,00) with h(k) < c(k+1)7° and § > (;io + L.

h)
Then
Ng oy (SO f) (@) S OME f(z,0') (teT, z€Q, 0 €, fELP(Q)RY).
Proof : Apply [Ku08, Proposition 2.3] pointwise, i.e. for fixed w’ € Q. [ ]

The next lemma is related to [Ku08|, Proposition 2.4] (our Y (¢?) replaces £° there).

Lemma 4.5 Let Y be a UMD lattice which is py -convex and gy -concave for some py € (1,2]
and qy € [2,00). Assume that the converifications Y?¥ and (Y')% are also UMD (lattices).
Let qo € [1,py], ¢1 € [qv, 0] and q € (g0, q1). Then the family {Ngy,» : r > 0} is R-bounded in
L1 Y), and the family {Ng, » : r > 0} is lower R-bounded in L1($%;Y) (see Definition .

Proof : Note that Y (£2)P¥ is a UMD lattice according to Lemma Now since ¢p < ¢ and
qo < py, we obtain from Proposition [3.7] that

(i), ,, <N pmnr)
)

In other words, the upper R-boundedness statement is shown.
We turn to the lower R-boundedness statement. Let D = |J, o, Dk be a ‘dyadic system’ and

Pl )= 2 (ﬁg))/czlf(%w’)lq" du(y));0

QEDy

L1(Q;Y)

Lq(Q;Y).

be the L% version of the conditional expectation from (3.12)) associated with D. Then we claim

that . .
H (Z Iqu,kfk|2)2 < H (Z |fk|2)2
k k

La(;Y) La(Q;Y)
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for ¢ < q and gy < py. Indeed, this can easily be deduced from the fact that the maximal
operator associated with the Ey, ., which is

MP(f)(z,w') = sup( / | fy,w')|® dy)

QBJ:

is bounded on L%(2;Y"). This in turn can be shown as in the proof of Proposition together
with the fact that Mz is bounded on LP(§); Z) for 1 < p < oo and Z a UMD lattice according
to Lemma According to Lemma for all » > 0 there is some k(r) € Z such that
T € Q € Dy implies Q € B(x,r) and V(z,7) < u(Q). Therefore,

L
a1

N B)e) = (5 /B R )

z( il )| duly >) ;
QEDp(r ) /

= Eq k; fl(xv w/)

with k; = k(r;). We deduce that

| (Z Mo 4F) 2| (Z Bru (1)

so that it will suffice to show the lower R-boundedness of the family {Eq, » : k € Z} in LY(;Y).
To show this, we will use the already established upper R-boundedness together with a duality
argument. For this duality argument, we make use of the following o-finite auxiliary measure

space
M=[|0p=@ > mHle

kEZ kEZ QEDy,
consisiting of a sequence of independent copies of 2 together with a suitable renormalised
measure fi to fit the E,, ; as we shall see in what follows. Namely, consider the operator

. {LWY(@)) — LU Y (2(L® (M))))

)

L1(Q;Y)

Li(Q;Y)

(fr) = (fr)

with fi(z,w’,j,y) = Lok (Y)Ok=; fr(y,w’), where QF will stand in what follows for the unique
dyadic cube Q € Dy, containing x and (j,y) with j € Z and y € Q is the generic variable in M.
Then

du(z).
Y

Gl ewmany = [ (Z e, Y M>)é qydu(m)
-/ (Z/ Felers 4y diG, )] % )é idu(l’)
-/ (Z @ L, e >|Q(>du<y>>4‘%>é idu(x)
(

S (i) (2 w'>|2)2

k

),
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Now the fact that {Eq, r : k € Z} are upper R-bounded in LY(€;Y") rereads as T is bounded.
Hence also its adjoint

o JEO @Y (B(L9(M))) = L7 (4 Y(6%)
| (gr) = ()

is bounded. An elementary calculation gives that

T'((gr)w) (Y, ', 7) = Oy Q%;)k 1:28)) /ng(x,w’, k,y) du(z).

Since the assumptions for the upper R-boundedness statement are also satisfied wih the uplet
(¢,Y,py,qo) replaced by (¢, Y’, ¢4, q}), we obtain that

T LI Y (C2(LT(M)))) — LUK Y (6%))
(gr)k = (G)k

is bounded, with the above definition of g, provided q; > qy and ¢; > q. We will conclude the
proof by a suitable choice of (gx);. Namely, let

gk (2, W', 5, y) = 1gn (Y) 0= fr(y, ')

for a given (fi)r € L4(Q;Y (¢2)). Then we obtain on the one hand

q 1 N 2 2|9
1)z @y (e aryyy) :/Q <Zk:(”(Q§) /Q,; | fi(y, @)™ dp(y)) ) Ydu(w)
= 1 1B a5 @) ) oy
k
and on the other hand
1" ((gr))lI7 ( /1()( 'k)d)2>%qd()
La(QY (€2)) — ) 0 o@)gr(z,w, k,x)dz y w(x
(Z 1@5 (@) du(z) fi(, w’))2> ’ du(x)
k Y

—HZI;l ) lza@ry:

Putting the estimate || T"((gx)x)ll ey e2)) S I1(9r)kllLa(sy (2(Lar (a)))) Wwith the above calcu-
lations together readily gives the lower R-boundedness statement. [ ]

With the previous lemmas in mind, we are now in a position to prove Theorem
Proof of Theorem: Fix some p € (po, pp)-

Let
1 1 <1 1 1) 1 1 ,(1 1 1)
— > —>max|(—,—,z ) and — < — <min| -, —, = |,
Po Qo p py 2 P @ P qy 2

and let moreover
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Note that clearly, ¢o and ¢; can be chosen such that « is arbitrarily close to a(p,py,qy).
T om—1

We want to apply Lemma tor =Cq, p: Cp — (0,00), z — (cos(argz)) ™ |2| 7,

S(z) = cos (arg(z))a exp(—zA). First note that the generalised Gaussian estimates

(L -2 dist(z,y)\ ™
HIB(z,m)TtlB(y,rt)H , S CV(x,ry) 70 7o exp<c<(y)> >

Po—Py Tt

imply by [BKO05, Proposition 2.1 (i) (1) v = po, v = pp, & = — — i, B =0= (i (1)

)

« 11 d' t , ﬁ
[1B0(2)) (cos(arg 2)) Tl (e, pian) |y gy, < "V (@,p(2)) %0 ™ eXP(-C"(W) )

u=qo>po, v=q <Py, @ = & — -, f=0] that

11 dist(z,y) \ ™
H]'B(Ivrt)Tt]'B(y»”)qu—>q1 gC,V(LC,’I"t) a0 91 eXp<—0/<Tt >

This implies by [BIO7, Theorem 2.1, w = 5] that

for any z € C;. Now refer again to [BK05, Proposition 2.1 (i) (1) = (3)] and deduce for
z€Cy,zeQand k € Ny

|15 (2,p(2)) (cos(arg z))aTzlA(z,p(z),k) I <C"V(x, p(z))f(%*ﬁ) exp(—c’”kﬁ).

q0—q1

Note that h(k) = exp(—c’”k%) < cs(k+1)7% for any § > 0. Thus we can now apply Lemma
4 and deduce

(cos(arg 2))“ Ny, po) (T f)(z,0') < OME, f(z,0') (2 €Ch,z€Q,0 €, feLP(Q)RY)).

Then according to Lemma (note that Y’(E2)‘1i is a UMD lattice), we have for f1,..., f, €
L(Q)eY C LY(Q;Y) and 21,..., 2z, € Cy, with notation S(z) = cos(arg(z))a exp(—zA)

H(Z‘S(zz)fzf)? N <Z| q1,p(2:) Zz fl)’ )
‘ L (;Y) Le(O;Y)
< <Z|M§}’Lfi\2)2
i LP(Q;Y)
<|(Zwe)
i LP(Q;Y)

where we have applied Lemma 4.4 and Proposition [3.7] (note that Y (¢£2)% is a UMD lattice).
|

Now we gather several situations, in which the operator A has an H* calculus on LP(;Y).
This will be important for the Hérmander calculus, i.e. it is one of the hypotheses in Theorem

E10

Theorem 4.6 Let (2, dist, u) be a space of homogeneous type and E a Banach space. Let A
generate the self-adjoint semigroup (Ty); on L*(Q) satisfying Gaussian estimates (2.4). Let
po € (1,00). Assume that A has an H*®(X,,) calculus on LP°(Q; E) for some w € (0,7). Then
for any p € (1,00), A has an H*(%2,,) calculus on LP(Q; E).
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Proof : Suppose that we have shown that for any £ € H5°(Z,) and f € L' (Q; E) with bounded
support, we have

(42) p({r €9 16T @e > A}) < O3 Ielcollfllos o

Then £(A) is of weak type L'(Q; E) — LY*°(Q; E) and by assumptions, is also of strong type
LPo(Q; E) — LPo(Q; E), so by the vector valued Marcinkiewicz interpolation theorem [BCP
Lemma 1], £(A) will be bounded on LP(Q; E) for any 1 < p < pg. Now in the dual setting,
the hypotheses of the Theorem imply that A’ has a bounded H>®(X,,) calculus on LPo(Q; E).
Indeed, A" will again be self-adjoint and the semigroup 7} generated by A’ will satisfy Gaussian

>2("+1)d < 1 for

m

. m—1
estimates (note that V(y,t%) < 2(”+1)dV(x,t%), and exp (g {W}

m

dist(z,y) € [2"tw, 27 1 ¢w]). Thus, applying to A’, we obtain that {(A") = &(A) is
bounded on LP(; E’) for any 1 < p < pj,. This shows that £(A) is bounded on L9($; E) for
po < g < oo, and the Theorem would follow.

It thus only remains to show , which we do now, hereby following closely [DuRol, Proof
of Theorem 3.1], or its variant for w > 7 from [DuRd, p. 104-105]. Note that the additional
assumption [DuRo, (6)] on the space  is not needed in this part. We only indicate where

Duong’s and Robinson’s arguments have to be modified slightly. We use the Calderén-Zygmund
decomposition of f at height A\ > ”fﬂ(Lé;E) from [CoWl Section 3.2] in its vector-valued form

from [MoLul, Section 2]. That is, there exist functions g, f; : @ — E and balls B; = B(z;,7;)
such that

a1) f=g+hwithh=73%",f,

lg(@)[| < e,

ag

(a1)
(a2)
(a3) suppf; C B; and each point of X is contained in at most M balls,
(as) | fillorosm) < cAu(B;),

(as)

as) Yo, 1(Bi) < exlfllr k)

Note that (a4) and (a5) imply that Hh”Ll(Q,E) < CHfHLl(Q;E): Hence ”g”Ll(Q;E) < (1 +
)l fllzr ;). Now decompose h into the sum of two functions

hy = ZTtifi, hy = Z(Id —T1,) fis
where t; = r[", m > 2 being the parameter in the Gaussisan estimates. At first, we estimate
(43) u({ze: €A f@)E >}

<u({zea: le@e@le > 51) + S n({r e le@hi@)le > g})
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For the “good” part g, we have
p({o e Qs le@tle > A} <A [ el da
a7 [ g do
Q
37 [ o@lsde 371l .
Here we have used (as2). Next consider the hi-term in (4.3). We have

ZTtifi

Now arguing as in [DuRo, Proof of Theorem 3.1], we obtain by the boundedness of the
scalar Hardy-Littlewood maximal operator My, : LPo(Q) — LPo(S2) that || >, T3, fill ro(m) S
A2 1B,llpo- Then using (a3) we obtain

p({zeQ: Jem@le > A}) S A

Po
Lro(E) '

u({z e Qi Mm@ > A}) S Al @)

For the ho-term in (4.3, one does not need the H>°(%,,) calculus on L (E) any more, but the
Gaussian estimates come into play. Since the estimates of £(A)hy = >, &(A) f; used in [DuRo,
Proof of Theorem 3.1] are of the form [&(A)fi(z)| < [q, |k(z,y)| |fi(y)|dy, with k(z,y) being
the integral kernel of &;(A), and then estimating |k(z,y)| further, the same arguments apply
literally to our vector valued case, replacing absolute values around f; by E-norms. One finally
obtains, taking into account (as), that

u({z e Qi I6ha@e > A}) S Al @i

This concludes the proof of (4.2)), and thus of the theorem. [ |

For generalised Gaussian estimates, we have the following result on H*® calculus.

Theorem 4.7 Let (Q,dist, u) be a space of homogeneous type and A generate a self-adjoint
semigroup (Ty); on L?(Q) satisfying generalised Gaussian estimates with parameters pg €
[1,2) and m € [2,00). Let Y = L*(QV) with s € (po,p,). Then A has a bounded H*®(X,,)
calculus on LP(Q; L3 (QY)) for any p € (po,pp) and w € (0, 7).

Proof : According to [BKO5, Proposition 2.1 (i) (1) = (3) with a = p% — i, B =0,
u = pp, v = pj] and the dual estimate due to self-adjointness of the semigroup, the generalised
Gaussian estimates imply the hypotheses of [KuUl, Theorem 2.3]. Then [KuUl, Theorem
2.3] implies that A has an Rs-bounded H*°(X,) calculus on LP(Q?) for s,p € (po,pp) and
w > 0, Rs boundedness being defined in that article. By [KuUl, Theorem 2.1], A has then a
bounded H*(X,,) calculus on LP(;¢°). Now let f =>", fi ® 14, € LP(Q) ® L*(Q') with 14,
indicator functions of pairwise disjoint measurable subsets Ay of € of finite positive measure,
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and £ € H*(X,,). Note that clearly, those f are dense in LP(€); L*(£2')). We have

1€CA) fll e oss )y = ‘ > A fr @14,
k

Lr(;L5(Q))

1
p P
dx
Lo ()

> E(A) frl@)1a, (W)

k

= Ifllze(:ze )
LP(Q;L°(Q))

Z‘ka@)lAk
k

In other words, the case Y = L*(€) can be reduced to the case Y = ¢% since L*(Q)) is
representable in £°. [ |

The following sufficient conditions for the H* calculus on LP(§;Y") are essentially known
in the literature.

Proposition 4.8 Let (2, i) be a o-finite measure space.

1. Let (Ty): be a semigroup acting on LP(Q) for some fizved p € (1,00), such that the Ty are
reqular contractive, that is, there exist S; positive and contractive operators on LP () such
that | Ty f| < S¢|f] for allt > 0. Assume that p # 2 or that Ty are themselves positive.
Then the generator A of (Ty)s has an H*>(X,) calculus on LP(S;Y) for any w € (3, )
and any UMD space Y .

2. Let (T}); be a semigroup which is contractive on LP(Q) for all p € [1, 0] (strong continuity
only for finite p). Then the generator A of (Tt): has an H*®(X,,) calculus on LP(Q;Y)

for any p € (1,00), w € (§,7) and any UMD space Y.
Proof : 1. According to [Fen, Theorem 4.2.1 & p. 45], there exists a one parameter group

(Uy)ter of isometries acting on LP(€2) for some other measure space €2 and positive contractions
J: LP(Q) — LP(Q), P : LP(Q) — LP(Q) such that Ty f = PU,Jf for any t > 0 and f € LP(Q).
Now we have for £ € HJ*(Z,,) that {(A) = P¢(B)J with B the generator of (U;);. Since Y
is UMD, according to [HiPr, Theorem 5], £(B) admits a bounded extension to LP(%;Y) with
norm < ||€]|co,w. Moreover, since P and J are positive, they admit bounded extensions to the
Y valued L? spaces, too. Thus £(A) also admits a bounded extension to LP(;Y) with norm
< el

2. Tt is well-known that such a semigroup satisfies the assumptions of 1. if p # 2 [Tagg]
Theorem 2.2.1]. Thus the result then follows from 1. If p = 2, then we interpolate between
L2*€(Q;Y) and L?>~¢(Q;Y). [

We record the following corollary.

Corollary 4.9 Let (Q2,dist,u) be a space of homogeneous type and Y a UMD space. Suppose
that the self-adjoint semigroup (Ty); on L*(Q)) satisfies the Gaussian estimates and that
(T)¢ is moreover (lattice) positive, i.e. pi(x,y) = 0 for any t > 0 and z,y € Q, where p,(x,y)
is the integral kernel as in . Then for any 1 < p < oo, the generator A has an H*(3,)
calculus on LP(S;Y) for any w € (F,7).
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Proof : Observe that the Gaussian bound implies that sup;s [|T¢[]2—2 < oo (see also
Remark [2.24). Thus, the spectrum of A is contained in [0, 00), so that in fact, ||T;|l2—2 < 1.
Now apply first Proposition [4.8] 1. for p = 2 and then extrapolate via Theorem to the
general case 1 < p < oc. [ |

Now we state the main theorem of this section. For the existence of the H* calculus
assumption needed below, we refer to Theorems [£.6] [£.7, Proposition [I.8] and Corollary [£.9]

Theorem 4.10 Let (2, dist, 1) be a space of homogeneous type with a dimension d. Let A be a
self-adjoint operator on L*(Q) generating the semigroup (Ty)i>o. Let po € [1,2) and m € [2, 00).
Assume that (Tt)i>o satisfies generalised Gaussian estimates with parameters pg,m. Let Y be a
UMD lattice which is py -convex and qy -concave for some py € (po,2] and gy € [2,p[). Assume
that the convexifications YPY and (Y’)q/Y are also UMD lattices. Finally, assume that A has a
bounded H>®(X,,) calculus on LP(;Y) for some fized p € (po,p;) and w € (0, ).

Then A has a Hormander H5 calculus on LP(;Y) with

1
B> a(p,py,qy)-d+ 5

and o from (4.1).
Proof : Note that according to Lemma LP(Q;Y) has Pisier’s property («). Now combine
Theorem [£.2] with Theorem [ |

Theorem used in the proof of Theorem admits an enhancement, and this carries
over to Theorem [4.10l This is the content of the next theorem.

Theorem 4.11 Let A have a Hg calculus as a consequence of any of theorems in this article.

Then in fact, the operators f(A) are not only bounded for f € Hg, but also R-bounded for a

whole family of functions f, under the condition that | f||,,s remains bounded. In other words,
2

there exists a constant C < oo such that for any x1,...,2, € LP(;Y) and f1,...,fn € Hg,
we have a square function estimate
N3
(wr)
i=1

|(iz:|fi(A)$i!2)é

Proof : Theorem in the form from [KrW3|, Theorem 7.1] immediately gives Theorem {4.11}
once one notices that LP(€2;Y) has property (c), according to Lemma [2.15] [ |

SO sup |[fillys
= ,n

L (YY) =L

Lr(Q;Y)

Remark 4.12 1. Spectral multiplier theorems under generalised Gaussian estimates have
been obtained in the last 5 years by different methods, but only in the scalar case Y = C.
We note that in this case, py = qy = 2 and our Hormander functional calculus exponent
becomes

1 11 11 1 1 1 1
5>04(papy,qY)-d+<max(,>min<,)>d+‘dJr,
2 p 2 p’ 2

2 Ip 21772

Let us compare this result with those scalar valued Hérmander type spectral multiplier
theorems obtained in the literature, sometimes under stronger hypotheses. In the literature,
the Deﬁm’tion of ’Hqﬁ is extended for values q # 2 in an obvious manner. We denote
(GGEyy.m) forpo € [1,2) and m > 2 our generalised Gaussian estimate hypothesis, and
refer to the sources below for the definition of other hypotheses. In all cases, the semigroup
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is moreover assumed to be self-adjoint, acting on L?()) with  a space of homogeneous
type. Finally, in the last two sources, there is an autoimprovement of the calculus by
self-adjointness of Ty possible.

Resource Hypotheses ”HB calculus on Lp( ;C) with pg < p < p;
This article, Theorem |41q (GGEpy.m) B > \1 —3ld+%,q9=2

|Bl, Theorem 1.1] (GGEpy.m) b > % + %, q=

[KuURl, Theorem 5.4 a)] | (GGEp,.m) B> —5ld+1), ; <I; — 3

JKuUhl, Theorem 5.4b)] (GGE,y.m) g8 > \% —3ld, g=00

[COSY, Theorem 4.1] (F'S) + (ST}, ») B> max(d(ﬁ - %) %)

[SYY, Theorem 5.1] (DGm) + (ST 5.m) | B> rnax(d(pi0 -1), é)

2. In the case that Q = R? and (T}); satisfying classical Gaussian estimates , a com-
bination of [ALV] and [GoY)] also yields UMD lattice valued spectral multipliers. Indeed,
in [ALV)] it is shown that if m(A) satisfies weighted estimates LP(R? w) — LP(R?, w)
for any weight w € Ay, in the classical Muckenhoupt class, and any ro < p < oo,
then it extends boundedly to LP(R%Y) — LP(R%LY) for rg < p < oo (in fact, even
to LP(R%, w;Y) — LP(RY, w;Y) for such weights w), where o = py is the convexity
exponent of Y. On the other hand, [GoY] establishes such scalar weighted estimates
m(A) : LP(RY w) — LP(RY w). Going into the parameter calculations in [GoY), [ALV),
one obtains that A has a bounded HY, calculus on LP(R%;Y) for B > p% and py < p < o0

and for [ > (% and 1 < p < qy. This result and ours from Theorem are incompa-
Y

rable, since this HS, class and our ’Hg class are not contained in each other, also due to

the fact that we take into account the concavity exponent qy in addition to the convexity

ezponent py. Moreover, we also obtain square function estimates in Theorem [{.11. On
the other hand, [GoY], [ALV] obtain weighted UMD lattice valued estimates.

We spell out some particular cases of Theorem [1.10]

Corollary 4.13 Let (,dist, u) be a space of homogeneous type with a dimension d. Let A be
a self-adjoint operator on L?()) generating the semigroup (T;)i>o-

1. Let pg € [1,2) and m € [2,00). Assume that (T});>0 satisfies generalised Gaussian esti-
mates with parameters po,m. Let Y = L*(Y). Assume that p,s € (po,p(). Then A has a

Hormander ’Hg caleulus on LP(Q;Y) with
111 1
d+ =
m (p s’ 2)) * 2

1 1 1
8> (max( )
s’ 2
2. Assume that (Ty): satisfies (classical) Gaussian estimates. Let Y be any UMD lattice.

Let p € (1,00). Assume that A has a bounded H*(X,) calculus on LP(Q2;Y) for some
€ (0,m). Then A has a Hormander 'Hg calculus on LP(Q;Y) for

1
B> a(p,py,qyv) - d+ 3

Proof : 1. Take into account Corollary [£.3] and Theorems [2.7] and [£.7}
2. Take into account Corollary [£.3]and Theorem [

If we plug in fs5.,(t) = (1 — )% into the Hérmander functional calculus, we obtain the
following result.
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Corollary 4.14 Let (2, dist, u) be a space of homogeneous type with a dimension d. Let A be a
self-adjoint operator on L*(Q) generating the semigroup (T;)i>o. Let po € [1,2) and m € [2,00).
Assume that (T})i>0 satisfies generalised Gaussian estimates with parameters pg,m. LetY be a
UMD lattice which is py -convex and qy -concave for some py € (po,2] and gy € [2,p[). Assume
that the convezifications YPY and (Y’)qgw are also UMD lattices. Assume moreover that A has
a bounded H*(X,,) calculus on LP(;Y) for some fized p € (po,py). Then the Bochner-Riesz
means associated with A satisfy
5
(1-34)
v/

provided that 6 > a(p,py, qy) - d. Moreover, for these ¢, we have

(=), ,, <l ()

for any ux > 0 and fr, € LP(Q;Y).

< 00,
LP(Q;Y)—LP(Q;Y)

sup
u>0

1
2

LP(Q;Y) LP(Q;Y)

Proof : For the first part, it suffices to apply Theorem [4.10] and to note the Hérmander norm
estimate

sup || fo,ullys < 00
u>0 2

provided that § > g8 — % [COSYL p. 11 in arxiv version]. Then for the second part, apply
Theorem [£.11] |

Another application of Theorem is the following spectral decomposition of Paley-
Littlewood type. We refer e.g. to [KrW2] for applications of this decomposition to the de-
scription of complex and real interpolation spaces associated with an abstract operator A. To
this end, we let (¢, )nez be a dyadic partition of unity in the sense of Definition Further let

Un = ¢y for n =1 and o = S0__ b, 50 that 3, 5 dn(t) = 300 (¥, (t) = 1 for all ¢ > 0.

Corollary 4.15 Let (2, dist, u) be a space of homogeneous type with a dimension d. Let A be a
self-adjoint operator on L*(Q) generating the semigroup (Ty)i>o. Let po € [1,2) and m € [2, 00).
Assume that (Ty)i>o satisfies generalised Gaussian estimates with parameters po, m. Assume
moreover that A has a bounded H®(X,) calculus on LP(S;Y) for some fized p € (po,pp). Let
Y =Y () be a UMD Banach lattice.

Then, for any f € LP(Q;Y), we have the norm description

(Z\%(A)fﬁ)é (gwnm)fff

<A
Proof : Once a Hormander calculus of A on LP(€;Y) is guaranteed by Theorem the
corollary follows from [KrW2, Theorem 4.1] resp. (2.3), to decompose the norm in Rademacher
sums resp. square sums. [ |

~

[fllLe@iv) =

LP(Q;Y) Lr(3Y)

Remark 4.16 We note that if Y(Q') = [Z('), L*(Q')]g is a complex interpolation space with
Z a further UMD lattice and 6 € (0,1), then one can apply complex interpolation to improve
the derivation exponent in the Hormander calculus of Theorem [{.10. Note however that one
passes from an exponent which is maybe not optimal to another one again not optimal. The
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interpolation procedure goes like this. Introduce in the Hérmander classes a second parameter
q € [1,00] and define ’Hqﬁ by the norm

1£ll35 = [F(O)] + sup 10 (B) e ()

in a similar manner to Definition . Then A has a "Hqﬂ calculus on L*(Q; L*(Q)) provided
that Hg — Cp([0,00)) due to the self-adjoint spectral calculus, which is the case for 8 > é. We
assume for simplicity that Ty satisfies classical Gaussian estimates. Then Theorem[].10 gives a
Hg calculus on LP(Q; Z) for p close to 1 or close to co with a certain 3. According to [KrPhD,
Proposition 4.85], one can interpolate the mappings

My — B(LP(;2)), | f(A)
and
HS, — BLP(Q; L2())), [~ f(A)

to obtain a calculus ’Hqﬁg — B(LPo(Q;[Z, L?)g)) = B(LP¢(Q;Y)). Going through the calculation,

. 0 0
one gets in case p% =1-5 and q% = 5 that Bp > 2d|% -1+ |% — 1 forp € (1,py) or
p € (gy,00) and a certain gy € (2,00). For p close to py, the differentiation index By is close

to5— |57 — %| better than what gives Theorem ,

Remark 4.17 We point out a different strategy to show a weaker Mihlin functional calculus
on LP(Q;Y) in a slightly different setting. Namely, assume the conditions at the beginning of
[Kempp2, Section 4]. That is, (Q,dist, u) is a complete space of homogeneous type having in
addition the cone property, A is self-adoint on L*() satisfying the more general Davies-Gaffney
estimates, which correspond to generalised Gaussian estimates as in with parameters pg =
2, m =2, and finally, Y is a UMD space (not necessarily a lattice).

Then [Kempp2, Theorem 12] yields a H>®(X,) calculus for any angle w > 0 on the vector-
valued Hardy space HP(Q;Y), p € (1,00). If A= —A+V is a Schrédinger operator on Q = RY
with a positive potential V' > 0 satisfying the following reverse Hélder condition for some s > g

and C < o )
(/IB’VS(:c)dx)S <C/BV(:c)d:z:

for any ball B C R, [BCFR, (3)], then we have [Kemppd, Remark p. 18] that HP(;Y) =
LP(Q;Y). Now it is known that such a calculus ®,, : H*®(X,,) — B(LP(;Y)) for any angle
is related to Mihlin calculus [CDMY), Theorem 4.10]. An inspection of the proof of [Kemppd,
Theorem 12] shows that ||®,| < Cw=4"1, where d € N is a doubling dimension. This implies
by [CDMY, Theorem 4.10] that

—
Ju

=0,...,

Note that ||§HH§ < ”§HH§“ <€ agasr, with B = alp,py,qy)-(d+1)+e < d+1 from Theorem
so that the latter Theorem yields a stronger result, when applicable.

4.1 A simpler alternate approach for the pure Laplacian, (classical)
Gaussian estimates and dispersive estimates

If one does not strive for the optimal parameters o and § in Theorems[4.2]and [£.10] then in the
case of classical Gaussian estimates, there is a simpler and more direct approach which does not
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need the machinery of Blunck’s and Kunstmann’s work, but rather an extrapolation of Gaussian
estimates from real to complex time from [CaCoOul, Proposition 4.1]. One finds 5 > d + 1, see
Corollary 1. Moreover, in the case of A being the pure Laplacian on L?(R9), this approach
yields a parameter 5 > % for any UMD lattice and any 1 < p < oo independent of convexity
and concavity of the UMD lattice Y. Also if one knows dispersive estimates for exp(itA) and
the volume of Q is polynomially bounded, then the estimate in [CaCoOul, Proposition 4.1] can
be improved, and again the parameter becomes § > %, see Corollary @l 2. This parameter,
universal in the class of UMD lattices, can then be strengthened, by self-adjoint calculus and a

complex interpolation argument for

LP(;Y) = LP (4 [Z, L?e) = [L" (% Z), L* (4 L?)])s
with p; close to 1 or co. It will give the condition 8 > a(p,py,qy) - d+ % with
1
av
see Remark We start with the case of A = —A on LP(R?). Then it is well known that
T, = exp(zA) has the Gaussian integral kernel

1 |z —yl?
pz(T,y) = N eXp( P

Az

~ 1 1 1 1 1
O[(ppr7qY) :maX(’p - 5‘7‘1; - 5‘7’ - 2‘) < a(papYan)a

for z € Cy.

Proposition 4.18 For § € (=%, %), let My denote the mazximal operator
My (f)(z,w") = iuIO)‘Ttei@(f('vw/))(x”
>

for f € IPRY) @Y. Ifp € (1,00) and Y is a UMD lattice, then My extends to a bounded
operator on LP(R%;Y) with

_d
1Mo fll oz < Crp(cos(8))* I lloqgoy:
Proof : We estimate
Mo (@,w') = sup|Tyewn (£, ) (@)
L
<su _C expl = 4 Wd
t>IO)/Rd \/md p< 4616t |f(y )‘ Y

1 1 |z y|2 /
< ——su —exp| — 0 ,w')|d
(47 )% i>lg /]Rd % ¢ p( 4t COS( ) ‘f(y )| Y

_ 1 1 |9:7y|2 /
= (47r)% iggAdWeXP<— At >|f(y,w)dy

= Cy(cos(9)) 7%M0f(1'7 w'),

where we have performed the simple substitution ¢ — cos()t in the second to last step. It is
well-known that My f(z,w') < CqgMpyy f(z,w’) pointwise. Thus, we deduce from Theorem

”MGfHLP(]Rd;Y) N (COS(H))_E||MOfHLP(Rd;Y)
S (COS(Q))_E||MHLf||LP(1Rd;Y)
< (cos(9))

ol

Il Lo (resyy -

33



Corollary 4.19 Let Y be any UMD lattice, d € N and 1 < p < co. Then A= —A has a Hg
functional calculus on LP(R%Y) for any exponent 3 > d+1

Remark 4.20 The exponent (3 is better than what gives Theorem [[.10 for a bad UMD lattice,
i.e. with convexity py close to 1 and concavity qy close to oo, or also if Y has bad convexity
and p is close to co. We do not know if for self-adjoint semigroups with (generalised) Gaussian
estimates, the value of B from Corollary [{.19 holds for general UMD lattices. See Corollary
@ for a partial answer in case of dispersive estimates.

Proof of Corollary- Applying Proposition to Y (£?) which is a UMD lattice according
to Lemma|2.13] we deduce that for 6 € (=%, %), tl,tg, sty >0and fi, fo,..., fn € LP(RY)®
Y C LP(R%:Y) that

3 3
()] - @W
i LP(R4;Y) i LP(Rd Y)
< (cos(9)) * (Zml?) ,
Lr(R4;Y)

d

so that {T}ew : t > 0} is R-bounded in LP(R%;Y) with R-bound < (cos(6)) *. Since Y is UMD
and (T}); is a positive contraction semigroup, A has an H>°(X,,) calculus on Lp(Rd, Y) for any
w > 7, according to [Duong]. Thus we can apply Theorem and deduce the Hoérmander
functional calculus stated in the Corollary. [ ]

With a little more technical effort, we can give a variant of the proof of Proposition [£.18 which
works for self-adjoint semigroups with Gaussian estimates, with worse exponent «. We recall
the following extrapolation result of Gaussian estimates from real to complex time [CaCoOul
Proposition 4.1].

Lemma 4.21 Let (Q,d,u) be a space of homogeneous type. Let pi(x,y) be the integral kernel
of a self-adjoint semigroup on L*(Q) with upper Gaussian estimate (2.4), that is

1 dlst(:r y)> 1)
4.4 ) <C—— exp( —c[ EHLY) t>0,z,y€0
S e G G (4> 02,59

with m = 2. Then pi(x,y) has an analytic extension for z =t € C4 and an estimate

Ip-(z,y)] <

m

¢ T exp<c<(h8t(x1’y)> " cosﬂ) (cos @)~

(v (o () P (o (i) )

where z € C4, x,y € Q,0 = arg(z) and d is a doubling dimension of Q.

Proposition 4.22 Let (Q,d, ) be a space of homogeneous type and A a self-adjoint positive
operator on L?(Q) with semigroup Ty and kernel satisfying the upper Gaussian estimate (4.4)).
LetY =Y () be a UMD lattice. Let for f € LP(Q)®Y and 6 € (—%,%) the mazimal operator

My(f)(z,0") = igyTtew (f(w))(@)]-

272

34



Then the operator My is bounded LP(2;Y) — LP(Q;Y) for 1 < p < oo with norm bound
< C(cos )%, d being a doubling dimension of §.

Proof : Let 0 € (=5,%), 1 <p<ooand f € LP(Q2) ®Y. We use Lemma Write 2 = te'.
Then

Mgf(ﬂ?,w/) = i1>118|Tte“’ (f(’wl))(:r”

< sup / Dt (2, )| £ (0, ) | dy
t>0JQ

/ C
< sup
t>0 Jo i

(v (o (i) I (o (i) )

exp <_C(dlstm(z,y)) o cos 9> (cos0) ™| f(y,w")| dy,

and then

(4.5) Mpf(z,w') <

sup/ ¢ - exp (—c(dlSt(y)> " 1)((}05 0)~| f(y, )| dy.
t>0 Q( 1 1 t

)V (0e5)

Here we have simply performed the substitution ¢ ~ t(cos#)™~!. We decompose the integral
over 2 in ([@.5) into annular regions A, = B(z, 2t )ifn = 0 and A,, = B(x, 2" 1t )\ B(z, 2"t )
if n > 1. Then (4.5) continues

vl

< C(cosh)~ 31;182/ x t# (y’t%))l exp(—c2"%)|f(y,w’)|dy
. 1
(4.6) < C(cos®)” iggZeXp( c2 ml)/B(w’ant%) (V<x’t$)v(y,t$));|f(y’W/)|dy

Now we make use of Lemma to introduce in (4.6) the Hardy-Littlewood maximal
operator. Namely, we have for y € A,

M
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so that

V(x, t#)
1 < L omena |\

(V(‘r’t%)‘/(%t%))% V(x,t%) V(y,Q("+1)t%)

(n+1)¢m
L omina V(x’2 ¢ )
V(m,t%> V( 2<n+1>t%)
1
<O~ _otnd
V(:mt%)

<

Thus, (4.6 continues as

< COSH SupZexp< CQ"#)Q(nJFl)d /l;( R V( ) ‘f(:% )| dy
x,2™ t'm m

t>0

< (cos )¢ Z exp(—c2"%) 22Dy W)

S (cos8) "My f(z,w'),

where we have used
1 < 9(nt1)d 1

V(x,t%) ~ v(x,2n+1t%) '

All these estimates were pointwise in w’ € Q. Since Y = Y (€?') is a lattice, we thus have
1Mo £ 0v) < Ccosb)™ HMHLfHLp(Q Y)'

Now the Proposition follows invoking Theorem [3.1] [ ]

As in the pure Laplacian case, there is the following Corollary on Hoérmander functional
calculus. Note however that this time, we have to assume a priori that A has an H* calculus
on LP(;Y). For the existence of the H* calculus, we refer to Theorems and and
Proposition Moreover, part 1. is entirely covered by Theorem

Corollary 4.23 Let (2, dist, 1) be a space of homogeneous type of dimension d, let Y be any
UMD lattice and let 1 < p < co. Assume that A generates the self-adjoint semigroup (T}): on
L2(Q) and that A has a bounded H*(X,,) calculus on LP(2;Y) for some w € (0,7).

1. Assume that (T}); has Gaussian estimates (2.4). Then the H®(X,,) calculus improves to
a Héormander ’Hg functional calculus on LP(Q;Y) for any exponent B > d + %

2. Assume that (T}); satisfies Davies-Gaffney estimates, that is, generalised Gaussian esti-
mates (2.5) with po = 2, m = 2. Assume moreover that (T;); has an integral kernel p;
satisfying the on-diagonal estimate

pr(x,x) < ct®

for some C >0 and all x € Q and t > 0, and that there exists C' < oo such that

1Tt Lo ()= L) < C
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for allt > 0. Assume finally that the volume satisfies a polynomial growth
V(z,r) < C|r|?

for some fixed C > 0 and any x € Q and r > 0.

All the assumptions in 2. up to now are satisfied e.g. if Q is of polynomial volume growth
of dimension d, and T} satisfies Gaussian estimates (2.4) with m = 2. If the semigroup
satisfies the dispersive estimate

. _d
| exp(itA)| 1 ()1 ) < Clt| 2

for some C > 0 and all t € R\{0}, then the H>(X,,) calculus improves to a Hormander
Hg functional calculus on LP(Q;Y") for any exponent § > g + %

Proof : 1. The proof goes along the same lines as Corollary [£.19] using Proposition [.22] in
place of Proposition and the a priori existence of the H* calculus.

2. Observe that rescaling the time ¢ ~ ct in the semigroup if necessary, we have a semigroup
satisfying [CouSil (3.1), (3.2)], where we use [CouSi, Lemma 3.2]. According to [CouSi, p. 521-
522], the dispersive assumption and the on-diagonal kernel estimate imply

_d dist? (z,y) , 1 dist? (z,y)
< 2 ex — - ~I7 < [ )
|p.(z,9)] < Clz| "2 e p( §R[ P }) <C o |Z|)exp( 8‘%{ 1 ])

Now we can argue, first as in the proof of Proposition and second as in the proof of Lemma

to see that || Mpyl|rrv)—rr@y) < C(cos(@) ?||Mypl Leyv)—re;yy. Then use the
H*®° calculus assumption to deduce as in Corollary that A has a ”Hg calculus on LP(;Y)
for g > %. [ |

Remark 4.24 Let the assumptions of Corollary 2. hold. There holds a similar Remark

to[4.16 Namely, assume that Y (V) = [Z(Q'),L*()]e with Z a further UMD lattice and
6 € (0,1). Interpolating between the calculus mappings

H,” = B(LM(;2)), [~ f(A)
and

HETC S BLAQ: L)), £ F(A)

with p1 close to 1 resp. oo, one gets for% >1- g(: ]% typically) resp. % < g(: q%
typically) that A admits a HS calculus on LP(Q;Y) with 5 > d|1% — 3+ 3% Again as in

Remark |4.16, one can slightly improve the index 8 by considering the classes HqB and taking

HE, — B(L*(Q; L*(Q))) in place of Hé“ — B(L*(; L?(QY))) above. Taking into account
all possible values for p,py,qy, we get the following: If Y is a UMD lattice with convexity
resp. concavity exponents py € (1,2] resp. qy € [2,00) such that we can write moreover
Y(Q) = [Z(), LA(Y))p with Z(Q') a UMD lattice and 6 = 2min(1 — -1, L), then A has a

Py’ gy
7—[26 calculus on LP(;Y) for B> a-d+ % with

1

11
——f‘ < a(p,py,qy)-

S L
a = a\p,py,qy) = max — Sl T 5
p 200py  20Mgy 2
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5 Examples

The next lemma gives a simple procedure to create the UMD lattices that are needed in our
Main Theorem out of given ones.

Lemma 5.1 Let 1 < p < oo.

1. Suppose that Y1,Ys are p-convex UMD lattices. Then also Y1(Ya) is a p-convex UMD
lattice. In particular, LI(2; Y1) is a p-convex UMD lattice for any q > p.

2. Suppose that Y1,Ys are p-concave UMD lattices. Then also Y1(Y2) is a p-concave UMD
lattice. In particular, LI(2; Y1) is a p-concave UMD lattice for any q < p.

P
q

3. If1 < qg<pandY is a q-convex Banach lattice, then [LP(;Y)]9 = L
particular, if Y9 is UMD, then also [LP(Q;Y)]? is UMD.

(Y. In

Proof : 1. We have

(e

Yl (Y2 ) ‘ ‘ YZ Yl

1

oo (i)’
oo (S, )’
<o <Z ||fi||1§1<y2)) g

2. We use the part 1. and the fact from Lemma that Y{ and Y5 are p’-convex.
3. We have

<C

Y1

q

1
1Pz = [ 171F], o

= (/QH |f<x>|3H’;dw)g
- ([t ae)

= [I£1l

Bk

p .
La(sY9)

5.1 Gaussian estimates

In this subsection, we show that for many examples of differential operators in different contexts,
Gaussian estimates and H* calculus on LP(£2;Y) are available, and thus Theorem on the
Hormander calculus on LP(£2;Y) applies for 1 < p < oo and Y a UMD lattice. We recall that
the derivation exponent o = «(p,py,qy) € (0,1) is given in and py resp. gy define the
convexity and concavity exponents in (1,00) of the lattice ¥ to which Y?¥ and (Y')% are still
UMD lattices. For example, if Y = L%(Q') for some s € (1,00), then any py € (1,s) and any
gy € (s,00) are admissible.
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Manifolds Let 2 = M be a complete Riemannian manifold with non-negative Ricci curva-
ture. Then the heat semigroup (associated with the Laplace-Beltrami operator) is a symmetric
contraction semigroup with Gaussian estimates of order m = 2. See [LY], [GriTel, p. 3/70
(1.3)], [Sal]. Hence on these manifolds, according to Corollary and Proposition the
heat semigroup has a Hérmander 7—[5 calculus on LP(2;Y) for 1 < p < oo, for any UMD lattice
Y and 8 > a(p,py,qy) - d+ 3.

Schrédinger and differential operators We show now that our main results apply for
several Schrodinger operators.

Start with the case = M is a connected and complete Riemannian manifold with non-
negative Ricci curvature. Consider a potential V : Q — R such that V > 0 and V € L}, .(Q).
Then A = —A+V, defined by the quadratic form technique, generates a self-adjoint semigroup
(Ty)¢ on L?(£2), and moreover, as a consequence of the Trotter-Kato product formula, |T} f(z)| <
Se|f|(x), where S; = exp(tA) is the heat semigroup [DuOS| Section 7.4]. According to the
preceding paragraph on manifolds, S; is L' and L™ contractive, so according to Proposition
A has an H* calculus on LP(;Y) for 1 < p < oo and Y any UMD lattice. Moreover,

T;); has Gaussian estimates of order m = 2 [DuOS| (7.8)], so that according to Corollary
4.13] A has a ’Hzﬂ calculus on LP(€;Y) with 8 > a(p,py,qy) - d+ 3.

Now consider the case that @ C R? is an open subset of homogeneous type. Take the

following self-adjoint differential operator defined on L?(©2) [Ouh06} (1)]:

A=— Z Zﬂ?vj(akj[)axk)

k=1

where ar; = a;x € L*°(Q,R), 1 < k,j < d and ay; satisfy the standard ellipticity condition
nl < (ag;)k; < pl for some constants 0 < n < p < oo. We assume Dirichlet boundary
conditions. Then according to [Ouh06, Theorem 1], the semigroup (7}); generated by A is
positive and according to [Ouh06l (4)], satisfies Gaussian estimates [2.4] with m = 2 (note that
V(z,vt) < Ct? there). Thus according to Corollary A has an H* calculus on LP(2;Y)
for Y any UMD lattice, and according to Corollary , A has a Hg calculus on LP(Q;Y) for
B> alp,py,qy)-d+ 3.

Now consider the case that Q = R? and a potential V : @ — R such that V = VT -V,
VT V= > 0 and VT, V™ belong to the Kato class (see [Sim]). Then according to [Ouh06}
Corollary 3], A = —A + V, the self-adjoint Schrédinger operator with potential V', generates
a positive semigroup (73); (even with a certain lower Gaussian estimate), and according to
[Ouh06, Theorem 1], the shifted semigroup generated by A — s(A)+ e for an e > 0 has Gaussian
estimates (2.4). Here, s(A) = inf o(A) is the spectral bound of A in L?(R?). Thus, according to
Corollaries and A—5s(A)+ehasa Hg calculus on LP(Q;Y) for B > a(p,py,qy)-d+ 3.

Now consider for A > 0 the Bessel operator

2
A=A, = —x#‘%x”‘%$7>‘ = —% + AN = 1)z72
on Q2 = (0,00) [BCRM, p. 343]. Then according to [Ouh95], the semigroup (7%); generated by A
satisfies Gaussian estimates provided that the potential A(A— 1)z =2 is positive, i.e. A > 1.
According to [BCRM] Theorem 1.6], A has an H* calculus on LP(2;Y) for 1 < p < oo and any
UMD space Y that is a complex interpolation space between a Hilbert space and another UMD
space. According to Lemma [2.11] any UMD lattice is of this form. Thus, for the particular
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case Y being a UMD lattice and A > 1, we can strengthen [BCRM) Theorem 1.6] and deduce
for Ay a H2 calculus on LP(€;Y) for 8> a(p, py,qy) - d+ 1

There are other Schrodinger and differential operators, where Gaussian estimates are avail-
able and the semigroup is positive, hence Corollaries [£.9] and apply. We refer to [Ouh06],
[Oubl Section 6.4, in particular Theorems 6.10, 6.11] for upper Gaussian estimates, and for
lower Gaussian estimates [Ouh06, Section 7.8].

Lie groups of polynomial volume growth Consider 2 = G a Lie group having polynomial
volume growth. Then (Q is a space of homogeneous type. Consider moreover A = — szv:1 X2,
where {X1,...,Xn} is a family of left invariant vector fields having the Hérmander property.
For example, G = R*"*! is the Heisenberg group, and 4 = — 7| X7 + Y}? is the standard
sub-Laplacian. Then according to [Sal, Theorem 4.2, Example 2], [Gri], the semigroup (T%);
satisfies two-sided Gaussian estimates with m = 2. Therefore, according to Corollories

and A has a ’Hg calculus on LP(Q;Y) for S > a(p,py,qy) - d + %

Fractals There are several fractals 2 C R™ on which there exists a heat semigroup satisfying
upper and lower Gaussian estimates. Namely, one first turns 2 into a metric measure space by
choosing a metric, e.g. the intrinsic metric inherited from R™ and a Hausdorff measure. Then,
the heat generator A is defined using the form method, often by means of a Brownian motion
Dirichlet form [GriTel, preprint version p. 3-4]. The heat kernel p;(z, y) satisfies [GriTel, (1.4)]

c 4P (2, )\ 7
pe(x,y) = 7a7p P <—C<(;Ey)> )

for certain > 0 and 8 > 1 (8 > 2 according to [GHLL Abstract])), and the implied constant ¢
may be different between upper and lower estimate. The parameter [ is called walk dimension.
In case of volume comparability V (z,t) = ¢, e.g. if A is the Laplace operator on the Sierpinski
Gasket [DuOS| Section 7.11], we can apply our Corollaries and to deduce that A has a
”Hg calculus on LP(Q;Y) for 1 < p < oo and Y a UMD lattice, with 8 > a(p, py,qy) - d + %
For a discussion of many further examples where Gaussian estimates as in are satisfied,
we refer to [DuOS, Section 7]. Hence in all these cases, Theorem [4.7] and Corollary are
applicable and we obtain for the operators A a bounded 'Hg calculus on LP(Q; L5(Q)) with
1<p,s<ooand > (max(2,1 1) —min(i, 1 1)).d+ 1.

1
prsr2 P’

5.2 Dispersive estimates
In this subsection, we indicate in which situations of the preceding subsection there is a disper-
sive estimate

(5.1) lexp(itA) | L1(a)yre(@ < Clt|~F (t €R)

available, so that Corollary m 2. is applicable, and we can deduce a ’Hg calculus on LP(Q;Y)
for g > % + % This is a smaller differentiation order, hence a better result than what we had
obtained in the preceding subsection, in case that a(p, py,qy) > %, e.g. if p is close to co and
Y is an L*(Q) space with s close to 1.

Schrédinger operators Throughout the paragraph, we assume @ =R and A= -A+V a
Schrodinger operator with positive locally integrable potential.
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First, consider the case d = 1. Then if [, V(x)(1 + |#|) dz < oo, if there is no resonance
at zero energy and if there are no bound states (which implies that the spectral projection
P,.(A) onto the absolutely continuous spectral subspace is the identity), then according to
[GoS|, Theorem 1], A satisfies (5.1). Consequently, A has a HY calculus on LP(R;Y) for any
B>1+1=1

Second, consider the case d = 3. Then if V(z) < C(1 + |z|)~" for some b > 3 and all
x € R3, if 0 is neither an eigenvalue of A nor a resonance, and if there are no bound states, then
according to [GoS| Theorem 2], holds. Consequently, A has a ’Hg calculus on LP(R3;Y)
foranyﬁ>%+%:2.

Next, consider d € N an arbitrary odd value. Then 1f Ve cT (Rd) for d € {5,7}, if
V(z) < c(1+|z|)~° for some b > 242 and for 1 < j < 452, VIV (2)] < ¢(1 + |2|)~* for some
a > 3 for d = 5 and for some a > 8 for d =7, if 0 is not an elgenvalue of A and if there are no
bound states, then according to [ErGr Theorem 1.1], . ) holds. Consequently, A has a 7—[5
calculus on LP(R%:;Y) for any 8> 4 + 1

Now, if V is of the form V(ml,..., d) = W(xy) + W(xa) + ...+ W(xg) with W : R —
Ry such that [, W(z)(1 + |z[)®>d2z < oo, then according to [Pler Corollary 1.6, (5.1) holds.
Consequently, A has a 7—[25 calculus on LP(R4;Y) for any 3 > 5 d 4 5.

Stratified Lie groups We refer to the recent work [BEG] for a study when (|5.1]) or a stronger
estimate holds in the case that 2 = G is a 2-step stratified Lie group with further properties
and A = —A is the Laplace-Beltrami operator.

5.3 Generalised Gaussian estimates

In the recent past, several operators with generalised Gaussian estimates (2.5]) for some pg > 1
have been studied. In these cases we will obtain accordlng to Theorems @ and [.10] that A
has a ”Hg calculus on LP(Q; L*(Y')) for po < p, s < p{, and

111 111 1
2 S ) —min( =, 5,2 ) ) o
(5.2) 8> (max(p,s72) mm(p’s’2>> +2

Elliptic operators in divergence form Suppose that Q = R? and A is given by
Af= Y (~)P18%(a507 ),
[v],18]=m
where a5 € L>(Q;R). We suppose that the form a associated with A, given by
0= [ S a0 ST i
[v1,16]=

gives rise to a self-adjoint operator and satisfies the ellipticity condition

m

a(f, /) = nl|(=A)EfIE (F e W2A(RY)

for some n > 0. Then according to [KulUl, Section 3 a) (iii)], (2.5) holds with m replaced by
2m and po = py, where p; = 5= 2m for d > 2m, and p; = oo if d < 2m. Consequently, A has a

’Hg calculus on LP(R4; L*(Q))) with pg < p,s < pj and 3 given by (5.2).
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Schrédinger operators with singular potentials Suppose again that Q = R, with d > 3,

and that A = —A + V is a Schrodinger operator. We suppose that V = VT — V~ with
V*+, V= : R? — R, and that V7 is locally integrable and V'~ belongs to the pseudo-Kato
class [KPS]. A typical example is V(z) = — 2 for a certain range of ¢ > 0 [KPS, [KuUll.

Then A is self-adjoint, and according to [KuUl, Section 3 (c) (ii)], holds for some pg > 1.
Consequently, A has a 7—[26 calculus on LP(RY; L*(Q))) for any po < p,s < pjy and 3 as in .

We refer to [Bl Section 2],[KulUl, Section 3] and the references therein for detailed explana-
tions of the two preceding paragraphs and more examples.

6 Concluding remarks

In Theorems [£.7] and Proposition [{.8 and Corollary we gave some sufficient conditions,
when A has an H* calculus on LP(€;Y). Nevertheless, it would be interesting to know whether
generalised Gaussian estimates and self-adjointness of the semigroup 7} imply already them-
selves that A has an H* calculus (and thus a ’Hg calculus) on LP(€;Y) provided that Y is a
po-convex and pj-concave UMD lattice. Already the case of classical Gaussian estimates and
self-adjointness is open here (then the convexity and concavity assumption on Y is void).

Another question is whether Theorems and hold for Y being an intermediate
UMD space, that is, Y = [L?(Q'), Z]s for some further UMD space Z and 6 € (0, 1), or even
for Y being any UMD space. Then, we suspect that the convexity and concavity notions,
which only make sense for lattices, have to be replaced by Rademacher type and cotype. For
an H>(3,) functional calculus result on LP(€;Y) with Y an intermediate UMD space and
an estimate for the angle w < 7, we refer to [IBCRM, Theorem 1.6] with a particular Bessel
operator A, and [Xulb, Theorem 4] for regular contractive and analytic semigroups.

A further question is whether a version of Theorem [4.6] holds for generalised instead of
classical Gaussian estimates.

We finally remark that the question about optimal exponents 3, ¢ in Hg calculus with

[fll3gz = 1F(O)] + sup [[6f (R:)llyyp (w)
R>0

similar to Deﬁnition is even open in the scalar case LP(2) within the class of all self-adjoint

semigroups with Gaussian estimates. Moreover, for |1 — 3| < 77 and ¢ = 2, the best § seems

to be unknown even in the pure Laplacian case on © = R? see [Kr'W3, Subsection 8.1].
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