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Abstract. Given a polarized complex abelian variety (A, L), a Gromov lemma makes a comparison between the sup
and L? norms of a global section of L. We give here an explicit bound which depends on the dimension, degree and
injectivity diameter of (A, L). It rests on a more general estimate for the jet of a global section of L. As an application
we deduce some estimates of the maximal slope of the tangent and cotangent spaces of a polarized abelian variety
defined over a number field. These results are effective versions of previous works by Masser and Wiistholz on one
hand and Bost on the other. They also improve some similar statements established by Graftieaux in 2000.

2010 Mathematics Subject Classification: 11G10 (14G40, 11J95).

1. Introduction

Let (A, L) be a polarized abelian variety over a number field K. Its tangent space at the origin 74 is a finite
dimensional K -vector space which can be endowed with a structure of Hermitian vector bundle over the ring of
integers Ok : the integral structure is given by the tangent space at the origin of the Néron model of A over Ok and
the metrics at infinity are provided by the Riemann forms of the complex line bundles L, induced by L on each
A; = A X, SpecC foro: K — C. This feature allows to consider the successive Arakelov slopes of ¢4 in the sense
of the 1995 Bourbaki seminar of Bost [Bo2].

The aim of our article is to provide some sharp and explicit bounds for the slopes of t4, in terms of the
dimension, Faltings height and degree of A relative to L. The estimates obtained in Sections 4.2 (upper bound for
the maximal slope) and 4.3 (lower bound for the minimal slope) improve on previous results by Graftieaux [Gr] and
some of them are even best possible with respect to L. For example, such results enable to have a basis of 74 made
up of vectors whose height is well controlled (using connections between minima and slopes, see [Ga2, § 4]).

The main motivation for this text lies in the progress made during the last twenty years about the effective aspects
of some problems of Diophantine geometry for abelian varieties. Indeed it can be observed that the emergence of the
Faltings height of A in the proofs of the major theorems of [BG,Gal,GR1] only rests on three basic tools:

e A matrix lemma which bounds from below the norms of the non-zero periods of A, for every 6 : K — C,

o a formula for the Arakelov degree of the space of global sections of L equipped with a suitable Hermitian vector
bundle structure over a finite extension of K,

e an explicit lower bound for the minimal slope of z4.

If the origin of the first problem is located in an article of Masser [Mas], it has since been studied by several authors
and an almost optimal solution was found by Autissier in 2013 [Aul]. Regarding the formula for the Arakelov degree
of HO(A, L), it has been established by Bost in 1996 [Bo1] (see the end of § 2.3.2). These first two tools allow to
build the third one via evaluation at order 1 of global sections of L as Bost explained in [Bo2, § 5.3.4]. Following this,
Graftieaux gave an explicit estimate for the minimal slope of z4, still used until now. Furthermore, the latest accurate
period theorems obtained by the author and Rémond [GR1] on one hand and the author and Bosser [BG] on the other
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hand brought to light the need for sharper statements, in particular from a numerical point of view. That is why it
seemed useful to us to examine again the work of Graftieaux, taking into account the technological advances yielded
by Autissier’s matrix lemma. Here the use of the first jet evaluation map is done in a more direct way, without any
reference to a so-called Shimura map, by applying a basic slope inequality. To do this, we have been led to consider
the square of the polarization on A and to evaluate at a well-chosen torsion point of A so that the jet be onto. On the
way, we revisit the so-called Gromov lemma (according to the terminology of Gillet and Soulé [GS, § 5.2.3]) which
makes a comparison between the supremum norm of a section of L, (for any ¢ : K <> C) and its Hermitian norm.
This type of results turns out to be of great interest in other settings, such as the theory of linear forms in abelian
logarithms [Gal].
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2. Preliminary results

2.1

Let A be a complex abelian variety of dimension g and L be an ample and symmetric line bundle over A.
Let 75 be the tangent space at the origin of A and expp: ta — A be the exponential map of A. The period lattice
Qp = kerexpp of A is a free Z-module with rank 2g. An Appell-Humbert data for L is composed of a complex
Hermitian form H : ta x tpo — C (linear in the second variable), which is positive definite since L is ample and such
that Im H (Qa, Qa) C Z, and a semicharacter y: Qa — ({z € C; |z|] = 1}, x) that is, for all w, & € Qp, we have

x(@+ &) = y(w)x (&) exp(nilm H(w, £)).

The Hermitian form H, called the Riemann form of L, induces a Hermitian norm on the tangent space #: for all
z € ta, |lzllL = H(z, 2)'/?. Define the factor of automorphy ai : Qa x ta — C of L by

Yo € Qp, Vzetpn, a(w,z)=y(w)exp (7r H(w, z) + %H(w, a)))

and consider a trivialization ¢: exppL — Oy, compatible with this factor. Thus we get an isomorphism
s = U = ¢(expy s) which associates to a global section s € HC(A, L) a holomorphic map ¥ : 1o — C satisfying
Y (w+ 2) = aL(w, 2)9(z) forall z € tp and w € Qp. The map

T
zetar— 0@l exp (- 117)

is invariant by translation by elements of Qa. Hence, given z € 75 and x = expa(z) € A, we may endow the fiber
L, = x*L with the (cubist) metric:

T
Vs e KAL), sl = W@ exp (=3 1217)-
That induces (at least) two norms on H(A, L): the supremum norm || - || defined by
Vs e HUA, L), lisllo = sup (ls(¥) o5 x € A),
and the Hermitian norm || - || defined by

1/2
Vs e HY(A,L), sl = ( / IIS(X)Ili*Ldﬂ(X))
A

where u is the normalized Haar measure on the compact group of complex points of A.
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2.2 Jets of sections
2.2.1 Algebraic definition

Let S be a scheme and A — S be a scheme with base S. Let £ be an invertible sheaf on 4. We assume that
there exists a closed immersion ¢: & — A. Let us denote by Z the sheaf of ideals on .4 defined by ¢ and by
Qus=1/1 2 the O 4-module of relative differentials. Let £ be a nonnegative integer. When A — & is smooth along
¢ (Z is regular), the inverse image ¢*(Z¢/Z¢*") is isomorphic to the symmetric power S¢(*Q 4/S)- A section
s € HY(A, £) vanishes along ¢ up to order £ when s € H*(A, T ®¢ , £). In that case, the jet of s of order ¢ along &,
denoted by jet’ s(¢), is the image of s by the composed map

HY(A, I ® L) — HY(A, Z¢/I4' ® £)  Projection
formula
HO (S, S(e*Qus) ® e*L) «— HO(S, (T /I @ e*L)

2.2.2 Analytic description of the jets

Let us come back to the case of a complex abelian variety: S = SpecC, A = Aand £ = L. Let x € A(C) and
7 € tp be a logarithm of x. This point can be viewed as a closed immersion x: Spec C — A defined by the sheaf of
ideals |. For £ € Nand s € HO(A, I ®o, L), the element jet s(x) is the image of s in the quotient

HO(Spec C, x* (I ®, L)) ~ §%(t}) ®c x*L.

This construction is compatible with the map s — ¢ of § 2.1. If we consider a basis e = (ey, ..., eg) of 1, the jet
of ¥ of order ¢ at z takes the form

1 a\" o\ : :
iet! = - (=) - (= (@YY .. (V)

Jet ﬂ(Z)_lZiI!"'ig! (8Z1) (BZg) arert e zgeg) - e (€a)"
where i = (i1,...,ig) € N¢ is of length |i| = i; 4+ --- 4+ ig equal to £. Let || - || be a norm on S[(IX).
The trivialization of exp, L which induces the isomorphism s + 4 allows to connect the norm of jet’ s(x)
(with respect to ¢ (1)) ® x*L) to that of jet’ 9 (z) by the formula:

. . . T
ljet” s llsetypaeL = Iliet D@1 - 1Tz = Il jet" 0 (2) exp (—Enznﬁ). (1)

Afterward the tangent space ta will be endowed with a Hermitian inner product. If e is an orthonormal basis of 7,
the chosen norm on S[(IX) will be defined by:

2

g1 . . iphe-ip!
¥ (xi)ji=e € CLam1), D xile)) - (el = > |l Tg
ji=¢ sy =

2.3 Elements of slope theory

We make some very brief reminders about Hermitian vector bundles over the spectrum of the ring of integers Ok of a
number field K and their slopes. In a second time we shall mention some classical statements about several Hermitian
vector bundles attached to a polarized abelian variety. We refer to [Bo2, Appendix A] or to [Ga2] for more details.”

“Following the latter reference, we omit the traditional bar over Hermitian vector bundles and the hat over their degree
and slopes.
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2.3.1

A Hermitian vector bundle E over Ok is the data of a locally free Og-module € of finite type with Hermitian
norms || - |gp: € ® C — RT at archimedean places v of K. The Og-module & brings about norms
l-lEw: € Qo Ky = R at ultrametric places v of K, defined by:

viéel Qo Ko, ”E”E,v =inf(|x],; x € K,, & € xg)

Here K, is the completion of K at v equipped with the absolute value | - |, normalized in such a way that
Iply € {1, p, p~ '} for every prime p. The standard example is & = O% with [(x1,...,x)|20 = (Zl Ix,-lg)l/2
(x;j € KD) at the archimedean places. In that case one has |(x1, ..., x,)|2,, = max; |x;|, when v is ultrametric. Every
Hermitian vector bundle E can be obtained from this canonical one via an adelic matrix ¢ = (a,), € GL,(Ag) and
after the choice of a K-basis e = (e, ..., e,;) of £ ®p, K:

Vx=(x1,....,x,) € K) llxier + -+ xnenlle,n = lapx|o,.

The datum of E amounts to the data of a K-vector space (still denoted by) E of finite dimension (namely £ ® o, K)
with norms on the topological space E®x K, satisfying the above equality. A Hermitian subbundle of E is a subspace
of E endowed with the restricted norms of E. The dual EV of a Hermitian vector bundle E is comprised of the dual
space Homg (E, K) with the dual norms of || - ||[g,,’s. If F C E is a subbundle, the quotient space E/F inherits of
(quotient) norms from E, giving it a Hermitian vector bundle structure over Og. The (normalized Arakelov) degree
of a Hermitian vector bundle E is

deg E = —

Z (K, : Qv]log|detau|v

v place of K

1
[K : Q]

and its slope is 4 (E) = (deg E)/ dim E. It does not depend on the choice of (a, ¢) and the degree is invariant by finite
extension of K. When F' C E is a subbundle, we have deg E/F = deg E —deg F'. The canonical polygon P of E is
the piecewise linear function delimiting from above the convex hull of the set (dim E’, deg E”) where E’ runs over the
non-zero subbundles of E. It satisfies the noteworthy duality relation: for all 0 < x < n = dim E, we have Pgv(x) =
Prp(n — x) — deg E. We also have Pggr(x) = Pg(x) + x deg L for any Hermitian line bundle L. The maximal
slope of E is the real number umax(E) = Pg(1), also equal to max (u(E’); E’ C E). These notions are invariant
by scalar extension. A Hermitian vector bundle E such that pmax (E) = u(E) is called semistable. A K -linear map
@: E — F between two Hermitian vector bundles E and F over Ok induces local maps ¢, : E Qg K, — F ®k K,
at the places v of K, having operator norms

lloo 70
||x||E,1)

lello = SUP( ; x € (E®k Kv)\{O})~

By bringing together these norms, we form the height of ¢:

1
(K : Q]

h(p) = > 1Ky : Qllogllglly.

This number allows to compare the canonical polygons of E and F.

Proposition 2.1. Let E and F be some Hermitian vector bundles over Ox and ¢: E — F be a K-linear map.
If ¢ is injective then, for all x € [0,dim E], we have Pg(x) < Pr(x) 4+ xh(p). If ¢ is surjective then, for all
y € [0, dim F], we have Pr(y) < Pg(y + dimker ¢) 4+ (dim F — y)h(p) — deg E + deg F.

Proof. Since the canonical polygon is linear on [i — 1, i], it is enough to prove these properties for x or y equal to an
integer i. According to [Ga2, Theorem 43], the j-th slope u;(E) = Pg(j) — Pe(j — 1) of E satisfies the inequality
ui(E) < uj(F)+h(p) when ¢ is injective and j € {1, ..., dim E}. We add them for j ranging from 1 to i to get the
first statement. The second one is a consequence: we apply the first result to the one-to-one dual map ¢V: F¥Y — EV,
using the duality formula for the canonical polygon and noting that " has the same height as ¢. O
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232

Let A be an abelian variety over a number field K of dimension g. For every finite extension K'/K and every
embedding o : K’ < C, we denote by A, the complex abelian variety deduced from Agx, = A xx K’ by scalar
extension through . Over a certain finite extension K'/K, Ak’ is semistable. The sheaf of relative differentials
w40, of the Néron model A" — Ok of Ags over K’, endowed with the norms ||s||:‘; — 288 an SATSisa
Hermitian vector bundle over O g, whose degree is the (stable) Faltings height hp(A) of A. Corollary 8.4 of [GR1]
states that hp(A) > —glog(x «/E), named Bost’s inequality afterwards. Furthermore, given an ample and symmetric
line bundle L on A (the pair (A, L) is said to be a polarized abelian variety), we can consider the Hermitian tangent
bundle (t4, || - ||2) over Ok, also denoted ¢4 when there is no ambiguity on L, composed of the tangent space at
the origin of the Néron model of A over Spec Og and with the norms || - ||z, induced by the Riemann forms of the
complex line bundles L, — A, forall o : K < C. Its degree is linked to the Faltings height of A by the formula

deg(ta, || - lIL) = — (hF(A) + %IOghO(A, L))

where h®(A, L) denotes the dimension of HY(A, L). In the same vein, the space of global sections HO(A, L) of
L can be equipped with a Hermitian vector bundle structure over a suitable finite extension K’/K. The integral
model is composed of H?(A’, £) where £’ is a cubist Hermitian line bundle over the Néron model A’ of Ag:
over K’. The metrics at the complex embeddings o of K’ are the norms || - || on H(A’, £') ®, C defined at
the end of § 2.1 (see [Gal, § 4.2.2]). Building on deep results by Moret-Bailly, Bost proved that the Hermitian
vector bundle HO(A’, £') (over Og) is semistable with slope equal to —(1/2)hr(A) + (1/4) log(h®(A, L)/(2x?)8)
(see [Bol, § 4.3] and [Bo2, p. 129]).

3. Gromov lemma for the jets

Let us start with a Gromov lemma in its initial acceptance (according to [GS, § 5.2.3]) before generalizing it to higher
order jets.

3.1

Let (A, L) be a polarized complex abelian variety of dimension g. For s € HO(A, L), we always have ||s]l2 < [I5|lco-
A Gromov lemma makes a comparison in the other direction. The following statement is an unpublished result of
Autissier. It involves the injectivity diameter

p(A,L) = min (lo]l_; o € Qa\{0})
of (A, L), where || - ||_ is the Hermitian norm associated to the Riemann form of L.

Proposition 3.1.  Assume (A, L) is principally polarized. Then, for all s € H°(A, L), we have

1 8/2 5
Islloo < [Is]l2 x max (1, m) (1.7g)8/%.

The proof is based on some estimates for explicit theta functions.

Proof. Let © € Mg(C) be a Siegel-reduced element of the Siegel upper half plane such that Qp identifies with
78 4+ tZ8. Put Y = Imt. Then the norm on # induced by L can be written as ||z]|. = (‘¥ ~'z)!/? and the one
dimensional space H(A, L) is generated by the theta function

VzeC8, 9.(z) =exp (%th_lz) Z exp (ir'ntn + 2ir'nz).

nezs
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It is known that ||¢; ||» = det(ZY)_l/ 4 (see, for instance, [GR1, Lemma 8.2 (1)]). Moreover [Au2, Lemma 8.2] yields
97 loo < ¥iv(0) = 9,y—1(0)(det Y)~!/2, from which we deduce

192 Il oo
92 1l2

Besides [Au2, Proposition 8.4] applied to ¥ and Y !, with 1(Y) = %i{l{o}tnYn > /3/2and A(Y~1) > p(A,L)2,
ne

g +2\’ g+2 g+2 8/2
00 = (57) (e (7))

We combine with the previous estimate to get, for all s € H(A, L) = C.%¥,,

1 8/2 g+2 g+2 g+2 8/4
< 1, ——— — )12 1 -1 :
”S“OO—”S“”maX( ’p(A,L)) X( 2 )( max(nﬁ’ )max( o ))

The latter constant is smaller than (1.5g)%/> when g > 2. Otherwise, if g = 1, we proceed as above except that we
keep the exact value of 9;y (0):

< (28 det Y) /49,y (0) = 28/*(9;y (0)9, 41 (0)) /2.

gives

192 lloo

A < (2Y)1/4Zexp (—nnzY) =:0(Y).

nez

Since Y = p(A, L)~2 (see [GR1, Remark 3.3]), it is enough to prove that

VY > 2min (1, Y))/* D" exp (—zn’Y) < (1.7)"/2,

nez

27

If Y > 1 the left hand side is bounded by (1) < V17, Otherwise, we observe that 8 is decreasing on the interval
[v/3/2, 1] and so bounded by its value at +/3/2, which satisfies #(~/3/2) < +/1.7. Indeed the map Y > Y3/40'(Y),
which has a positive derivative on [+/3/2, 1], is increasing on this interval. The functional equation O(Y) = (1/Y)
implies 6'(1) = 0 and so '(Y) < O forall ¥ € (v/3/2, 1), yielding the decreasing property of 6. O

Proposition 3.1 is best possible with respect to p (A, L). Indeed [Bo2, Inequality (C.9)] claims that ||, ||cc > 1,
that is, [|s|leo > [Is]l2 det(2Im7)'/* for all s € H(A,L). When dimA = 1, the imaginary part of 7 is precisely
p (A, L)~ as stated above. In this case, a global section s of the g-th external tensor power (B, M) of (A, L) satisfies
Islloo = lIsll2(+/2/p (A, L))8/2. The relation p(B, M) = p(A, L) then shows that the exponent g /2 of the injectivity
diameter in Proposition 3.1 cannot be improved in general. The same example also indicates that the numerical
constant 1.7 is close to the best one, necessarily bounded from below by +/2 > 1.4.

3.2 Generalization to jets

The keystone of this article is the following statement.

Theorem 3.2. Let (A, L) be a polarized complex abelian variety of dimension g. Letx € A, £ € Nands € HO(A, L)
which vanishes at x up to order €. Then we have

2 1/2
Ijet" s (o)l < lslla x WA, 1) max (1, — ! (5(g + )% nt
J SteexL = 115112 ) " HAD g 7

(the norm on S* (tX) is the one induced by | - ||L as explained at the end of § 2.2.2).



Some explicit computations in Arakelov geometry 439

Note that the dependence in h”(A, L) is accurate (at least for £ = 0) since we always have

h(A,L)!/? < sup (% ; s e HU(A, L)\{O}).
S112

Indeed, for any orthonormal basis s, . .., s, of H(A, L), consider b(x) = > lsi(x) ”;zc*L for x € A, which does
not depend on the choice of the basis. Let x € A such that b(x) = SUPyeA b(y) and choose s1, ..., s, such that
si(x) =0 for2 <i <v. Then we have

2
hO(A, L):v:/b(y)d,u(y)fb(x)s 51l = (nslnoo) |
A

lIs11l2

The proof of Theorem 3.2 is different from that of Proposition 3.1. It is inspired by the analytic estimates of
[Via, § 3.1], partly derived from some lecture notes by Bost and it uses some ideas of Autissier and Rémond.

3.2.1

Let us begin with some auxiliary results. Given £ € N, an element ¢ of the symmetric product S¢ (1x) is a sum of
products of ¢ linear forms on 4. It defines a polynomial map z € tao +— @(z) by evaluating at z the linear forms
which compose ¢. Given a real number r > 0, let us define the sesquilinear form on §¢ (tx) (linear on the right):

Yo,y e SL@Y) (o, v) =/B(O POVl d

where B(0,r) = {u € ta; |lullL < r} and dr is the normalized Haar measure of (¢a, || - ||L).
Lemma 3.3. The product (-, -) is a Hermitian inner product on S¢ (tX).

The proof is straightforward. The group G of isometries of the Hermitian space (a, || - ||L) acts on S[(IX) by
composition on the right: if g € G and ¢ € 7 then ¢ o g € t5. By [Ig, § 1.4], this action is irreducible. Moreover the
norms || - || (associated to (-, -)}) and || - || s¢(ry) are both invariant under the action of G. From these facts comes the
following result.

Lemma 3.4. There exists a constant C > 0, which depends on g, €, r, such that || - || = C|| - | SC(1Y)-

Proof. Let a = inf (||g0|| ; Q€ S[(IX) and ||¢||Sz(,x) = 1). Since the infimum is a minimum by continuity on a
compact space, the set S = {p € S[(IX) ; ll@ll = a} is not empty. This set and, a fortiori, the subspace Vect S of

st (t3) generated by S are G-invariant. The irreducibility property gives Vect S = st (tx)- Moreover if ¢ and y belong
to S then (¢, w) = a{p, w)¢ where (-, -)¢ is the Hermitian inner product associated to the norm || - || SL(1Y)- Indeed,

for all ¢ € C, we have ||¢ + &y > allg + Ew I s¢(ry)- Squaring and expanding, we get Re &(p, y) = aRe &(p, y)e
and we conclude taking & € {1, £i}. This property entails that the set

V={ue SEE); YpeS, (pou)= alp,u)e}

is a linear subspace of § ¢ (tX), containing S and so Vect S. We deduce V = § ¢ (z‘X) which leads to (¢, u) = a{p, u)¢
forall g, u € VectS = S(1Y). We put C = /a to conclude. O

Lemma 3.5. The constant C in the previous lemma is characterized by

2

2! Tr el
/ x T8 exp (—x) dx
0

’=—"
rl(g—1+10)!

(here dx is the Lebesgue measure on R).
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Proof. Let (e, ..., eg) be an orthonormal basis of (¢, || - |L). The dual basis (e‘l’, cee, eg) yields an orthogonal basis
() -+ (ef)'s,i = (i1, ..., ig) € N8 with |i| = £, of S‘(z}). We have

Vyi VA i il ig! 12
L. o = (8
Il (e7) (eg) g”Sf(zX) = ( 7 )
and, writing t = tje] + - - - + tge, With (71, ..., t,) € C, we also have
' ) 2 2 2
I(e7)™ -+ (el =/ e |7 - Jrg |7 exp (= w121 de.
1124+ tg |2 <r?
Thus we get the formula

¢!

szf
i)

/ 1[0 Jtg P exp (— w e]P) de
el =r
forall (i1, ...,ig) € N& of length £. Summing over all such i’s and using the multinomial theorem, we obtain

g—1+7
( . )C2=/ ||t||f[exp(—7f||l||ﬁ)d’-
B(0,r)

To get the desired formula, we compute the latter integral with Fubini’s theorem ( ; B = Jo ( f‘
that the volume of the sphere of radius x:

L= ) ) using

2 2
0 vol(B(0, x + ¢)) — vol(B(0, x)) — Vol(B(0. 1)) x lir61+ (x +¢)*8 — x?8

e—01 & &

il

o X 2gx28~1 (vol stands for the Lebesgue measure on (za, || - [|L)). We get

equals

’ 2 8¢!

,

— 204+2g—1 2

=—[| x exp (—zx~)dx
g—-1+0! /0

and we conclude with the change of variables x — y = 7 x2. O

322

Let F be a fundamental domain of ¢4 with respect to the period lattice Qa. Given a positive real number r and z € ta,
let us define N (u) = Card Qa N B(z — u, r) for any u € tp (where B(z —u, r) = z—u + B(0, r) is the ball of radius
r centered at z — u). This integer only takes a finite number of values.

Lemma 3.6. For every integrable function f: tan — R, periodic with respect to Qa, we have

/ f(u)du=/f(u)N(u)du.
B(z,r) F

Proof. Let 1 denote the characteristic function of B(z, r). By definition we have
Nw= D 1u+aw).
weQp

Since & is a fundamental domain, the translated F + w for @ € Qp cover ta and their interiors are disjoint sets.
We deduce

/B(z,r) fw)du = Z /SF+w f)1(u) du =/ Z fu + 0)1(u + o) du.

weQp weQp

It remains to observe that the latter sum can be written as f(#) N (u) since f(u + w) = f(u) for all w € Qa. O
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Proposition 3.7. Forany z € ta, £ € Nand s € HY(A, L) which vanishes at x = expp(z) up to order {, we have

172
hO(A, L) max,cq N (1)
C2

ol
I1jet” s llse (py@arL = lIsll2 x (

where C is the constant of Lemma 3.4.

Proof. Let u denote the normalized Haar measure on A. The inverse measure expj 4 is a Haar measure on #a, which,
by uniqueness up to a positive scalar, is proportional to the Lebesgue measure dz associated to || - ||. Thus we have
dz =h%(A, L) expj 4 since

/ dz = vol(F) = covol(Qa, || - |IL) = h°(A, L).
F

Let ¥ : to — C be the theta function associated to s (see § 2.1) and define f(u) = |19(u)|2e_””“”f for all u € ta.
The definition of the norm || - ||, on H(A, L) gives

1
I513 = [ s dut) = [ ra (e n)@ = s [ rwan

With n = max,eg N (), we have n [ f (u) du > [ f(u)N (u) du and Lemma 3.6 yields

FQu)du = 19 (z + u)|Pe ™ I gy,

2
Isllz =

1
nhO(A, L) B(z,r) nhO(A: L) B(0,r)

In the latter integral, we write ||z + u 12 L=z 12 [ +2Re H(z,u)+ |lu 12 | (H is the Rlemann form of L) and we expand

the holomorphic function ® (1) = 9 (z + u)e—”H(Z ) — Zi:(il ig)ENE aiu1 e ug in terms of the coordinates
ui, ..., ug of uin an orthonormal basis (e, ..., ;) of to. We get

/ 19 (z + u)2e ™ IHIE gy = o7 IcIE / 10 (u)|2e ™ IE dyy
B(0,r) B(0,r)

and, since ¥ vanishes at z up to order £, we have jet’ 9(z) = jet’ ®(0). Using Bessel’s inequality, we deduce that
IIs ||% x nh?(A, L) exp (n ||z||E) is bounded from below by

2 2i 2i 2
Sl [ PP exp (=l du

ieNg B©.r)
j ir!
> > lailPIEN) () s1? = €2 3 laiP——— = C?lljet’ @(0) I vy = C*lljet" 9 (@)l gy,
li|=¢ li|]=¢
We conclude with formula (1) that yields the desired upper bound for the norm of jet’ s(x). O
323

Proof of Theorem 3.2. Let J be a fundamental domain of 75 and z € ta be a logarithm of the point x considered in
Theorem 3.2. Let us choose r > 0 such that 7 r2 is the median of the I'(£ + g, 1) distribution, that is, such that

2

Tr 4 — !
/ el exp (—x) dx = (-l—g—)
0

2

In particular the constant C> of Lemma 3.5 equals ¢!/(2z%). Besides [Ch, Theorem 1] provides the bound
nr? < €+ g — 1 +log2. We apply Proposition 3.7 to these data F, z, r. To get Theorem 3.2, we have to prove that



442 Eric Gaudron

2max,eg N(u) < (S(g + ¢)max (1, 1/p(A, L)))g. This follows from a result by Malikiosis [Mal, Theorem 1.2],
which gives an upper bound of N («) in terms of the minima p (A, L) = 41(Qa) < --- < 424(Qa) of the Euclidean
lattice (Qa, | - [IL):

2g
2r
Yued, N(u):CardQAmB(z—u,r)EHL +1J
iy LAi(Qn)

(|-] refers to the integer part). We bound from below 4;(Qa) by p(A,L)for1 <i < gandby lforg+1 <i <2g
(thanks to the property 1 < 4;(Qa)A24+1—i (Qa) [GR2, p. 2072]). We get

2 8
max N (u) < (p(Af 5t 1) 12 + 1% < max (1,

With the previous upper bound for r, the conclusion comes from

1 8
A L)) (@r+1)[2r +1])8.

2( 2 2
—|\—=vx—-14log2+1)| —=+/x—14+1log2+1| <5
xrgg;x(ﬁx +og+)tﬁx —|—og+J_

(the worst case for the size of the constant is g = ¢ = 1 corresponding to x = 2). 0.

When ¢ = 0, we could reduce the constant 5 to 3.9 (leaving 21/* instead of the first 2 in the above maximum)
where Proposition 3.1 yields 1.7 (but only when h®(A,L) = 1) .

3.2.4 Remark

We could choose a (Hermitian) norm || - ||;, on a different from || - || provided there exists a positive real number
& such that || - I = &|| - |lz,. In that case, the norm on S%(zy) is that of induced by | - |1, and the norm of the jet
jet’ s(x) is simply multiplied by &f. This often happens in applications where || - llz5 is the norm associated with a
polarization Lo on A while L = Lg’” (for some positive integer n). Then we have & = /n and the minima of Qa
satisfy 1;(Qa, || - lIL) = v/n4i(Qa, | - IIL,)- We keep this /n in the Malikiosis bound of N () which is used in the
proof of Theorem 3.2. Let us introduce further an additional parameter & > 0 to bound

2r < ( 2r n oc) (1 1 )
—_— <|\— max | —, ———— ).
p(AL) Jn «" p(A, Lo
Thus, for every u € JF, we get

N (u) < max (l _ )g ((Z_r + oc) LZ_r + IJ)g
- «” p(A, Lo) vn NG '

In this way, a numerically sharper version of Theorem 3.2 is: Forall x > 0, x € A, £ € N, n € N>j and s € H(A, L)
which vanishes at x up to order €, the norm ofjet[ s(x) relative to st ((tA, II - ||L0)V) ® x*L is smaller than

/2 g/2
oo i)+ () () 1)
sll2 x h"(A, L) maX((X,p(A’LO) X 7 X ﬁ+a ﬁ+1

withr? = (€ + g — 1 +log2)/x.

4. Application to Arakelov geometry of abelian varieties

Henceforth, K is an algebraic closure of a number field K and (A, L) is a polarized abelian variety over K, with
dimension g > 1.
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4.1

Let H = HO(A, L®?) ®k K. For every a € A(K), the evaluation map 54(10): H — a*L%z, s — s(a), is a
non-zero K -linear form since L®? is generated by global sections [Mu, p. 60]. Let 56(11) . ker 55(40) -1y ®% a*L%?,
K K

s — jet' s(a), be the jet of order 1 at a. By duality, 5511) is surjective if and only if the complete linear system H
separates tangent vectors at a: V¢ € 14, \{0},3s € ker 550) such that jet! s(a)(t) # 0. In other words, 551) is surjective
when the differential at a of the finite morphism ¢: Ax — P(H) built from H is injective. Such a a exists by
generic smoothness of ¢: there exists a non-empty open subset U C A such that ¢: U — ¢ (U) is étale. By density
of torsion points, we can even assume that a is a torsion point of A. Then let us consider a Moret-Bailly model
(A, L2,e4: SpecOg: — A) of (Af, L%z, {a}) over a finite extension K'/K, in the sense of [Bol, § 4.3.1]. The

maps 5510) and 551) associated to the polarized abelian variety (A, L%,z) and a € A(K') extend to homomorphisms

of Og/-modules d: HO(A, £r) — esLo and 01: kerdy — 1y ® €;L>. The norms on Lo equip the modules
ker dy  H® (A, £2) and &L, of a structure of Hermitian vector bundle over Ok (see § 2.3.2). Although they could
endow ¢4 with a Hermitian vector bundle structure over Q g/, using the Riemann forms of (£3),’s (6 : K’ < C), it
seems more convenient to choose the structure given by (24, || - ||2) extended to K’. The important point is that the
norms given by (£;), and L, satisfy the proportionality condition of Remark 3.2.4 (with n = 2). In this context the
maps dp and J; have some heights which can be evaluated in a simple way thanks to Theorem 3.2.

Proposition 4.1. For g > 2, we have
h(do) < Zlogmax 1,hp(A) + Elogh (A, L)) + Elogh (A, L)+ IlogSg
and

1 1 3
hoy) < ilogmax (1, hr(4) + 5 logh®(4, L)) + 5 logh’(A, L) + Tg log 10.2g.

Moreover we can replace max (1, hi(A) + (1/2)logh%(A, L)) by max (1, hF(A)) in these bounds provided we
change the couple (5, 10.2) of numerical constants by (8.5, 18). Besides, when g > 16, the couple (5, 10.2) can also
be substituted by (2.58, 2.84).

The proof of this statement relies on a so-called matrix lemma, involving the injectivity diameters p(A,, Ly ) of
the complex abelian varieties (A, , L) (Where o is an embedding of K into C), deduced from the polarized abelian
variety (A, L) defined over K by scalar extension via o.

Matrix Lemma. We have
1
[K:Ql

1 1
- < (23+55 1,hp(A) + =1logh%(A, L) ).
2 G L = 23 e mas (1,400 + 31021%4,)

In addition, the latter maximum can be replaced by 8 max (1, hp(A)).

In the main, this result is due to Autissier [Aul]. More precisely this is a consequence of Corollary 1.4, ibid.,
where ¢ = 1 — 6/(2.37) is chosen. Then the general case is deduced from [GR1, Lemmas 3.4 and 3.5], in the same
way as Proposition 3.6, ibid. The variant with 8 max (1, hr(A)) arises from the first four lines of [GR1, p. 358]
(Zarhin’s trick).

Proof of Proposition 4.1. Giveno: K’ < C, we apply Theorem 3.2 in the form described in Remark 3.2.4 (to get
sharper numerical constants) to the polarized abelian variety (A,, (£2),) at 0 for £ € {0, 1}. We choose Ly = L,
n=2and & = \/e/(2.3 + 5.5g). The definition of £, yields h°(A,, (£2),) = 28h°(A, L) and we get

16¢1l, < (ZghO(A’ L))l/zmax (1 ;)gﬂ 5 (2[“7[{)1/2 ((«/Er N (X) L\/E" N 1J)g/z

o p(Ag,Ly)
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with 72 = (£+g—1+log2)/x. As for the ultrametric norms of J¢, they are smaller than 1 since J; is a homomorphism
of Og/-modules, modules from which the norms have been defined. Now we make use of the elementary
[BG, Lemma 3.19] to bound from above

1 1 1 1 e 1 1
TIPS IOgmaX(&’p(Aa,La))filogmax(@’ (K- Q Zcp(Aa,L,,)z)'

o: K'—>C o: K'—

The matrix lemma allows to replace the latter quantity by
1 1 1 0
Elog(2.3+5.5g)+ Elogmax 1,hr(A) + Elogh (A,L)).

Then we obtain the desired estimate for the height of J, with the constant

g+l+1
crlg) ="

g 200+ g —1+1log2)\ > e 12
+ 2 log +—=— .
2 T 2.3 +5.5¢

For the approximated form given in the proposition, we set apart the case g = 2 for which we numerically compute
the values of ¢g(2) and c;(2) (they determine the constants 5 and 10.2). Then, for g > 3, we use [&] < & and
¢ — 1 < 0in the last two logarithms of c/(g). We obtain a new simplified constant c;(g) for which the function
g+ (c;(g) — (3g/4)log g)/¢g is clearly decreasing and we estimate ¢((3) and ¢/ (3) to conclude. The same method
applies when g > 16, distinguishing the cases g = 16 and g > 17. As for the variant with max (1, 2r(A)), it is
the one we have in the matrix lemma. We multiply 2.3 4+ 5.5g by 8 (twice) in the constant c,(g) and we proceed as
above. O

¢ 26 +g—1+41log2)\"?
1og2+ilog(2.3+5.5g)+510gn+§lo,{( (t+g—1+log )) 1

T

4.2 Maximal slope of the tangent space

Proposition 4.2. The maximal slope of (ta, || - ||1) satisfies
Umax(ta) < hp(A) + Elogh (A, L) + 5 logmax (1, hp(A) + 3 logh“(A, L) ) + > log 15.4g.

Moreover the same bound holds with max (1, h(A)) instead of max (1, hE(A) + (1/2)logh®(A, L)) if we change
15.4 by 26.6. When g > 16 we can substitute the numerical constant 15.4 by 5.9.

Proof. When g = 1 we have umax(f4) = degta = —hp(A) — %log h%(A, L) and the statement occurs from Bost’s
inequality i (A) > — log(z +/2). Thus, from now on, we may assume g > 2. Because the map d; introduced in the
previous paragraph is onto by construction, we can apply Proposition 2.1 with the dual map JY, which is injective,
and x = 1:

Hmax (t.A ® (8252)\/) = ﬂmax((keréo)v) + h(d1).

The maximal slope involved here on the left decomposes into a sum of the maximal slope of 74 (with the metrics
described in the previous paragraph) and deg ¢} L. This last degree equals O since it is the Néron-Tate height of the
torsion point a relative to L®? [Bol, Theorem 4.10]. Hence we have Hmax (t AR (s;kﬁz)v) = Umax(f4). To control
the other maximal slope, let us now apply the second part of Proposition 2.1 with the surjective restriction map
HO(A, £5)Y — (kerdp)¥, whose height is nonpositive, and y = 1. This gives

ﬂmax((ker 50)\/) < 2ftmax (HO(-Aa EZ)V) — deg HO(-Aa EZ)V + deg(ker 50)\/'
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Since the duality reverses the sign of the degree, the sum of the two last quantities is the degree of HC(A, £5)/ ker dp.
This Hermitian line bundle is isomorphic to ¢} £, via the map induced by do, hence its degree equals deg e} Lo +
h(do) = h(dy) [Ga2, Proposition 42]. The semistability of H(A, £5) and the formula for its slope given at the end
of § 2.3.2 lead to

1
fimax (14, 1| - 1) < hrp(A) — 3 logh®(A, L) + glogz + h(do) + h(6y).

We conclude with Proposition 4.1 and glogz + (3g/4)log(5 x 10.2) < (3g/2)log15.4. The other constants
stem from the same inequality where (5, 10.2, 15.4) is replaced by (8.5, 18, 26.6) and, when g > 16,
by (2.58, 2.84, 5.9). O

Taking the g-th external tensor power of an elliptic curve endowed with its principal polarization, we can prove
that (3g/2)log 15.4g which is in the upper bound of smax(f4) cannot be replaced by a function smaller than g
(using Bost’s inequality). Furthermore, we can deduce from Proposition 4.2 some simpler but weaker estimates,
getting rid of the logarithm with the following elementary result.

Lemma 4.3. Let xg € R and ¢ > 0. Then, for every x € R, we have

—cxo ifxo<x =<1,
logmax (1,x) — cx <
logmax (1,1/c) —max(1,¢) ifx > 1.

Proof. When x¢p < x < 1, we have logmax (1, x) — cx = —cx < —cxg. When x > 1, we observe that the function
x — log x — cx has a global maximum at x = max (1, 1/c). O

As a straightforward consequence of this lemma and Proposition 4.2, we deduce:

Corollary 4.4. For all ¢ > 0, the maximal slope pimax(ta) of (ta, || - ||2) is bounded by

1 3
(1+¢) (hF(A) + 5 logh'(4, L)) + Tg log 15.4¢ + %max (g log(272), log 25 - 1).
&

For instance, we have

fmax(ta) < 1.2hF(A) +logh®(A, L) + 2glog 7.7g
and, when g > 16,

fmax(ta) < 1.5hp(A) + logh®(A, L) + 2g log 3g.
Proof. Apply Lemma 4.3 with x = hp(A) + 0.5logh%(A, L), xo = —glog(z~/2) and ¢ = 2¢/g. That gives an
upper bound for logmax (1, A (A) + (1/2)logh®(A, L)) and we conclude with Proposition 4.2. The next upper
bound derives from the choice ¢ = 0.2 (setting apart the trivial case g = 1) whereas we choose ¢ = 1/2 in the last

(with 5.9 instead of 15.4). O

Using the second assertion of Proposition 4.2, we can also prove

1
Hmax(t4) = 1.2hF(A) + 5 log h%(A, L) 4+ 2glog 11.5g.
With Zarhin’s trick, the degree of A can even be removed from these estimates.

Corollary 4.5.  We have umax(ta, |l - I2) < 12hr(A) + 16g log 24g.
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Proof. The case g = 1 is treated with Bost’s inequality, as at the beginning of the proof of Proposition 4.2.
For g > 2, there exists a principal polarization L' on Z(A) = A* x A* (A is the dual abelian variety of A) such that,
if 1 denotes the injective map A < Z(A) on the first component, L = 1*L’ (see [Ré, Lemma 4.6]). In particular we

get an isometric injection from (4, || - l2) to (tz(a), | - Ilz/) and fimax(ta) < tmax(tz(a))- Since dim Z(A) > 16 it
remains now to apply the last estimate in the previous corollary to (Z(A), L") whose Faltings height and dimension
are eight times those of A in order to conclude. O

This estimate is optimal with respect to h®(A, L) in the sense that there exists an abelian variety A but no
unbounded from above function f4: N — R such that (*) gmax(f4) + fa (h°(A, L)) < 0 for any polarization L
on A. Indeed, let us fix an elliptic curve E over K with its canonical polarization L. Define the abelian variety
A = E x E endowed with L,, = L?” X Lo where n is any positive integer. Then ho (A, L,) =nand

MUmax(f4) = max (,umax(tE: I - ”L(‘?”)’ ,Umax(tE, [l - ”LO)) = Umax(?E)

since fmax (tE, -l Lgan) =degtr — (logn)/2. Hence, if (x) were true for (A, L,), the integer n should be bounded.

4.3 Maximal slope of the cotangent space

In this paragraph we bound from above the maximal slope of the dual of the Hermitian vector bundle (¢4, || - ||L).
First, let us observe that this maximal slope equals to P;,(g — 1) — degza. The choice of the metrics on 74 made in
§ 4.1 ensures that the canonical polygon of 74 is P;,g(e*c,)v- Let us apply Proposition 2.1 twice: once with the
injective map 6} and again with the restriction map H(A, £5)¥ — (kerdp)" (like in the proof of Proposition 4.2).
This gives

Praoic)v (8 — 1) = Prerogyv(§ — 1) + (8 — DA(61) < Pyoa,z,)v(8) + h(d) + (g — DA(S).

The semistability of HY(A, £5) allows to compute its canonical polygon and we get

max (1) = —gue (HO(A, £2)) — degra + h(Go) + (g = Dh(1).
The formulas given in § 2.3.2 and Proposition 4.1 yield
v g 1 0 gz 1 0
(@) = (3 +1) (hr(4) + 5 logh’(4, L) ) + £ logmax (1, (4) + S 10gh®(A, L) ) +c(g)
where

g2 3g 3g2
c(g) = ) logm + 7 (log5+4+ (g — 1) 1log10.2 + glogg) < Tlog21.9g

(21.9 is an upper bound for 10.2 x 7 %/3). As in Proposition 4.1, we can improve this estimate with respect to h%(A, L)
at the cost of a small loss on the constant:

v _ (8 1 g? 3g?
fmax (1Y) < (5 + 1) hr(4) + 5 logh’(4, L) ) + - logmax (1, 7 (4)) + =5 10g 38.75.

Let us also state the more manageable following result.

Proposition 4.6. We have
1
fmax (1) = (0.6g + Dhr(A) + 5 (% n 1) logh%(A, L) + ¢2log 15.2g.

Proof. When g = 1 we have umax(t}) = hr(A) + % logh%(A, L) and the statement comes from Bost’s inequality.
When g > 2, we apply Lemma 4.3 with x = hr(A), xo = —glog(z+/2) and ¢ = 2/(5g). We substitute the upper
bound of log max (1, h F(A)) obtained this way in the previous estimate for umax(t) and we conclude noting that
g2 log 15.2¢ is an upper bound for (g2 /4) max (O.210g 212, log(5g/2¢)) + (3g?%/4)log 38.7¢ because the maximum
is always attained for the second term (since g > 2) and (5/2¢)!/4 x (38.7)%/* < 15.2. O
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If we proceed in the same way using the bound with the numerical constant 21.9 instead of 38.7, we get
1
fmax (1)) < (0.6g + 1) (hF(A) + 5 log ho(4, L)) + g% log 10g.

In terms of Deligne’s normalization h(A) = hr(A) + §log 7 of the Faltings height, we may replace the constant
10 by 10/z%3 < 7.1 and then compare with [Gr, Proposition 2.14] giving the estimate Umax(ty) < (g + 1)
(h (A) 4+ (1/2) log ho(A, L)) +2¢° log 2, less accurate when g > 2. Contrary to the maximal slope of 74, the one of
1% cannot be bounded independently from h%(A, L) since

1
hi(A) + 5 logh%(A, L) = gu(r}) < ghtmax(1})-
However the same technics lead to the following statement.

Proposition 4.7. We have
1
fmax (1Y) < (4g + Dhp(A) + 3 logh®(A, L) + 2g2log max (1, h (A)) + 68> log 98g.

Again this estimate is best possible with respect to h%(A, L) by the same argument given for the optimality of
Corollary 4.5.

Proof. As in the proof of Corollary 4.5, let us assume g > 2 and consider a principal polarization L’ on
Z(A) = A* x A% such that (74, [I-lL) is seen as a subbundle of (1z(4), ||| /). In particular we have P, (x) < Py, 4 (x)
forall 0 < x < g.Then umax(f}) +degra = P, (g—1) < Py, 4, (g —1). We estimate this last number following the
same method as above, paying attention to the fact that (A, L5, do, 61) are now built with (Z(A), L") and therefore
the dimension and Faltings height of the abelian variety are multiplied by 8. Then Proposition 4.7 follows with
the constant

4g%log 7 + 2g°log 8 + 6g10g(2.58 x 8g) + 6g(g — 1) log(2.84 x 8g).

We conclude with 72/3 x 2 x 2.84 x 8 < 98. 0

References

[Aul] P. Autissier, Un lemme matriciel effectif, Marh. Z., 273 (2013) 355-361.

[Au2] P. Autissier, An upper bound for the theta function, Appendix of Heights on squares of modular curves by P. Parent, Algebra &
Number Theory, 12 (2018) 2065-2122.

[BG] V. Bosser and E. Gaudron, Logarithmes des points rationnels des variétés abéliennes, Canad. J. Math., 71 (2019) 247-298.

[Bol] J.-B. Bost, Intrinsic heights of stable varieties and abelian varieties, Duke Math. J., 82 (1996) 21-70.

[Bo2] J.-B. Bost, Périodes et isogénies des variétés abéliennes sur les corps de nombres (d’apres D. Masser et G. Wiistholz), Séminaire
Bourbaki, volume 237 of Astérisque, Société Mathématique de France (1996) 115-161.

[Ch] K. P. Choi, On the medians of gamma distributions and an equation of Ramanujan, Proc. Amer. Math. Soc., 121 (1994) 245-251.

[Gal] E. Gaudron, Formes linéaires de logarithmes effectives sur les variétés abéliennes, Ann. Sci. Ecole Norm. Sup., 39 (2006) 699-773.

[Ga2] E. Gaudron, Minima and slopes of rigid adelic spaces, Lecture notes of the Summer school Arakelov geometry and Diophantine
applications, held at Grenoble (2017). To appear.

[GR1] E. Gaudron and G. Rémond, Théoreme des périodes et degrés minimaux d’isogénies, Commentarii Math. Helv., 89 (2014)
343-403.

[GR2] E. Gaudron and G. Rémond, Polarisations et isogénies, Duke Math. J., 163 (2014) 2057-2108.

[GS] H. Gillet and C. Soulé, An arithmetic Riemann-Roch theorem, Invent. Math., 110 (1992) 473-543.

[Gr] P Graftieaux, Formal groups and isogeny theorem, Duke Math. J., 106 (2001) 81-121.

[Ig] J. Igusa, Theta functions, Die Grundlehren der mathematischen Wissenschaften, Band 194. Springer-Verlag (1972).

[Mal] R.-D. Malikiosis, Lattice-point enumerators of ellipsoids. Combinatorica, 33 (2013) 733-744.

[Mas] D. Masser, Small values of heights on families of abelian varieties, in Diophantine approximation and transcendence theory
(Bonn, 1985). Lecture Notes in Math., 1290 (1987) 109-148.

[Mu] D. Mumford, Abelian varieties, Oxford University Press, London (1974).

[Ré] G. Rémond, Conjectures uniformes sur les variétés abéliennes, Quarterly J. Math., 69 (2018) 459-486.

[Via] E. Viada, Slopes and abelian subvariety theorem, J. Number Theory, 112 (2005) 67-115.



