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Abstract. The aim of this work is to study the exact observability of a per-
turbed plate equation. A fast and strongly localized observation result was
proven using a perturbation argument of an Euler-Bernoulli plate equation
and a unique continuation result for bi-Laplacian.
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1. Introduction

Various observability and controllability properties for the system of partial dif-
ferential equations modeling the vibrations of an Fuler-Bernoulli plate have been
investigated in the literature. In most of the existing references it assumed that the
observation region satisfies the geometric optics condition of Bardos, Lebeau and
Rauch [1], which is known to be necessary and sufficient for the exact observabil-
ity of the wave equation (see, for instance, Lasiecka and Triggiani [9], Lebeau [10],
Burq and Zworski [2] and references therein). In the case of internal control, the
first result asserting that exact observability for the Schrodinger equation holds
for an arbitrarily small control region has been given by Jaffard [7], who shows, in
particular, that for systems governed by the Schroédinger equation in a rectangle
we have exact internal observability with an arbitrary observation region and in
arbitrarily small time. Jaffard’s method has been adapted by Komornik [8] to an
n-dimensional context. The similar results for boundary observation have been
given in Ramdani, Takahashi, Tenenbaum and Tucsnak [13] and Tenenbaum and
Tucsnak [14]. The aim of this work is to extend some of these results, namely those
in [7], for the case of an Euler-Bernoulli plate perturbed by a zero order term. Note
that the above mentioned papers tackling arbitrarily small observation regions use
the explicit knowledge of the eigenvalues and of the eigenvectors of the Laplace
operator in rectangular domains. Such an information is not available for the plate
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equations perturbed by lower order terms. On the other hand, as far as we know,
the method based on Carleman estimates, which is generally used to tackle lower
order terms, does not yield exact observability with arbitrarily small observation
region. This is why we consider a different method, in which our problem is tackled
as a perturbation of the case considered in [7] and [8], using recent results from
Hadd [4] and Tucsnak and Weiss [15].

Let us now give the precise statement of the problem and of the main results.
In the remaining part of this work n € N and Q is a rectangular domain in R",
say

Q=1[0,a1] x [0,a2] X ...[0,an],

with ay,as,...,a, > 0.
We consider the initial and boundary value problem
82
a—tg—i—AQn—i—an:O, in  x (0,00) (1.1)
n=An=0, onI x(0,00) (1.2)
n(0)=f, 1(0)=g inQ, (1.3)

where a € L>®(Q), f € H2(Q) N H}(Q) and g € L%(Q). For n = 2 the above
equations model the vibrations of an Euler-Bernoulli plate with a hinged boundary.
The output of this system is

y(t) =n(-t)lo, (1.4)
where O is an open subset of 2. Here, and in the remaining part of this paper we
denote

o

=
Our main result is:

Theorem 1.1. For any subset O C Q the system (1.1)-(1.4) is exactly observable
in time any time T > 0, i.e., there exists a constant k. > 0 such that

| 1Oy > 82 (1510 + 9l VF € HH@) 0 (). g € Q).

The above theorem has two consequences concerning exact controllability
and uniform stabilizability for the plate equations. The first one follows from a
standard duality argument, see for instance, Lions [11].

Corollary 1.2. For any open subset O C Q the following problem

82
8—;27 YA fan+uxe =0, inQx (0,00) (1.5)
n=An=0, onI x(0,00) (1.6)
n0)=/f, n0)=g inQ, (L.7)

is exactly controllable in any time T > 0, i.e., for any [gﬂ , [5;] € (H*(Q)n
HE()) x L2(Q2) there exists a control u € L?(0) such that

(O] =[8] and [20]=1£],
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where by xo(x) we denote the function that is 1 for x € O and 0 otherwise.

Moreover, from Theorem 1.1 and the general result in Haraux [5] it follows
that the system (1.5)-(1.7) can be exponentially stabilized by using a simple feed-
back. More precisely, the following result holds.

Corollary 1.3. Let O be an open subset of Q and let a,b € L*(Q,[0,00)) with
b(xz) > by > 0 for almost every x € O. Then the system determined by initial and
boundary value problem (1.5)-(1.7) with u(x,t) = —b(x)n(z,t), is exponentially
stable, i.e. there exist M,w > 0 such that

170 20) + InO r20) < Me™ " (| flla2@) + 9l z2@) (t>0).

The plan of this work is as follows. In Section 2 we fix some notation and
we recall some basic results. Section 3 contains the proofs of the main results. In
section 4 we prove a Carleman estimate for the bilaplacian, which has been used
for the proof of the main result.

2. Notation and preliminaries
In the remaining part of the paper we denote H = L?(2) and
Hi={pe H (Q)]p=Ap=00nT}.

Let Ao : Hy — H be the operator defined by Agp = A%p, Yo € Hy. Let H
H2(Q)NHQ), X = H% x H, X1 = H; x H% and

1
2

A: X — X, A:[O I].

—Ap O
It is well-known that A is skew-adjoint so that, according to Stone’s theorem, it
generates a strongly continuous group of isometries T on X. By || - || without any

index we design the standard norm in L?(2). We denote Y = L?(0), with O C Q
an open set. The operator C € L(X1,Y) corresponding to the observation (1.4) is

o[ ()

Let Py € L (H) be the linear operator defined by Pyf = —af for all f € H, and

P € L(X) given by
p=laa] Pl =la)
We define Ap : D(Ap) — X by
D(Ap)=D(A), Ap=A+P. (2.2)
We note that
IPllecxy =sup {||P[{]]|} = |\§-1\|11<)1 lafll < llallze-
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We know from Pazy [12] (Theorem 1.1 p.76) that Ap is the generator of a
strongly continuous semigroup T? satisfying

IT ()< Me®, ¢ >0, (2.3)

where o = w + M||P||, and w and M are such that ||T;| < Me“*! for all t > 0.
In this context the problem (1.1)-(1.3) can be written as a first order equation

2(t) = Apz(t), t>0 (2.4)

2(0) = 2o, (2.5)

where z(t) = [ﬁ?t)] and z = [/].

The proof of Theorem 1.1 is based on two abstract results, which are stated

below. The first one concerns the robustness of the exact observability with respect

to bounded small norm perturbations of the generator and it can be proved by a
simple duality argument from Theorem 3.3 in [4].

Proposition 2.1. Suppose that C € L(X1,Y) is an admissible observation operator
for T. Assume that (A, C) is exactly observable in time T > 0, i.e., there exists
kr > 0 such that

(/ |CT 202 dt> > k. ||lzol| V2o € D(A).
0

Let P € L(X) and let TT be the strongly continuous semigroup generated by A+ P.
If there exists a constant K > 0 such that

1Pl <K, (2.6)

then (A + P,C) is exactly observable in time T, i.e., there exists kY > 0 such that

([ nemtaole @) = ) vi0 € D),
0

The second result says, roughly speaking, that for systems with diagonalis-
able generators that in order to prove the exact observability it is is sufficient to
check the exact observability of the high frequency part and the observability of
eigenvectors. More precisely, we have the following result, borrowed from [15].

Proposition 2.2. Assume that there exists an orthonormal basis (¢r)ken formed of
eigenvectors of A and the corresponding eigenvalues (A;)ken satisfy im Ay, = co.
Let C € L(X1,Y) be an admissible observation operator for T. For some bounded
set J C C denote

V =span {¢r | \x € J}J‘
and let Ay be the part of A in V. Let Cy be the restriction of C to D(Ay).

Assume that (Ay,Cy) is exactly observable in time 79 > 0 and that C¢p # 0 for
every eigenvector ¢ of A. Then (A, C) is exactly observable in any time T > 19.
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3. Main results

The proof of Theorem 1.1 follows the same idea like in [15] (Theorem 6.3.2), where
a similar result is proved for the waves equation. Also, we will use an appropriate
decomposition of X as a direct sum of invariant subspaces. To obtain this decom-

position, we need the following characterization of the eigenvalues and eigenvectors
of A P

Proposition 3.1. With the above notation, ¢ = [;’2] € D(Ap) is an eigenvector of
Ap, associated to the eigenvalue i, if and only if ¢ is an eigenvector of Ag — Py,
associated to the eigenvalue p?, and ¥ = iup.

Proof. Suppose that p € C and [ ] € X \ {[J]}. According to the definition of
Ap this is equivalent to
{ ¥ = ipp
(—Ao + Po)p = ipuih.
The above conditions hold iff

(—Ao + Po)p = —p*p and ¢ = ipup.
O

Clearly, A9 — Py is self-adjoint and it has compact resolvent. Then Ay —
P, is diagonalisable with an orthonormal basis (pg)gen+ of eigenvectors and the
corresponding family of real eigenvalues (A )ren+ satisfies limy_, o |Ax| = co. Since
Ao — Po + || Po|lI > 0, it follows that all the eigenvalues A of Ay — Py satisfy
A > —||Pol|. Hence, limy_,oo Ay = 0o. Without loss of generality we may assume
that the sequence (A\g)gen+ is non-decreasing. We extend the sequence (¢) to a
sequence indexed by Z* by setting ¢ = —p_j for every k € Z_. We introduce
the real sequence (g )rez by

pr = || if >0 and pp=—p_y if kE<O.
We denote .
Wy = span { {iSig‘;’f) Sﬁk] keZ, u, = 0}.
k

If Ker(Ag — Py) = {0} then of course W, is the zero subspace of X. Let N € N*
be such that Ay > 0. We denote
1

Wy = span { [i“k wk]
Pk
and define Yy = Wy + Wiy. We also introduce the space

-L%’k
VN = clos span { {”‘k ]
Pk

kezt, [k <N, uk¢o}7

k| > N}. (3.1)

Lemma 3.2. We have X =Yy & Vy and Y, Vn are invariant under TT .

By X =Yy ® Vy we mean that X = Yy + Vy and Yy N Vy = {0}.



6 Nicolae Cindea and Marius Tucsnak

Proof. Let Ay : D(Ap) — H be defined by
Auf = Z (for)or + Z [Akl(fs o6)ok, Y f€D(Ao).

Ae=0 A0

Since the family (¢k)ken+ is an orthonormal basis in H and each ¢y is an eigen-
vector of Ay, it follows that A; is diagonalisable. Moreover, since the eigenvalues
of Ay are strictly positive, it follows that A; > 0. Is easy to see that the inner
product on X defined by

<|:£i:| ) [5j>1 = <A1%f17A1%f2> + <91792>7 v |:£i:| ’ [gz] € X’

is equivalent to the original one (meaning that it induces a norm equivalent to the
original norm). Let .A; be the operator on X defined by

I
D(Al) = H1 X H%, A1 = |:_(341 O:| .

We can verify that A; is skew-adjoint on X (if endowed with the inner product
(-,)1). Consequently we obtain that Y = Vi (with respect to this inner product
(,)1). It follows that X = Yy @ V.

We still have to show that Viy and Yy are invariant subspaces under TF.
Since Vi is the closed span of a set of eigenvectors of Ap, its invariance under the
action of T* is clear. If ;= 0, then

1 1 1
Ap |:isign(k) @k} — |:<)Ok:| — 1 ([isign(k) sDk:| + |:isign(—k) ka:|> e W,
Pk 0] 2 Pk POk

so that Wy is invariant under TF. If |[k| < N and Ax < 0 then

(Ao — Po)pr = — ik,
so that

1 1 1
w2 o ) e

If |k] < N and A\ > 0, then

1 1
AP |:i“k Sﬁk:| = i/ik |:il““ 90k:| c Wy.
Pk Pk
Thus Wiy, and hence also Yy = Wy + Wy, are invariant for T. O
Lemma 3.3. With the previous notation and (3.1), let N € N* be such that Ay >
llal| Lo - Let us denote by Py, € L(Vi,X) the restriction of P to V. Then

llall L~

VAN = laflz="

[Pyl < (3.2)
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Proof. Take a finite linear combination of the vectors ¢ with k > N:

M
f= Z arpr, (3.3)
k=N
so that || f]|2 = Sp_y |ax|?. Then
IAfIP+Gaf, £) = [ AFAT dot | a@)f do=

Q Q

— [ 2T vaffdo= [ (Ao~ P)fF do =
Q Q
M M

= Y @ ((Ao— Poer, o) = Y lawl*Ae = AnlIf]1*

k=N k=N

From here we see that

IAFI2 = (v = llallz=) I 1%

Now take z to be a finite linear combination of the eigenvectors of Ap in Vy:

1
%@k

zZ € span thk
P {[ Pk ]

so that in particular z € Viy and z = [ /], with f as in (3.3). Therefore
1Pvvzllx = [IPzllx = llafll < llallz<lfI]
llal >~ lal Lo
< ——|l7lIx-
VAN = [lall VAN = [lallso

Since all the vectors like our z are dense in Vi, it follows that the above estimate
holds for all z € Vi, and this implies the estimate in the lemma. O

k|2N},

[Af] <

Lemma 3.4. Let a € L*®(Q) and let u be a function such that

Ay + au = pPu in Q (3.4)
u=Au=0 on 99 (3.5)

and
u=0 inO. (3.6)

Then uw =0 in all 2.

Proof. The proof of this lemma is an direct consequence of the Theorem 4.3 given
in the next section. Let denote g = (u? — a)u € L*(Q2). Now we apply Theorem
4.3 for (3.4)-(3.5) and using (3.6) we obtain

s)\2/ |V(Au)|262wdm+s4)\6/ |Vu|2625“’dx+56)\8/ lu|?p?e®?dx
Q Q Q

2
<C M625“"dac.
Q ¥
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After some small calculations we can prove the estimate

2
W mear < a0 [ (2 + lalli ol + €N,
Q ¥ Q

where C7, C5 depend only of A. Coupling the last two equations and taking s — co
we obtain that v = 0 in . (]

Proof of Theorem 1.1. Let N € N* be such that Ay > 0 and let Ay and C be the
parts of Ap, respectively of C, in Vyy, where Vy has been defined in (3.1). (Thus,
AN = (A+ P)ly, and Cn = Cly,.) We claim that for N € N* large enough the
pair (An,Cn) (with state space Vi) is exactly observable in time 7.

For a given constant K > 0, from the estimation (3.2), there exists a N € N*|
big enough, such that

[Pyl < K.
Because (A, C) is exactly observable in any time 7 > 0, using Proposition 2.1 we
obtain that (Ax,Cy) is exactly observable in time 7 in Vy.
On the other hand, if ¢ = [ ] € D(Ap) is an eigenvector of Ap, associated

to the eigenvalue iu, such that C'¢p = 0 then, according to Proposition 3.1, ¢ € H;
is an eigenvector of Ay — Py, associated to the eigenvalue p2, i.e., ¢ € H; satisfies

Ao+ ap = pPp. (3.7)
Moreover, the condition C'¢ = 0 is equivalent to
=0 in O.

As shown in Lemma 3.4, the only function ¢ € H; satisfying above conditions is
© = 0. Now, from Proposition 2.2 we can conclude that (4, C) is exactly observable
in any time 7 > 0. U

4. A global Carleman estimate for bi-Laplacian

In this section we will prove a global Carleman estimate for bi-Laplacian, applying
two times a particular case of the global Carleman estimate proved in [6].

Let Q be an nonempty open set of class C2. Let y € H?(Q) N H}(Q) be the
solution of the problem

y=0, on 09, (4.2)

where f € L%(£2). We use the following classic lemma stated in [6], and proved in
[3].
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Lemma 4.1. Let O be an nonempty open set O C Q). Then there exists a function
1 € C?(Q) such that

P =0, on 0N (4.3)
P(x) >0, VreQ (4.4)

IVip(z)] >0, VaeQ\o.

We consider a weight function
p(z) = M, (4.6)

where A € R, A > 1 will be chosen later. The following theorem is a particular case
of the Carleman estimate proved by Imanuvilov-Puel in [6] for the general elliptic
operators.

Theorem 4.2. Assume that the hypotheses (4.3)-(4.6) are verified and let y €
H2(2) N HL(Q) be the solution of (4.1)-(4.2). Then there exists a constant C > 0

independent of s and X\, and parameters A > 1 and s > 1 such that for all A > h\
and for all s >3 we have

/|Vy|262‘wd:c+32/\2/ ly|2p?e?sPda <
Q Q
L w 250 2 | .2\2 2|12\ 250
C e**?dz+ [ (|[Vy]* + s"AN2@%|y[?) e*Pda | . (4.7)
S)\2 Q QO o

Let u € H;y be the solution of the problem

A’u=g, inQ (4.8)
u=Au=0, on 09, (4.9)

where g € L?(Q).

Theorem 4.3. Let 1) € C%(Q) be a function such that (4.3)-(4.5) are verified, let
¢ given by (4.6), and let w € Hy be the solution of (4.8)-(4.9). Then there exist
s> 1, A>1 and a constant C > 0 independent of s > 5 such that

2
s)\z/ (|V(Au)|2625‘/’ + 53)\4|Vu|2625“’ + 55)\6\u|2<p2625‘0) <C < M6259"d33
Q 2
+s)\2/ (|IV(Au)|? + s2X20%| Aul? + 301 Vul? + 55/\6<p2|u|2)62”dx> . (4.10)
(@]

Proof. We denote y = Au. Then (4.8) and the last part of (4.9) can be written as

Ay=g, inQ (4.11)
y=0, on dQ (4.12)
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Applying the Theorem 4.2 there exist s; > 1, \; > 1 and C; > 0 independent of
s and A such that for all s > s, A > Ay the following estimate is satisfied

s)\z/ |Vy|262‘9‘"dx+83/\4/ |y|2g02623“’dx <
Q Q
Cy (/ |g|2¢71625tpdx+/ (5)\2|Vy|2 JrS3>\4S@2|y|2) 62s<pdx) .
Q o
Replacing y with Awu in the previous estimate we obtain
s)\2/ |V(Au)|262wdx—|—83/\4/ |Au|?p?e?5?da <
Q Q
4 (/ lgl2ete**¥dx +/ (sA?|V(Au)[* + s X 92| Aul?) e2s“’dx) . (4.13)
Q o

Now consider the problem

Au =y, in Q (4.14)
u=0, on 09, (4.15)

and apply the Theorem 4.2. Then there exist Cy > 0, so > 1, Ay > 1 such that for
s > s9 and A > Ay we have

s)\2/ |Vu|2623“”dx+33)\4/ lu|?p?e?*Pdx <
Q Q
Co </ |AU|2¢71625¢d0§+/ (sA?[Vul? + 2% [ul?) 62de> <
Q o
Cs (/ |Aul?p?e®5?dx +/ (sN?|Vul® + s> A% |ul?) e2s‘pdx) . (4.16)
Q o

We denote A = max{\;, A2} and § = max{sy, s2}. For s > 5, combining (4.13)
and (4.16) we have

3)\4
s)\2/ |V(Au)|262‘wdm+s— (s)\2/ |Vu|2e2s“’dx—|—33)\4/ |u|2g0262‘wdm) -
Q Cs Q Q

— 53\ </ (sA?|Vul? + 2 M p?|ul?) 625“"dx> <
o
4 (/ lglPete**¥dx +/ (sN?|V(Au)[* + s X' 92| Aul?) eQS“’dx> . (417)
Q o

How A is fixed in 4.17, we affirm that exists a constant C' > 0 such that (4.10) is
verified. So, the proof of theorem is completed. O
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