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1 Introduction.

Let {&n, n € Z} be a doubly infinite sequence of E-valued independent and identically dis-
tributed random variables defined on some probability space (€2, F,IP), where E is a polish
space with metric dg . This sequence can be realized as the coordinates &,(w) = w(n) of the
product topological space Q = E% equipped with the product probability measure IP = a%,

where « is the common law of &,.

Let ® : EZ — F be a measurable mapping where F is a polish space with metric dp, and
consider the process

(1.1) Xp = ®(Enp.) = B bipn, ) VR EZ P —as.

It appears often in filtrage, time series analysis, statistics and dynamical systems in the following
fashions:

1. £ = (&,) is the noise, and X = (X,,) is the (non-linear) filtrage.

2. The stationary process (X,,) represents the received message at instant n, which is assumed
to be of form (1.1).

3. A wide class of dynamical systems can be described as (1.1).



We deal in this paper with the process level Large Deviation Principle and the moderate devi-
ations of (X,). The special case of the moving average, when & is linear (more exactly when
Xy = ;r;'i o @j&n+j), has attracted much attention and many works. Several works have been
realized by Burton and Dehling [BD90], Jiang, Rao, and Wang [JRW92], [JRW95], Djellout and
Guillin [DG98] and recently by Wu [Wu99] on the linear case, under different assumptions on
the law &y, and the spectral density function of X, see Wu [Wu99] and section 4. for relevant

reference and more details.

Introduce now some notations. Let 7°w = w(k + ), k € Z, be the shifts on Q. Consider the
process level occupation measures of the i.i.d. sequence

1 n
On(w) = > bk, V0 > 1,
k=1

which are random elements in M;(2), the space of all probability measures on €. The well
known result due to Donsker-Varadhan [DV85] says that IP(O,, € -) satisfies the LDP on M;(2)
equipped with the usual weak convergence topology, with speed n and with the rate function
given by the entropy functional below

Qw(—oo,O} (d$)
a(dx)

+o00  otherwise

IEX log ,if Q € My (Q); Qu(—oo,0)(dr) < aldz), Q — a.s.

H(Q) =

where Q(—oo0(dz) := Q(w(1) € dz|w(k),k < 0) is the regular conditional distribution, M7 (2)
is the space of those elements Q € M7 (Q) such that Q o 7= = @ (or Q is stationary).

Let
P =(®,), ®p(w) :=P(w(n+")), (¢ isidentified as ®g).

Define the process level occupation measure R, by

1 & 1 & -
n = — 6 = — 5‘ = n @71 :“.:) - O
R n kz::l Xkt kz::l (Thw) 0, o a.s

n

which are random elements in M (F%).

The first purpose of this paper is to establish the process-level large deviation principle of X,
i.e, the LDP of (R,).

Let us regard roughly the feature of this question. At first when ® : E%Z — [ is continuous
w.r.t the product topology of E%, then by the contraction principle, the LDP of (R,,) follows
from that of (O,,) with speed n and with the rate function given by

J(Q) = inf {H(Q)|Q € M{(Q), H(Q) <00, Q=Qod '} .

We will consider here the case that ® is not necessarily continuous. All of our results rely on
the assumption of the existence of a sequence of continuous mappings ®V such that ||V(® —
®N) oo — O (see section 3 for details on notation, and it is equivalent to > jez lajl < +ooin
the linear case). Under the hypothesis IB®(e%?2(00)) < to0 for some § > 0, (o € E some fixed
point), we establish the large deviation principle for IP(R, € -) in M;(F%) equipped with the
weak convergence topology, using a generalized contraction principle, proved in [Wu99]. The
second purpose of this paper is to establish the moderate deviations of (X,).

Let us present now the structure of this paper. In section 2, we set some preliminary results
(as the generalized contraction principle), especially a key exponential inequality will be proved



here. Then in section 3, we give the main results of this paper, the large deviation principle of
(R;), and the moderate deviation principle of (X,,), and we prove these results. Section 4 is
devoted to the moving average case.

2 Preliminary results.

First, recall the following [DS89] , [DZ93]:

Definition : Let (u,) be a family of probability measures on a polish space E. We say that
() satisfies the large deviation principle (in short : LDP) on the topological space E with speed
A(n) (a sequence tending to infinity) and with the rate function I if

(i) VL > 0, the level set [I < L] is compact in E, (or I is a good rate function).

(ii) For each open subset O C E,

1
o o _
lim inf ) log pn(0) 2 — inf I(z) ;

(iii) For each closed subset C C E,

lim sup ) log 11, (C) < _;221—(3:) .

We give now two lemmas taken from [Wu99, Th. 1.1 and Th. 1.2], which are very useful for our
purpose :

Lemma 2.1 (Wu) If (Z,(ZN)), (Zy) are E-valued r.v defined on some probability space (2, F,1P)
such that

(i) For each N, ]P(Z,(LN) € -) satisfies LDP on E with speed \(n) and the rate function I™);

(ii) (Z7(1N)) is an exponential good approximation of (Zy),i.e.,

e 1
Nobo msel A(n)

log]P(dE(ZT(lN), Zp) > 5) =00, ¥6>0.

Then IP(Z,, € -) satisfies LDP on E with speed A(n) and rate function I given by

I(x) := supliminf inf I™) = suplimsup inf M) .
6>0 N—oo B(z,6) §>0 N—oo B(x,6)

where B(x,0) = {y € E;dg(z,y) < 6} is the ball centered at x with radius 0.

Remark :
The main difference from [DZ93, Th.4.2.16] is : their technical assumption of (ii) and of the inf
compactness of I is dropped, and the inf-compactness of I becomes now a consequence.

Lemma 2.2 (Wu) Let E, F be two Polish spaces and dp a metric compatible with the topology
of F. Given a family of probability measures (i) on E such that (u,) satisfies LDP on E with
speed A(n) and good rate function I, and a measurable application f: E — F.

If there is a sequence of continuous mappings f~ : E — F such that

. . 1 N
Nim_lim sup mlog pn(dp(f7, f) > 6) = —o0, V4 >0,



then there is a continuous function f : [I < oo] C F such that

(2.1) sup dF(fN(a:),f) — 0, as N — oo, VL >0,
ze[I<L]

and ppof ! satisfies LDP on F with speed \(n) and good rate function If given by

IH{y) := inf {I(2)|I(2) < +o0; f(x) =y }; ¥y € F.

Moreover [Ifg L= f(I <L), VLeR".

Remark :

This result extends Theorem 4.2.23 of Dembo-Zeitouni [DZ93]. In their Theorem, (2.1) is an
assumption with ]? = f, while it becomes now a consequence of the large deviation negligeability
in this new version. Note that in practice f is often only well defined p, a.s. and the conclusion
means that f admits a continuous version f on [I < oo] (which is often of zero p, measure
however), in some sense.

We need also the following exponential inequality, which will be crucial for the proof of our main
results:

Lemma 2.3 Let f: (2 = EZ P = o%) — IR be a measurable function. We suppose that there
is 8 > 0 such that IB*(e2¥€09)) < 400 (where o € E is some fized point); then

—r2 —or
22 P(If-E(P]>7) < 2ex (20(5) S ez 10m 1% * I5ubpez ||<9mf||oo>

where

f(f]—oo,m—l} y Wm, w[m+1,+oo[) - f(g]—oo,m—l] s Emy w[m—l—l,—l—oo[)
dE(wm) gm)

10m flloo := H
Lo (P(d€) 2P (duw))

and

2
OB ((d(go, o) +Ed(€.0)) ei<d<£w>+Ed<fw>>) |

Proof : We can assume that 3°,.cz [10n f||% < 400 (trivial otherwise).
On the extended filtered probability space

= B2 x BE% = {(wy, & )rezlwr € E; &, € EY
=al xal =P xP;
n = 0o((wk, )ik <n);

s kel

we consider f(£,w) = f(£) as a function on €. Assume at first that f is bounded.

So, on (Q, F, (F,),IP), we can define the martingale M,, = ]EP(f(§)|.7?n) and Mo, = f. Consider
the martingale difference : m,, = M,, — M,,_;. By Kolmogorov’s 0-1 law IEF (f) = EF (f|F_)
and by the martingale convergence we have

f—EF(f) =M, - ]EP(MOO) = Z my, (L*(IP)—convergence) .



We have now to estimate

‘IE]P Zkez IEk; 1 /\mk)H

kEZ

where IE*~1(.) = ( | Fx_1). By Taylor formula, we have
)\2
Ek—l(ekmk) <14+ ?Ek—l(miep\mﬂ).
Our key observation is: mj depends only on £ and
€)= | [ oo s ) = [ oo nsni, - Pde)
[ P91 ol(€rn)

< 00l (d061:0) + EP w1, 0))
= |0k flloo(d(§k,0) + C),

where C' = IE¥ (dg(&,0)) < oo and o € F is some fixed point. Using this inequality and the
fact that 1+ 2 < e® for all z € IR , we get for all |\| < 5—0—— = §'

2supy, [|0k flloo
’]Ek’—l (e/\mk)

IN

A

IN

\?
14 IE(H@kaQ (d(&, 0) + C)2eMlEr0)+0) |akf||oo)

% ,
< o (G CON0E)
where 5
C(6) = B ((d(&, 0) + C)2eUE00 7))
Thus
(2.3) EF (eA(fE(f))> < exp ( Z Hakaz ) V<
kEZ

By Chebychev’s inequality, we have for all 7 > 0, 0 < X\ < ¢’

P(f-—E(f)>r) < eMEP (e/\(f*JE(f)))
exp( )\r—i— C 2:||3kf||2 )

We now have to optimize this inequality regarding only on A. We consider the following two
cases.

IN

1. When r < ;€0 __ S 10k flI%, choose A =

< ¢ i
2supy, [0 flloo < ¢, for which

C() )y 10 flIE

% -
xp | —A\r + —C(0 Orflise | = exp | = '
e p( r+ 5O );H kaoo) ¢ p< 2C(9) Zmeznamfugo)




0C (6 k) .
2. When r > m Zk H@kago, we choose \ = m, for which

A2 9 or
exp <—/\r+2C(5)ZH8kaOO> < exp ( ) .
k

_4SUPme% ||amf||oo

These two estimates together yield

. 2 _ or
IP(f —E(f) > 7") < exp (‘ — (20(5) Ymez 10m 135" 4sup,cz ”3me00)> |

Since the same inequalities holds for —f, we get

2 —or
(24) IP(f —E(f)] > T) S 2exp (20(5) ez 10mF12 " 45D ey ||f’mf||oo>

In the general case where f is unbounded, we take f,, = (f An)V (—n). Notice that ||Op fnlleo <
|Om floo- At first, we show that

{IEf,, n >0} is bounded.

To this purpose, suppose that {IEf,, n > 0} is not bounded, then there is a subsequence f,,
such that
Ef,, — +oo.

The inequality (2.4) applied to f,, implies that
fn, — £oo in probability.
This is in contradiction with the fact that f,, — f IP — a.s., proving the boundedness of
{Ef,, n>0} .
Therefore { f,, n > 0} is uniformly integrable by (2.3). Consequently

Now by (2.3) and Fatou’s Lemma,

EN—EF)

IN

n—oo

lim inf IE exp ()\(fn - Efn))

2
< liminfexp ()\C((S) Z Hakfnngo)

nee 2 ke
2 9
< exp 70(5)Z\|3kf”oo :
kel

We get so (2.2) like precedently.

3 Main Results.

3.1 Large deviations

We have the following:



Theorem 3.1 Assume that there exists 6 > 0 such that IE®(e24 &) < oo. We suppose also
that there exists a sequence of continuous mappings ® : ECNN s F | such that

(3.1) V(@ — @) ocp = Y 10mdp(@,2Y) o — 0,

meZ
then there is an application ® : Q — FZ (<i> = (‘i)n) with the same notations as those introduced
for ®) such that

Bo(r'w) = By(w), VI€Z, weQ;

(3.2) sup /dF<I>()CI>l)/\1dQ—>OasN—>ooVL>Ole%
{Q;H(Q)<L}

Q — Qo® ! is continuous from [H < 400 to M (FZ);

and IP(R,, € -) satisfies LDP on My (F%) equipped with the weak convergence topology with speed
n and with the good rate function given by

(3.3) J(@Q) = inf {H(Q)|Q € M;(Q); H(Q) < +00,Q = Qo &'} .

Remark :

Perhaps condition (3.1) seems to imply the continuity of ®, but in fact it is far from to be the
case. As an example, see the moving average process in section 4. And in section 4, we will see
that condition (3.1) is quite sharp for the LDP.

Proof :

We define RY = 157, 0N (rky) = On © (@)1, with @V = (jI’ﬁ) as previous notation. Since
®N is continuous from El-N:N to F, the application Q — Qo (®V)~! is continuous from M ()
to My (F%).

It is well known that the following metric on M; (F[=44)

@)l <1,

JaQuin = [, J4Qi i

Fl=41]

di_] (Q[ L Q- zz]> —SUP{
!

(@) = FW)] < di(z,y) = D dr(wj,y;), e,y € F[_lv”}
=

where Q) = Q((x_y,..,T0,..,21) € ), is compatible with the weak convergence topology of
M, (FI=H). Now we define a metric on M, (F%) by

“+00 d _ _ , /
(3.4) Q.q) =Y 111 (@ Q[_i’l]) |
=2 L dy (Qrry, @y )

Note that this distance is compatible with the weak convergence topology on Mj(FZ%).

The d|_;j-distance between the marginal laws of R, and RY restricted to Ml(FH’”) is less
than (see [Wu99, Lemma 4.1)),

2 (Poth )y (8ol 5+ 0) 15



Z ZdF( w(k+j+), @Y (@l +j+)) -

j*—l

Substituting it into (3.4), we get that for each [ > 0

d" (R, RY) < zl + zl zdp( wlk+5+-)), 8V (w(k +j +))).
-
For the LDP of IP(R,, € -), by lemma 2.2, it is enough to establish the negligeability between
R, and RY  i.e.

(3.5) hm hmsup—log]P ( ( Z(S@(N)(T Fuw) 2(5@(7 w)> > 5) = —o0, Vo > 0.

To this end, for each 6 fixed, choose [ > 1 so that = 51 < 0. Hence by the last inequality and the
shift invariance of IP,

l _ 1
P (B RY) > 0) < Y0P (L3 de(@th 549,07tk + 54 9) > | 21)

= = 20+ 1
= (2 1IP1nd N (w(k o~
= @ DP ([ 3 dr (lh 4.0 wlk +) > 5 )

Define
=3 dp (Ow(k+)), @V (w(k+-)).
k=1
We have
(3.6) SUP||8mf||oo —supZ 1Om—kdr(®, 2™)|oo
< HV(<I> N0
and
n 2
S lomflZ <> (Z Hamde«b,@N)Hoo)
(3 7) keZ meZ \k=1 n
' < V(@ — @)oot D D 10m—rdr(®, V)|l
meZ k=1

=n V(@ -oM)5

Hence by lemma 2.3, we have for any r > 0,

P (z (8600, 0¥(60r) ) — B (96,0 (61 )| > n)

k=1
<o p( ( nr? A onr ))
<exp|— .
20(0)[[V(® —@N)[1Z, 1 4[IV(® = 2N)|[001

Since for sufficiently large N,

E (dF((I)(fk—f—-)a q)N(gk-‘r')))

IA

2IE < Z HamdF(q)a q)N)Hoo : d(gma 0))

meZ
< 2| V(@ = V)| 1 [E (d(&0,0)) <7 ;



we obtain
lim llogIP z”: ( (rt.), DN (&x )) >2rn| < —r
n—oo = +) - —20(9)[IV(® - M3,
—or ‘
AIV(2 — 2N) oo

\

where the right hand side, depending only on N, tends to —oco as N goes to infinity, because
[V(® — ®V)|lso.1 — 0. It ends the proof of (3.5).

The identification of the rate function needs more effort. By Lemma 2.2, the appli-
cation ¥vV(Q) = Q o (®V)~! will converge to some continuous application (Q) from
{Q € M§(Q); HQ) < oo} to Mi(FZ%) | but the limit application ¥(Q) is not always of the
form Q o G~ for some mapping G : Q — FZ%. To overcome this technical difficulty, we do
appeal to the inequality (2.3) .

In fact, for all N, N” > N and for

AN) =

< 1 >1/2
C(©) sup [[V(®Y — &N s
N’/ ,N">1

by Varadhan’s Laplace principle,

sup {)\(N)/dF(CI)N', ON'Y A1 dQ — H(Q) | Q € My(Q), H(Q) < —i—oo}

n—oo n

~ lim & log IE exp (A(N) > dp (@N’(§k+.), N (§k+.)) A 1)
k=1

which is less than £ by (2.3) and a similar calculation as in (3.6) and (3.7).
It follows that for any LelN

sup sup /dF @V, ®N"YA1dQ — 0, (as N — o).
N',N"">N {Q;H(Q)<L}

Put

g(N',N") := i 1 supgou<ry J dr(@Y, @N) A1 dQ |
| =0 2" L+ supiqim@<ry J dr (@Y, @NV) AT dQ

We get by the dominated convergence limpy yv_,00 ¢(N', N") = 0.
Therefore, we can find a subsequence (Ng) such that ¢(Ng, Ngi1) < 2%

Now consider A = {w € Q| limy_0o PN (w) = Bp(w) exists } ,
Q0 = Nz 774, P (w) = Do(Tlw),

B(w) = (Dy(w))iez, Vw € Q°, and D(w) = (..,0,..,0,..), if w & QO.

By Borel-Cantelli and our choice of (Ny), for any Q with H(Q) < oo, Q(A) = 1. Then
Q(t7'A) =1, V I € Z, by the shift invariance of Q. Consequently Q(9°) = 1.

Letting N = N, N” = N, and k — oo, we get for any | € Z, as Q € M;(Q),



sup /dF(<P§N),<fl)A1dQ— sup /dF AldQHO as N — oo .
Qe[H<LL)] QEe[HLL)]

Consequently for any Q with H(Q) < 400, Qo (®VN)~! converge to Q o ®~1. By lemma 2.1,
Q — Q o ®~! must be continuous from [H < +oc] to M;(F%), and the rate function governing
the LDP of R,, must be given by (3.3). So we have finished the proof of the theorem.

By Theorem 3.1 and the contraction principle, for any bounded continuous function G on F%
with values in a separable Banach space, IP([ GdR,, € -) satisfies the Large Deviation Principle
on B with speed n and with rate function

Jo(2) = inf {H(Q)\Q € M), HQ) <0, [ G(@)dQ = z} .
With the same proof as that of Theorem 3.1, we have the following

Corollary 3.2 Let F = (B, | - ||) a separable Banach space. Assume that for all X > 0 we
have ]Eo‘(e)‘d(io’o)) < 00. We suppose also that there exists a sequence of continuous mappings
®N : E-NNL B such that supy ]E]P(e)‘Hq)NH) < oo forall x>0, and

(3.8) V(@ = M)loon = D 10m(l|® — 2V|])]lc — O,
mMmEZ

then IP (% Yore1 P(&ry.) € ) satisfies a large deviation principle on B with the rate function
given by

Jo(z) = inf {H(Q)@o € L'(dQ) and /ci>0 dQ = z}

3.2 Moderate deviations

Let ®: EZ — (B, | - ||) be a measurable function, where (B, || - ||) is a separable Banach space.
Let {b,}n>0 be a sequence of positive numbers such that

b
\/—% — +00, ;n — 0.
In the following theorem, we are looking for the large deviation principle on (B, || - ||) of

blzi: < (&kt) E@(§k+~)) :

Theorem 3.3 Assume that for some § > 0 we have Ea(eéd(g‘)’o)) < 00. We suppose also that

there exists a sequence of mappings ® : E-NN - B such that IE]P(efg”q)N”) < oo for some
B >0 (depending on N ), and

(3.9) V(@ — 2Y)loor = D 10 (|2 — V|| ][oc — 0,

meZ
(3.10) M, (®Y) — 0 in probability and hm hmsup]EHM (@ — )| = 0.
Then

10



(3.11) o2y = lim ~TF (iw(m —1E<I><§k+.>>) €R,

n—oo
noo\i=

exists for every y € B', and IP (i Sohe1 (P(&pr.) —EDP(Ey.)) € ) satisfies the large deviation

principle on B, with speed % and with the good convez rate function I(x), given by

(312) @) = sup {(2.) - 57°(0)}

yeB’

where B’ is the dual Banach space of B.

Remarks :

(i) In the literature, the large deviation principles in Theorem 3.3 are often called Moderate
Deviation Principles (in abrigde MDP, see e.g [DZ]).

(ii) If B = RY, M,(®Y) — 0 in L?(P) (a obvious fact) and by (3.17) in the proof below,
limpy o0 sup,, IE|M,,(® — ®V)|2 = 0. Then the second condition of (3.10) is automatically satis-
fied, too. In other words, (3.10) is superfluous in the finite dimensional setting.

Proof :
We separate its proof into four steps.

1) It is known (see [Che97]) that for each N fixed,

2 2
lim ElogIEl (ebn@’M"(q)N»> _1 lim l]E ((y, bnMn(q)N)))

(3.13) n=—o0 by 2 oo

1
= 5012\7(3/) €eR, Vye B,

and that M, (®") satisfies the MDP with the good rate function

1¥(2) = sup { (@9) - 30k} -

yeB! 2

2) We denote
N = b, M, (D — V).

By Lemma 2.3, and by some similar calculation as in (3.6) and (3.7), we have for rb,, > IE|| f]],

o G ) I (O Y )
200V (@ — 2901 A[V(@ — 2],

P (£ > rba) < exp

By (3.9) and (3.10), we deduce that

im hmsupb%logIP (||fév|| > rbn> =—00, Vr>0.

1
N—oo n—oo n

The MDP is then established by lemma 2.1, with the good rate function given by

I(z) = supliminf inf I
(3 14) §>0 N—oo B(z,d)
' = suplimsup inf IV .
§>0 N—oo B(z,9)

11



3) We have now to prove the identification of the rate function. Firstly, we show that Vy € B’

o2(y) = limy oo 218 (ZF21 (Y, ®(€rs.) — (1)) exists and
(3.15) ) o,
o'(y) = Jim on(y) € R.

By (2.3) again, we have as in (3.6) and (3.7) that for all |\| small enough,

)\2
(3.16) B (M) < exp (2ryu23/c<6>nuv<<b E <1>N)H§o,1>

A2 2 Ny (2 )‘2
=1+ Sl COIT@ - oY), +o S

But ) , )
E <6>\<y,f$]>) =1+ %]E ((y, f7JLV>) +o <)\2> ,

we deduce that )
E ((y.12))" < nCOyl V(@ V)2, -
So we have
2

1 N 2_ bﬂ &N 2
(3.17) sup T (. 1)) = sup n]E((y, My(® = &))" =0 as N — 400 .

Whence the limit o (y) in (3.15) exists and o3/(y) — o%(y), Vy € B'.

Now we claim that

b2 1
(3.18) Jim b% log IE exp <£<y,Mn(<1>)>> = 502(@/), Vye B .

For fixed p,q > 1 with ]l) + % =1, by the Holder inequality we have that

2

2
log IE exp <b"<y, Mn(<1>)>> < llogEexp (qb”<y, M (® — <I>N)>>
n q n

1 b2
+ —logEexp (p"(y,Mn(‘I)N»)
P n
for every y € B’. From (3.13) and (3.16) it follows that

. n b 1

limsup . log I} ( : <y,Mn@)>) < k() + V(@ — &) |2 ,C) [yl
n— o0 bn 2p 2 ’

Letting N — oo and using (3.15), we get

(3.19) lim sup = lo 1E<eb%<van<<P>>) <1 2(py) = Lo?(y)
' il 2 108 = 9,7 WY =57 W)

12



Similarly, by the Holder inequality, we have
by, N 1 qb, N
logIEexp | —(y, Mp(®7)) | < —logEexp [ —*(y, Mn(2" — @))
pn q pn

1 7
+ —logEexp <”<y, Mn(¢>)>>
P n
for every y € B’. From (3.13) and (3.16) it follows that

1 5 (y . ..n YRy M (B q Ny (2 2
375 (1) < timint o tog e (e 09 ) 4 (@ — 8V, 00 -

Letting N — oo and using (3.15), we obtain

1 5 T b2 M, (®
(3.20) 2,7 ) §hn1£10réfb%log1|5)<en (9, M ( >>)'

Letting p — 1 in (3.19) and (3.20) yields (3.18).

So by (3.18) and the Laplace principle [DS89, Th. 2.1.10, p.43], we have

2 ~
(3.21) %UQ(y) = lim_ b% log IE (ebfﬂy’M”(q)))) = 5161]1; {(a;, y) — I(x)}

4) We have now to show that I(z) defined in (3.14) is convex.

~/1
I ((3:1 + xg)) = sup lim sup inf o
2 6>0 N—oo B(}(z1+x2),06)

1
inf N < inf N ( N )
B(}(z1+22),0) " y1€B(z1,6),y2€B(x2,0) 2 (yl 92)
1
< 5 inf il + N
o 2 yleB($1,6),y2€B(x2,6) ( (yl) (y?))

= 1( inf IV 4+ inf IN>
2 \ B(z1,6) B(z2,8)

So

—_

lim sup inf IV < Z (limsup inf IV +limsup inf IV
N—oo B(k(z1+w2),6) 2\ Nooo B(z1,0) N—oo B(x2,6)

Letting | 0, we get
~/1 1/~ -
I (2(331 + x2)> < 3 <I(x1) + I(xg)) .

Since T is inf-compact and convex, by Fenchel’s theorem and (3.21), we get for all x € R

I(z) = sup {@;,y) - 1fo(y)},

yeB’ 2

which is exactly the rate function given by (3.12).
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4 The moving average case

We now consider an example where ® is linear, i.e. the moving average process. Consider

X =0(bnt) = > ajény;

JEZ

where (a,,)nez is some doubly infinite real sequence, and (&) are i.i.d. centered random variables
with values in a separable Banach space (B, ||-||). X = (X,,) is called the moving average process.

When B = IR?, Burton and Dehling [BD90] obtained the large deviation of the empirical means
n_ 1 ¢
‘5; — Z X
nooni—

under the conditions that ), .y |an| < oo and Eexp(6]&o|) < +oo for all positive d. Jiang,
Rao and Wang [JRWO95] showed that the lower bound of S, is valid without the condition
Eexp(d|&o|) < +o00 and that the upper bound (with perhaps a different rate function) is true if
IE exp(d]&0|) < +oo for some positive §. Moreover their result still holds in a separable Banach
space B, under the assumption IEexp(qx(B)) < oo for some balanced convex compact subset
K of B (qx denotes the Minkowski functional).

We will show the corresponding level 3 LDP for X,, which seems to be unknown. Denote
P(w) = (Pn(w)), where @y, (w) = 35z ajw(n + j), and (using notations of previous sections)

_ 1 n -
R;{; = Z 6Xk+A = OTL o (I) 1'
=

We have the following

Theorem 4.1 Assume Y ;|a;] < oo and Eexp(d||&l) < oo for some positive §, then
P (Rg’ € ) satisfies a LDP on Ml(BZ) equipped with the weak convergence topology, with speed
n and with the rate function given by

(4.1) J(Q) =inf {H(Q)|Q € M;(Q), H(Q) < o0, Q=Qod7'}.

Proof :

We have to find some approximation functions which satisfy conditions of Theorem 3.1. So

define
N

N (w) == > ajwntj) =Y aévw(n +7)

j=—N JEZL

where
Nl e iflilsN
0 if [jl>N

By simple calculations,

V(@ = @Mlowon = Y lam—t — am_x
kEZ

= > lal

l7I>N
— 0as N — 400 .
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Thus the LDP of IP(R® € -) follows from Theorem 3.1.

We still have to establish the identification of the rate function (4.1). To this end, we follow
Remark 1.5 of Wu [Wu99]. If H(Q) < oo, the integrability condition IE exp(d|¢p|) < oo implies
that IE?|¢y| < oo, and then

E? > ajéne| < a;[E|&| < oo,
JEZL JEL

and we consequently have (using Theorem 3.1 and its notations) that ® = ®, Q — a.s. and (4.1)
follows from the expression (3.3).

Remarks :

(i) Note that corollary 3.2 applied to the linear case gives exactly the results of corollary 3 of
[JRW95].

(ii) Condition (3.1) in the nonlinear case is quite sharp. It is equivalent to the absolute summa-
bility >z laj| < 400 in the linear case. Notice that last condition is rather sharp even for
the central limit theorem (CLT). In fact, when a, > 0, the best condition for the CLT of
> r—1 X in [HH80], becomes exactly Y, cz an < +00. In this non-negative case, the summabil-
ity >,cz an < 400 is also sharp for the level 1 and level 3 LDP of (X,,), see Bryc and Dembo
[BD95).

(iii) The results of section 3.2 on Moderate deviations Th. 3.3, applied to the moving average
case, is Th. 2.1 of [JRW92] in Banach space.
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