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Explicit large image theorems for modular forms

Nicolas Billerey and Luis V. Dieulefait

ABSTRACT

Let f be a (cuspidal) newform of weight k > 2 and level I'o(N) with N > 1. Ribet proved that,
under the assumption that f is non-CM, the residual representations pys . attached to f by
Deligne have a large image, in a precise sense, for all but finitely many prime ideals A. In this
paper, we make Ribet’s theorem explicit by proving that the residue characteristics of these
finitely many prime ideals for which the conclusion of Ribet’s theorem fails to satisfy some
divisibility relation, or are bounded from above by explicit constants, depending on k£ and N.
The results split into different cases according to the possible types for the image, and each of
them is illustrated by some numerical examples.

Introduction

Let f be a (cuspidal) newform of weight k& > 2, level N > 1 whose Fourier expansion at infinity
is given by f(7) =q+ Zn>2 a,q", with ¢ = €*™ and 7 in the complex upper half-plane. We
denote by K the number field generated by the coefficients a,, and by O its ring of integers.
Given a prime ideal A above £ in O, we shall denote by p » the unique, up to semi-simplification,
mod ¢ Galois representation attached to f by Deligne:

PEA: Gal(Q/Q) — GL(?,FA),

where F) is the residue field of O at A. Let us denote by G its image. Using results of
Carayol [1], Ribet [25, Theorem 2.1] proved the following theorem (for a definition of forms
with complex multiplication see [24] or Definition 1).

THEOREM (Ribet). Assume that f is not a form with complex multiplication. Then, for
almost all A (that is, all but a finite number), the following assertions hold:

(i) the representation py \ is irreducible;
(ii) the order of the group G is divisible by the residue characteristic of .

In this paper, we shall say that )\ is exceptional if it belongs to the finite set of prime
ideals for which one of the assertions of Ribet’s theorem does not hold. This theorem is a
generalization of [23] in the case of N = 1, which itself extends pioneering results of Serre [29]
and Swinnerton-Dyer [32] in the case of N =1 and K = Q. Although these latter results
provide a precise characterization of exceptional prime ideals, the general theorem of Ribet is
however non-effective.

The main goal of this paper is to make Ribet’s theorem as effective as possible under the
additional assumption that f has trivial Nebentypus. Though this further assumption is used
in several places in our paper, we believe that our method generalizes to the case of arbitrary
characters. Nevertheless, for the sake of conciseness, this generalization will be considered in
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another paper. More precisely, we prove that the residue characteristic of an exceptional prime
satisfies some divisibility relation, or at least is bounded from above by an explicit constant,
depending on k and N.

Before describing our main results, we mention that among the special cases covered are a
generalization to arbitrary square-free levels of a result of Mazur [18] on the so-called Eisenstein
primes for weight 2 and prime level modular forms, and an explicit version of Serre’s theorem
on the surjectivity of Galois representations attached to elliptic curves over Q due to Kraus [14]
and Cojocaru [4].

Let us denote by P(py,\) the projectivization of ps,» and by P(G) its image in PGL(2, F).
According to Dickson’s classification of subgroups of PGL(2,F)) (see [9, 11.8.27]), if A is
exceptional (we warn the reader that in the literature, the term ‘exceptional’ sometimes
refers to the last situation below only), then we have that one of the following conditions
satisfy us:

(I) Py is reducible;
(IT) the image P(G) in PGL(2,F)) is dihedral;
(ITI) P(G)) is isomorphic to A4, Sy or As.

Besides, if A is non-exceptional, then P(py ) is isomorphic to either PGL(2,F) or PSL(2, F)
for some subfield F of F, and we shall then say that py » has a large image.

In each of the above cases, we thus provide a divisibility relation, or an upper-bound in
terms of k and N satisfied by the residue characteristic £ of A\. The last case is the simplest
one. Namely, we prove the following theorem.

THEOREM (Theorem 4.1). If P(G)) is isomorphic to Ay, Sy or As, then either | N or
(< 4k — 3.

In the second case, we give a general upper-bound together with a much finer result in the
square-free level case that imply the following theorem.

THEOREM (Theorem 3.2). Assume P(G)) to be dihedral. If f does not have complex
multiplication, then we have

0 < (2(8kN2(1 + loglog N))(k=1)/2)gb(k:N)

where gg(k, N) is the number of newforms of weight k and level T'o(NN). Besides, if N is square-
free, then either ¢ | N, or £ < k, or £ = 2k — 1.

The first case is by far the most complicated one, and we refer the reader to Theorems 2.4—
2.7 for precise and complete statements. Nevertheless, these results, combined with those
mentioned in this introduction, yield to (slightly stronger versions of) the following theorems
in particular, but important cases where N is square-free and N is a square, respectively.

THEOREM (Square-free level case). Assume that N = p;---py, where py,...,p; aret > 1
distinct primes, is square-free, and X\ is exceptional. Then we have that one of the following is
satisfied:

(1) le {pla o 7pt};
(i) £ < 4k — 3;
(iii) ¢ divides
gedy i (lem(ph — 1,pF 72 = 1)) ifk > 2,
lemi < (p?2 — 1) ifk=2.
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THEOREM (Square level case). Assume that N = ¢? is a square, f does not have complex
multiplication and \ is exceptional. Then we have that one of the following is satisfied:

(i) €] N;

(i) £ < (2(8kN?(1 + loglog N))(k=D/2)9(k:N) ywhere g4(k, N) is the number of (cuspidal)
newforms of weight k and level T'o(N);

(iii) there exists a primitive Dirichlet character v : (Z/cZ)* — C* such that:
(a) either ¢ divides the norm of p* — ¢~1(p) for some prime p | c;
(b) or ¢ divides the numerator of the norm of By, . /2k;
where ¢y divides ¢, € : (Z/coZ)* — C* is the inverse of the primitive Dirichlet character
attached to v? and By, . is the kth Bernoulli number attached to e.

Apart from (IIT) which is slightly different, the main idea used in proving the results of the
paper is to interpret situations (I) and (II) above in terms of congruences between modular
forms. In the case of reducible representations py x, the original form f is then shown to be
congruent modulo £ to a suitable Eisenstein series whose construction depends on the weight
and level. The theory of modular forms modulo £ of Serre and Katz enables us to interpret this
congruence as an equality. The desired bound then follows from a careful study of the constant
term of these Eisenstein series at various cusps. Besides, in the case of dihedral projective
image, the congruent modular form is a specific twist of the original form f. In that case, the
upper-bound follows from those of Sturm and Deligne.

Ghate and Parent recently addressed the question of whether the residual Galois representa-
tions attached to rational simple non-CM modular abelian varieties have ‘uniform’ large images
(see [8, Question 1.2] for a precise statement). One of the main results of their paper is that,
in the weight 2 situation, there exists a uniform bound (depending on [K : Q], but not on the
level) for the residue characteristic of prime ideals in the Ay, S4 or A case. While we are in
contrary working with a fixed level, their work is still quite relevant for us.

The first section of the paper is devoted to classical facts about modular Galois represen-
tations and their local behaviors. The next three sections deal with cases (I), (ITI) and (III)
above, respectively. Finally, some numerical examples illustrating our results are presented in
the last section.

1. Preliminaries

For simplicity, we shall write p for py . We further denote by p** the semi-simplification of p.
In this section, we also assume £t N.

1.1. Local decomposition at Steinberg primes

Let p be a prime dividing N exactly once. We shall write p||N. Define p, to be the restriction
of p to a decomposition group G, at p. For any x € O, let us denote by A(z) the unramified
character of G, that maps a Frobenius element to  (mod \). Langlands has proved that [16,

Proposition 2.8]
P N
_ ¢
Pp = ( k/2> : (1.1)

0 KXy

where p = A(a,/p*/?~1) is trivial or quadratic since a, = +p*/2~! [20, Theorem 4.6.17]. In
particular, if Frob, € G, is a Frobenius element at p, then the roots of the characteristic
polynomial of p(Frob,) are a, (mod ) and pa, (mod\).
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1.2. Classification of degenerate cases

Let N(p®°) be the Artin conductor of p°*. It was proved by Carayol [1] that N(p®°®) is a
divisor of N. Moreover, Carayol [2, §§1.2-1.3] and Livné [15] have (independently) classified
the ‘degenerate’ cases (in Carayol’s terminology), that is, when e, f vp(N) — v, (N(p°)) >0
for some prime p. They proved that when e, > 0, we are in one of the situations described in
Table 1.

Moreover, it follows from their classification that, in the first and third cases, p satisfies
certain congruences modulo ¢. Namely, we have the following proposition (which we deduce
from [2, § 1.5] using the fact that, in these cases, p*® is the semi-simplification of the reduction
of an (-adic degenerate representation of type (i), (iii) or (iv) with the terminology of [2,
Proposition 2]).

PrOPOSITION 1.1 (Carayol-Livné). Assume e, >0 and v,(N)>2. Then we have
p==+1 (mod?).

1.3. Local description at /¢

Assume 2 < k < £+ 1. Let Gy be a decomposition group at £ and I, be its inertia subgroup.
Then Deligne and Fontaine [7] have, respectively, proved that

(i) if f is ordinary at A (that is, if a; #Z 0 (mod A)), then p¢, is reducible and

N SV
p‘]g_ 0 1 )

(ii) if f is not ordinary at A, then p|g, is irreducible and

wkfl 0
/3|Ie = ( 0 "//k_1> )

where {1, ¢’} = {1, 9’} is the set of fundamental characters of level 2 ([7, §2.4]).

The following lemma is immediate.

LEMMA 1.2. Assume ¢ > k.

(i) The image of X5~ is cyclic of order n = (¢ — 1)/ ged(¢ — 1,k — 1) > 2. In particular, we
have n = 2 if and only if ¢ = 2k — 1. Moreover, if { > 4k — 3, then n > 5.

(ii) The image of *~V* =1 is cyclic of order m = (£ +1)/ged({ +1,k—1)>2. In
particular, we have m = 2 if and only if ¢ = 2k — 3. Moreover, if { > 4k — 5, then m > 5.

TABLE 1. Classification of the degenerate cases.

vp(N) b+1>2 1 2
vp(N(p°*)) b>1 0 0
ep 1 1 2
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2. Reducible representations

2.1. Preliminaries: Gauss sums and Bernoulli numbers

Let ¢ : (Z/fZ)* — C* be a primitive Dirichlet character of modulus f > 1. The Gauss sum
attached to ¢ is defined by

!
W)= w(n) e/,

LEMMA 2.1.  We have |W(+)| = \/f. Moreover, as an algebraic integer, the norm of W (1))
is a power of f.

Proof. The first part of the lemma is [20, Lemma 3.1.1]. Let o be a Q-automorphism and
m € Z such that o(e?7//) = e2™™/f Then, by Miyake [20], we have

f
o(W(@)) =D w7 (n) ™™ =47 (m)W (7)
n=1
and thus |o(W(¢))| = [W(¢7)| = v/f. This completes the proof of the lemma. O

The Bernoulli numbers attached to ¢ are defined by

I t
te” tm
d )= Bmy
n=1 m>0
In particular, if ¢ is the trivial character, then B, is the classical Bernoulli number B,,,

except when m = 1, in which case By y = —B; = % The following proposition is a well-known
result of van Staudt—Clausen.

PROPOSITION 2.2 (van Staudt—Clausen). Let m > 2 be an even integer. The denominator

of B, Is Hp_l‘mp, where the product runs over the primes p such that p — 1 divides m.

The Bernoulli numbers are also related to certain special values of the L-function L(s,1))
attached to ¥. More precisely, we have the following proposition [34, Chapter 4].

PROPOSITION 2.3. Assume that 1 to be even. Let m > 2 be an even integer. Then we have

Co By (2im)™

fi'm' om # 0, where Cm = m

L(m, ) = =W ()
2.2. Statement of the results

THEOREM 2.4. Assume py,x to be reducible. If vo(N) = 2 or vo(N) > 3 is odd, then either
¢ divides N, or { <k —1, or { = 3.

Put ¢=max{d >1; d?>|N}. The following result is a generalization of Ribet’s [23,
Lemma 5.2] on the level 1 case to higher levels.
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THEOREM 2.5 (main result). Assume pyx to be reducible. Then one of the following
assertions holds.

(i) The prime ¢ divides N or £ < k — 1.
(ii) The level N is not a square and there exists an even Dirichlet character ) : (Z/cZ)* —
C* such that, for every prime p dividing N with odd valuation v,(N), we have:
(a) either vy,(N) > 3 and p = 1 (mod ¥);
(b) or v,(N) =1 and ¢ divides the norm of either p* — n(p), or p*=2 — n(p).
(iii) The level N is a square (that is, N = ¢*) and one of the following holds:
(a) either there exists a prime p such that v,(N) =2 and p = £1 (mod ¢);
(b) or there exists a primitive Dirichlet character v : (Z/cZ)* — C* such that, for { >
k + 1, we have:
(1) either ¢ divides the norm of p* — ¢~ (p) for some prime p | c;
(2) or ¢ divides the numerator of the norm of By, . /2k;
where ¢q divides ¢ and € : (Z/coZ)* — C* is the inverse of the primitive Dirichlet
character attached to v2.

Note that these two results give an effective bound for £ in terms of N and k unless k = 2
and N = p; ---p,c?, where py,...,p; are t > 1 distinct primes not dividing ¢, and ¢ is odd or
divisible by 4 (as in particular condition (2.5) in Theorem 2.5 might be vacuous if k = 2).
In the square-free level case (namely, when ¢ = 1), we, however, have the following theorem
whose first part is an immediate corollary of Theorem 2.5, and whose second part follows
from a generalization of a result of Mazur on the weight 2 and prime level case (cf. [18; 19,
Proposition 1]).

THEOREM 2.6 (Square-free level case). Assume that py y is reducible and N = py ---py,
where py,...,p; aret > 1 distinct primes.

(i) If k > 2, then one of the following assertions holds:
(a) either £ divides N or £ < k — 1;
(b) ¢ divides the following non-zero integer

gcd(lcm(pic — 1,pf‘2 —1),1<i<t).

(ii) If k = 2 and £t 6N, then the following assertions hold:
(a) for any 1 < i <t with ap, = —1, we have p; = —1 (mod ¢);
(b) we have (ap,,...,ap,) # (—=1,...,—1);
(c) if (apy,...,ap,) = (+1,...,+1), then ¢ divides the non-zero integer Hﬁzl(pi —1).

We point out that Ribet already proved (but did not publish) the second part of this theorem
as well as ‘converse results’ (see the notes [27] on his homepage).
The last theorem of this section deals with the cases not covered by the previous results.

THEOREM 2.7. Assume that py , is reducible. If k = 2 and N is of the form N = py - - - p;c?,
where ¢ # 1, p1,...,ps aret > 1 distinct primes not dividing ¢, and c is odd or divisible by 4,
then one of the following are satisfied:

(i) £ N;
(i) £ <k—1;
(iii) there exists a prime p such that v,(N) =2 and p = £1 (mod {);
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(iv) there exists a primitive Dirichlet character v : (Z/cZ)* — C* such that, for £ > 3, we
have that any one of the following is satisfied:
(a) ¢ divides the norm of p? — v?(p;) for some 1 < i < t;
(b) ¢ divides the norm of p*> — e~ *(p) for some prime p | ¢;
(c) ¢ divides p; — 1 for some 1 < i < t;
(d) ¢ divides the numerator of the norm of By ./4;
where ¢ | ¢ and € : (Z/coZ)* — C* is the inverse of the primitive Dirichlet character
attached to V2.

2.3. The FEisenstein series E

Assume ¢t N. For simplicity, let us denote p for py » and assume p to be reducible. The semi-
simplification p** of p is the direct sum of two characters €; and es. Each of them may be
decomposed as a product 7;x;* with ; unramified at ¢ and 0 < a; < /£ —1 (i =1,2). Using
that f has trivial Nebentypus, we obtain that p°® has determinant )Z’Z_l. Hence, we have
a1+ as=k—1 (modl—1) and i :171_1.

Let us further assume that £+ 1 > k. Using the results of §1.3, one sees that {a1,as} =
{0,k — 1} and thus

R TS T G (2.1)
with 7 € {1, 72 }. Moreover, according to Carayol’s theorem of §1.2, the conductor ¢ of 7
satisfies

N(p*%) = ¢* | N. (2.2)

In particular, N(p®?) is a square dividing N.
Let v be the Teichmiiller lift of 7. We may identify it with a primitive Dirichlet character
modulo ¢. From now on, assume that:

(1) either k > 2;
(2) or, k=2 and ¢ # 1.

Under this assumption, we may consider the Eisenstein series in My (Tg(c?)) whose Fourier
expansion is given by

where

ﬂ<c>{1 TEEL = Y wln/myy mym

0 otherwise, 0]
min

and By is tl}tla kth Bernoulli number. Note alsojhat our notation FE differs from the
notation E;"”  of [5, Chapter 4] by a factor 2: E;"Y = 2E.

The following proposition gives the constant term of the Fourier expansion of E at the
various cusps of I'g(c?).

PROPOSITION 2.8. The Eisenstein series E is defined over Oy, where L is the field generated
by the values of v, unless ¢ = 1 (and k > 2), in which case E is the classical Eisenstein series
Ey(r) = —Bi/2k + 3,5, ok—1(n)q" of weight k and level 1. Let s = u/v (where ged(u,v) = 1,
v | ¢? and u varies through a set of representatives of the integers modulo ged(v,¢?/v)) be a
cusp of To(¢?), and let v € SL(2,Z) such that yoo = s. Then the constant term Y of E|y7 is
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independent of the choice of such a v and satisfies
T#0<sv=c

In that case, we have

k 22)0) By (o)1 i .
L) T S T 2

T = —v(-u) ( Il

where (V2)() is the primitive character associated to v?> of modulus cg | ¢. Moreover, if ¢ > 1,
2
then Elpy € Op[1/¢%](1ue2)[q"/ <], where pe> is the group of ¢*th roots of unity.

Proof. The proposition is immediate when ¢= 1. Assume therefore ¢ > 1. Then, by
construction, the Fourier expansion of E has coefficients in O, and therefore E is defined
over Or[1/¢%](je2) (see [11, §1.6]).

Let s =wu/v as in the proposition be a cusp of T'g(¢?) (for the description of a set of
representatives of the cusps of T'g(c?), see [10, Proposition 2.6]) and « € SL(2,Z) such that
yoo = s. The last assertion follows from the g-expansion principle, and the fact that the Fourier
expansion of E at oo has coefficients in O, (see [11, Corollary 1.6.2.]).

Since k is even, the constant term of F at s is well defined (that is, it does not depend on
the choice of such a 7). Put

v = (u ?) €SL(2,Z) and G= Ckch(V)E, where Cj, =
v

(2.3)

The constant part of G|y is then given by the following sum (see [5, Chapter 4] and [28,
§ VIL.3] for a justification in the weight 2 case; the factor % comes from our normalization
for E):

c—1

> v ieu+ ol + )¢ (),

%,7,l=0

1
T():i

where the bar means reduction modulo ¢2,

1 ifn=0 (modc?), _

ﬁ(ﬁ)z{ SR D

0 otherwise, m=n (mod c2)

and the primed summation notation means to sum over non-zero integers.
Assume Yg to be non-zero. Then there exist 4, 7,1 € {0,...,c— 1} such that

v(ij)d(icu 4+ v(j +lc)) # 0.

In other words, ged(ij,¢) = 1 and icu + v(j + lc) = 0 (mod ¢?). It follows that vj =0 (modc).
But j is co-prime to ¢ by assumption. So v =0 (mod¢) and wu is invertible modulo ¢. The
congruence i = —(j/u)(v/c) (modc) follows easily and, therefore, we have

2 2
D= () = (<) 0 (2) 20
v(ij) V( uc) 1/( u)u . £ 0.

So ged(v/e,¢) = 1 and since ¢ | v and v | ¢2, we obtain v = c.

Conversely, assume v = ¢ > 1. Then ged(u, ¢) = 1 and, on one hand, we have

icu+v(j +1c) =0 (mod ¢?) <= i = —j/u (mod c);
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on the other hand

¢+ (j+1¢)d = = (ucif + (j + lc)ud)

R =g~

(=vjB + (j +1e)(1 + Bv)) (mod ¢?)

(4 +Ic) (mod ¢?).

u
Combining these two facts, we find that

c—1 c—1
o= Y. w(=5/u)¢UHI (k)
=0  j=0
ged(j,0)=1
c—1 c—1 , 1
ZV(—U)Z Z v(5°/u®) Z o
=0  j=0

ged(j,0)=1 m=(j+lc)/u (modc?)

B B c—1 , 1/2(m)
=v(-u) > > mF

j=0  m=j/u (modrc)
ged(j,e)=1

=2(-u) y vim) _ 2 (—u)L(k, v?), (2.4)

mk
m=1

where 12 is viewed as a character modulo ¢. Let (v?)g be the primitive Dirichlet character

attached to v2. It is an even character modulo ¢j | ¢ and we have
L(k,v*) = Lk, (v*)o) [ J(1 = ¢*)o(p)p™). (2.5)
ple
Applying Proposition 2.3 to ¢ = (v?)g and m = k, we obtain

Cr Bror)s?

L(k, (1*)0) = =W ((+*)o) ok ok # 0. (2.6)

According to Equations (2.4)—(2.6) together with (2.3), when v = ¢, the constant term of the
Fourier expansion of E at s is thus the non-zero algebraic number

k k 1/2 B L2y-1
Y= o= () e s Tl - 0™,

as claimed. 0

2.4. Proof of Theorems 2.4 and 2.5

Assume p to be reducible with £{ N and ¢ 4+ 1 > k. We keep the notation of §2.3. In particular,

we have (cf. (2.1) and (2.2))
[ 7R T (2.7)

where 7 is a character of conductor ¢ such that ¢ | N. So, in particular, we have ¢ | c.

Assume vo(N) = 2. Then va(c) = 1 and ¢ is odd since there is no primitive Dirichlet character
modulo twice an odd integer. Therefore, we are in a degenerate case at p = 2 as described
in §1.2. By Proposition 1.1, we have 2 = +1 (mod ¢), namely ¢ = 3.

If N is not a square, then let us consider a prime p dividing N with odd valuation v, (NN). Once
again, we necessarily are in one of the degenerate cases. If v,(N) > 3, then, by Proposition 1.1,
we obtain p = +1 (mod ¢). This completes the proof of Theorem 2.4.
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Assume now that, for some prime p, we have v,(N) = 1 and let us denote by 1 the Teichmiiller
lift of #2. Since ¢ is a divisor of ¢, we may identify 7 with an even Dirichlet character modulo c.
Comparing the restriction to a decomposition group at p of p** given by (2.1) with the local
representation given by (1.1), we obtain the following equality between sets of characters of G :

_ k- _k/2  _k/2-1
7,77 = (e e,

where ;1 = A(a,/p*/?>7') is the at most quadratic character defined in §1.1. We thus are in one

of the following situations:

(1) either v = M)ZIZ/Z and then 72 = )’df. Applying this equality to a Frobenius element at p,
we obtain that 72(Frob,) = p* (mod ¢) and therefore ¢ divides the norm of p* — n(p);
(2) or v = ,u)’(if/%l and then 7% = Y} 2. Again we have 7?(Frob,) = p*~2 (mod /) and we

conclude as before that ¢ divides the norm of p*=2 — n(p).

It remains to prove Theorem 2.5 when N is a square, namely, when N = ¢?. Assume first
that ¢ # ¢. Then we are in a degenerate case as described in §1.2 for some prime number p.
Moreover, N(p**) = ¢? is a square and therefore we have v,(N) =2 and v,(N(p**)) = 0. By
Proposition 1.1, it follows that p = £1 (mod¢).

In other words, if, for every prime p dividing N with valuation 2, we have p # +1 (mod ¢),
then ¢ = ¢, N = ¢? and there is no degeneration at all. Assume now that we are in this situation.
Since the space of weight 2 and level 1 modular forms are trivial, it follows that either & > 2,
or k=2 and ¢ # 1. Therefore, we may consider the Eisenstein series E of §2.3. Let M denote
the compositum of K and L (the field generated by the values of v).

LEMMA 2.9. The Eisenstein series E is a normalized eigenform for all the Hecke operators
at level T'o(N). Moreover, there exists a prime ideal L above ¢ in the integer ring of M such
that

ar = ar(F) (mod L) for all primes r # {.

Proof. The fact that F is a normalized eigenform for all the Hecke operators at level T'g(N)
follows, for instance, from [5, Proposition 5.2.3]. Moreover, by isomorphism (2.7) there exists
a prime ideal £ above ¢ in the integer ring of M such that

ar = ap(E) (mod £) for all primes r { {N.

If now r is a prime dividing N, then 7? | N and a, = 0 (see [20, Theorem 4.6.17]). Besides,
v(r) + v~ Y(r)r*=! = 0. Hence, a, = 0 = a,(F). This proves the lemma. O

Let now © be the Katz’s operator on modular forms over F,, whose action on g-expansions
is given by ¢(d/dq) (denoted by A6 in [12]). Assume ¢ > k + 1. Then the constant term of E
at oo is non-zero only if ¢ =1 and k > 2. In that case it is —Bj/2k, which is f-integral by
Proposition 2.2. We denote by f and E the modular forms over F, obtained by reduction
modulo £ of f and E, respectively. Lemma 2.9 implies that O(f) = O(FE). Moreover, Katz has
proved that if £ > k + 1, then © is injective [12, Corollary (3)]. Under this assumption, it thus
follows that the Eisenstein series E¥ becomes cuspidal after reduction.

If ¢ =1, then we immediately obtain that ¢ divides the numerator of Bjy/2k as stated in
the theorem. Assume therefore that ¢ > 1. Then ¢ divides the numerator of the norm of the

constant term of E at each cusp of I'g(¢?), namely by Proposition 2.8:

. o k W(G_l) ka _1 _k
T==+ (CO) W(l/) 2% o (1 —€ (p)p )7




EXPLICIT LARGE IMAGE THEOREMS FOR MODULAR FORMS 509

where € : (Z/cyZ)* — C* is the inverse of the primitive Dirichlet character attached to v2.
By Lemma 2.1, the prime divisors of the norm of W (e=1)/W (v) divide N and therefore are
co-prime to £. The same obviously holds for ¢/cq. Therefore, we eventually obtain that ¢ divides
the norm of either p* — ¢~1(p) for some p dividing ¢ (and thus ¢) or the norm of the numerator
of By, ./2k. This completes the proof of Theorem 2.5.

2.5. Proof of Theorem 2.6

As already mentioned, the first part of Theorem 2.6 is a direct corollary of Theorem 2.5. So
let us assume k = 2 and £ 1 6/N. By the reasoning at the beginning of § 2.3, we may write

p°° =~ 1® Yy, (2.8)

where 1 is the trivial character of Gal(Q/Q). In particular, we have ¢ = N(p**) = 1, hence
¢ =1. Let now p € {p1,...,p:} be a prime dividing N. By §1.1, the local representation p,
at p semi-simplifies to

Aap) & Alap)Xe- (2.9)

Comparing (2.8) and (2.9), we obtain the following equality between sets of characters of G,:

{1 xe} = {Map)xe; Alap)}-

Moreover, if a, = —1, then the character A(ap) is non-trivial and, therefore, we must have
A(ap) = X¢ as characters of G. In other words, p = —1 (mod ¢). This proves assertion ((ii)(a))
of Theorem 2.6.

Before proving the next two assertions, note that we precisely are in the excluded situation
of §2.3, namely k = 2 and ¢ = 1. For that reason, we cannot use the Eisenstein series F as in
the proof of Theorem 2.5 (cf. §2.4).

To circumvent the lack of weight 2 level 1 Eisenstein series, it will be more convenient to
directly work with modular forms over F,. Let E5 be the classical series in characteristic 0
defined by

1
By(r) = —5; + > oi(n)g™
n=1

Recall that Es is not a modular form (it is a quasi-modular form). However, its reduction
modulo ¢ (recall that ¢ > 5), denoted by Es, is a well-defined modular form over F,. Moreover,
as a modular form over Fy of level N (which is co-prime to ¢ by assumption), Fy has
filtration £ + 1 (see [29]). Put

E' = H(apUp —pld)| B,

p|N

where U, denotes the usual Hecke operator at p. The following proposition summarizes the
main properties of E’.

PROPOSITION 2.10. As a modular form over Fy, E' is a well-defined normalized
(a1 (E") = 1) eigenform for all the Hecke operators at level T'o(N) such that

T.E' = (1+r)E" for all primesr{ N,
U,E' =a,E’ for any prime p | N.
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Moreover, E' has filtration 2 unless (ap, (f),...,ap,(f)) = (—1,...,—1) when it has filtra-
tion ¢ + 1. The constant term of its Fourier expansion at infinity is given by

iy = § OB it o (). () = (),

0 otherwise.

Proof. By the commutativity of the Hecke algebra, E’ is a well-defined modular form
over Fy of level N. Let r be a prime not dividing N. Since T,E, = (1 +r)E3, we obtain
that T, E' = (1 +r)E’, as claimed.

Let u # 1 be an integer dividing N. We denote by E» ,, the reduction modulo £ of the classical
characteristic-0 Eisenstein series Es ,, € Mao(T'g(u)) defined by

u—1
Es (1) = Es(1) —uBEs(ur) = T + E E m | q". (2.10)
nzl | 0<m|n
utm

If p is a prime divisor of IV, then recall that we have
UPEQ = E27p + pEQ;
EQ,;D + (1 +p)E2,u - E2,pu lfp 'f u,
UpEau = § E2p + PEou/p if p|uand p # u,
E27p lf p=u.
So let p be a prime divisor of N. We have
(apUp = PIA)U,E2 = ((apUp — pld))(Es,p + pEs)
=p*(ap — 1) Bz + (ap — p+ pay) Ez,p.

If a, = +1, then we obtain (a,U, — pld)U,Es = Es,, = (a,U, — pld) E», which is the desired
result. On the other hand, if a, = —1, then, by the assertion ((ii)(a)) proved above, we have

p = —1 (mod ) and the previous equality between forms over F; thus gives

(apUp — pId)UpE’g =—2F, + E72,p = —(apU, — pId) Es.
To complete the proof, it now remains to compute the filtration of £’ and the first two terms
of its Fourier expansion at infinity. Let s = #{1 <i <t | ap, (f) = +1}. If 0 < s <, then we
may assume, without loss of generality, that
Upnf=f forall 1 <i < s,

N =p; - PsPorg-- with
P1e=Ps " Pst1"" Pt {Upif:—f forall s+1<i<t.

By induction on ¢, we prove that

o t k1 -
E' = 5(3:0)2 Ey + Z (_1) Z E27P'L1 “Piy Py Py
(k,1)e{0,...,s} x{0,...,t—s} 1< << <s
(k,1)#(0,0) sHI 1< <ji<t
where

5 _J1 ifs=0,
(e=0) = 0 otherwise,

and the condition 1 < i1 < - <ip <sors+1<j; <---<j <tisemptyif s=0or s =1,
respectively. From this equality the assertion about the filtration follows. Moreover, an easy
computation using Newton’s binomial theorem and (2.10) proves the assertions about the first
two Fourier coefficients. |
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Let us now complete the proof of Theorem 2.6. According to (2.8) and the previous
proposition, we have

an(f) = an(E") for all prime-to-¢ integers n,

where f denotes the modular form over F, obtained by reduction of f modulo . Since ¢ >
5> k+1=3, Katz’s theory [12, Corollary (3)] actually shows that f = E’. Thus, E’ has
filtration 2 and we cannot have (ap, (f),...,ap, (f)) = (—1,...,—1). Moreover, the constant
term of £’ at infinity must vanish and when (ap, (f),...,ap,(f)) = (+1,...,+1), this gives the
congruence stated in the theorem.

2.6. Proof of Theorem 2.7
Assume p to be reducible with 4 N and £+ 1 > k. As in §2.4, we have

P~ @y, (2.11)
where 7 is a character of conductor ¢ such that N(p*) = ¢? | N. So, in particular, we have ¢ | c.

If ¢ # ¢, then we necessarily are in a degenerate case as described in § 1.2, with e, = 2 at some
prime divisor p of ¢. Therefore, v,(N) = 2 and, by Proposition 1.1, we have p = £1 (mod ¢).

We can thus assume, from now on, that ¢ = c¢. Let us denote by v the Teichmiiller lift of 7,
viewed as a primitive Dirichlet character modulo c.

Let 1 <i < t. Comparing the restriction to a decomposition group at p; of p** with the
local representation given by (1.1), we obtain the following equality between sets of characters
of Gp,:

{ﬁv 17_1925} = {)‘(api))_(b A(am)}’

where A(ay,) is the quadratic character defined in §1.1.

Assume that, for some 1 < ¢ < ¢, we have 7 = A(a,,)Xs (again, as characters of G),). Since
ap, = £1, it then follows that ¢ divides the norm of v(p;)* — p?.

From now on, we will therefore assume that 7 = A(ap,) for every 1 <14 < ¢. It then follows
that 7(p;) = ap, (mod¥). Since ¢ > 1, we may consider the Eisenstein series

E(r) =Y _of(n)q" € Ma(To(c*))

introduced in §2.3. This is an eigenform for all the Hecke operators at level I'g(c?).

2.6.1. The Eisenstein series B/ Put
t

E'(r) = |[[W,, = pv ' (p)1d) | E(p1 -+ pi7) € Ma(To(NV)),

i=1

where U, denotes the p;th Hecke operator acting on My (I'g(N)). In expanded form, we have

E/(T) = E+Z(_1)J Z Piy "'pijy_l(pil "'pij)E(pil "'pijT)' (212)
j=1

1<y << <t

As before, let us denote by L the field generated by the values of v and by M the compositum
of L and K. The following lemma is crucial.

LEMMA 2.11. The Eisenstein series E' is a normalized eigenform for all the Hecke operators
at level T'o(N). Moreover, there exists a prime ideal £ above ¢ in the integer ring of M such
that

a, = a,(E") (mod L) for all primes r # /.
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Proof. The Eisenstein series E’ is clearly normalized and, since £ is co-prime to N, this
is an eigenfunction for the Ty-operator acting on Ma(I'o(N)). By isomorphism (2.11) and
assumption 7(p;) = ap, (modl), 1 < i < t, there exists a prime ideal £ above ¢ in the integer
ring of M such that

v(r) +v = (r)r = a, (mod L) for every prime r { (N

and v(p;) = ap, (mod £) for any 1 < ¢ < t. Let  be a prime. If r does not divide /N, then E’ is a
T,-eigenfunction with eigenvalue a, (E’) = v(r) +v~1(r)r, which is congruent to a, modulo L.
Otherwise, if r divides ¢ (and thus N), then E’ is a U,-eigenfunction with corresponding
eigenvalue 0 = a,. Finally, if 7 = p; € {p1,...,p:}, then we have

t

(U, EN(r) = | [[Ws, = pv ™ (0)1d) | - (U2, = pjv =" (0;)Up, ) E(p1 -+ - pe7).
=
Besides, according to [5, Proposition 5.2.2], we have
(Us, = pjv™ () Up, ) E(p1 - - pe7)
= (v(p;) + v ()P B er) = 0 B(pr -+ per) — pjv~ () E(p1 - per)
= v(p;)(Up, — pjv ™ (p)IA) E(p1 - - pe7),
where p1 - py = Hl¢1 pi- This equality proves that E’ is a U, -eigenfunction with correspond-

ing eigenvalue v(p;) and the congruence v(p;) = a,, (mod L) eventually completes the proof
of the lemma. |

2.6.2. Constant term at 1/c and end of the proof of Theorem 2.7 Since E’ vanishes at oo,
we compute its constant term at another specific cusp, where it is non-vanishing, namely

1/c. Put
10
v = (c 1) € SL(2,Z).

We postpone the proof of the following proposition to §2.6.3.

PROPOSITION 2.12. The constant term of the Fourier expansion of E’|s7y is the non-zero
algebraic number in O [1/c?](pe2):

2 V2 BQ p2)-t — 2 —2
Y = —u(-1) (;) WV(IE(V;O) ’(4 Jo (Hu —p; 1)) A TTO = o™ |

i=1 ple

where the second product runs over the primes and (v?)q is the primitive Dirichlet character
associated to v* of modulus cg | c.

Using this proposition, we now complete the proof of Theorem 2.7. Let © be the Katz’s
operator on modular forms over Fy, whose action on g-expansions is given by ¢(d/dq) (denoted
by A6 in [12]). Assume ¢ >k +1=3. Lemma 2.11 implies that O(f) = @(E), where f
and E’ are the modular forms over F, obtained by reduction modulo £ of f and FE,
respectively. Moreover, Katz has proved that if £ > 3, then © is injective [12, Corollary (3)].
Under this assumption, it thus follows that the Eisenstein series E’ becomes cuspidal after
reduction.



EXPLICIT LARGE IMAGE THEOREMS FOR MODULAR FORMS 513

Put e = (yz)gl. By Proposition 2.12 and using the assumption ¢ = ¢, we therefore have that
¢ divides the numerator of the norm of

. c\> W) Bae [+ . PR
T :i(q)) o) s <H(1—pi )>~ [Ta-e"mw)

i=1 ple

By Lemma 2.1, the prime divisors of the norm of W (e=1)/W (v) divide N and therefore are
co-prime to £. The same obviously holds for ¢/cg. It thus follows that either p; = 1 (mod ¢) for
some 1 < i < t, or £ divides the norm of either p? — e~*(p) for some p dividing ¢, or the norm
of the numerator of Bs /4. This completes the proof of Theorem 2.7.

2.6.3. Proof of Proposition 2.12 Let us first introduce notation as in the proof of
Proposition 2.8. Put

CoW (v)
= T

G E, where Cy = —472,

and similarly

G/ — 0214;(1/) E/.
¢

For simplicity, we shall denote by ¢ the elements of
N ={(i1,...,i;) such that j € {1,...,t} and 1 < iy <--- <i; <t}
If i = (i1,...,1;) € N, we put
Pi=Di Py and ap = ap; cc-ap,

Let v = (¢y,dy) € (Z/c*Z)? of order ¢2. Following [5, §4.6], define
1 1 / 1 1 1
— et +2 0D ,
2 "4 2_ )2 4 2 o — )2
(T +dy)? ot i (e +dy)/e® —d)? ¢ g ((coT 4+ dy)/c? —cT (d) |
2.13

where the primed summation notation means to sum over non-zero integers. For any i € N
and any v € (Z/c?Z)? of order ¢2, put

GyPH (1) = G5(pir) and  GPi(1) = G(piT).

Gy(7) =

According to [5, §4.2] and the definition of E (cf. §2.3), we have

c—1

1 -\ (i1l
G=5 > v)GE
1,5,0=0
and therefore
1 & XTI
Q=5 3 wlif)Gy O (2.14)
i,7,1=0

LEMMA 2.13. Let v = (c,,d,) € (Z/c*Z)? of order ¢. The constant term of G|y is

S T
TU&‘ = ﬁ(cvpi =+ dvc) (p) Cdv/pi(2)7

2
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where the bar means reduction modulo ¢2,

0 otherwise,

ifn =0 (mod ¢2 -~
ﬂ(n)—{l Fn=0(mode), ey 3

and the primed summation notation means to sum over non-zero integers.

Proof. We first compute G5"*|o7y using (2.13). We find

m=n (mod c?)

2)(7) = ! ’

v,pi
(Gy (copiT + dy(cT + 1))

deZ

’ Z (copiT + dy(cT + 1) — 2d(cr + 1))

1
+ZZ (copem + do(c7 + 1) — (epar + d(er + 12

c#0 deZ

In other words, we have (G5"*|27)(1) = A+ B, where

/

B 1 .S 1
~ ((copi + dye)T + dy)? = ((cypi + dype — 2de)T + d,y — 2d)?

and

1
B .
2 2. T+ o = ey )7 + = 7

c#0 dEZ

Since ged(ps, ) =1, we may assume, without loss of generality, that 0

Therefore, the constant term of A is given by

- 1
I(ewpi + dvc)aT?

cvpﬂrdcz Z d—c2d

and the one of B by

0 dez
7 cp1+€dc 0
Therefore, the constant term of G5™"*[y is
DY T
ceZ deZ
(/p1+dc

< eppi + dype < 2.

Note that if 9(c,p; + d,¢) = 1, then d, # 0 (mod ¢?) since v is of order ¢?. A change of variable

yields
_ 1
Tv.i = ﬁ(cvpi + dvc) Z Z ﬁ
ceZ deZ
cpi+de=0
(e,d)=v (c?)
and thus

Yo =0(copi+duc) Y dQ:ﬁcvpﬁdvc) >

d£0 m#£0
d=d, (c?) m=d, /p; (%)
pild

Finally, we obtain Y, ; = 9(c,p; + dyc)/p? - ¢4 /Pi(2), as asserted.

2

O

Using this lemma and formula (2.14), we are now able to compute the constant term

of GP: 27
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LEMMA 2.14. The constant term of GPi|97y is
Cy B2, v2)5t _

A=W (7)) — 2= T = o),
0

1
(pl‘)f2 . To, Wlth TO =
¢ ple

Ti =V
where (v?)g is the primitive Dirichlet character associated to v* of modulus cg | ¢
Proof. The proof of this lemma is quite similar to the proof of Proposition 2.8. According

o (2.14), we have
-1

1
T = § Z_ (ic,j+lc) i

1,3

and thus, by Lemma 2.13,

11 & N T .
Ti=3 > w(ig)dicp; + c(j + )¢ /PL(2).
L 4,5,1=0
This yields
1 1 c—1 c—1 j2 :
T = 5 2 v <_> <dv/m(2)
Piis =0 bi
ged(g,0)=1
1 1 c—1 c—1 . , 1
=3 —v(p)v(=1) v((5%/ps)?) —
p; m
i iI=0  j=0 m=(j+lc)/pi (c2)
ged(F,c)=1

)o be the primitive character associated to v? of modulus cg | c. We have

Let (12
L(2,v%) = L(2, (v*)o) [T(L = ("*)o0)p ™).
ple
Applying Proposition 2.3 to ¢ = (v?)y and m = k, we obtain
O 1/2 T2,(v%)o
L(2, (r¥)o) = =W ((2)0) 22— £ 0
0
and thus
1 C 2)5 _
Ti= —Svpv(-DW(()0) T> [T - 0owp2),
i 0 ple
as claimed. 0

Let us now complete the proof of Proposition 2.12. With the notation introduced at the

beginning of this paragraph and Equation (2. 12) we have
27-

G'lyy = Glay+ Y (=1)*pwv " (p:)G™
ieN

Therefore, according to Proposition 2.8 and Lemma 2.14, the constant term of G'|27 is
1 t
=T [ 1+ (-1 ()= | =To [J—p "),

TO + Z LV z) 7 i
ieEN ieN pl i=1
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where (1?)g is the primitive character associated to v of modulus ¢y | ¢. Proposition 2.12 now
follows from the normalization E' = (¢2/(CoW (v)))G'.

3. Dihedral representations

3.1. Preliminaries: twisting and CM forms

Let M be an integer, F'(1) = >_, 5, an(F)g" € Sk(I'o(M)) and ¢ be a Dirichlet character of
modulus f > 1. Define
(Feu)(r Z an(F

n=1

The following result is a special case of [30, Proposition 3.64].

LemMmA 3.1. With the notation above, assume 1 to be a quadratic primitive Dirichlet
character. Then F ® v belongs to S(To(lem(M, f?))). Moreover, if F is a normalized Hecke
eigenform for the Hecke operators {T},} s, then F @) is a normalized Hecke eigenform for
the Hecke operators {1}, } s With corresponding eigenvalues {a,(F )y (p)}prar-

We take the following definition for CM forms [24].

DEFINITION 1. Assume that 1 is not the trivial character. The form F has complex
multiplication (or, F' is a CM form) by ¢ if a,(F) = a,(F)y(p) for all p in a set of primes
of density 1.

3.2. Statement of the result

Recall that
P(5s.) : Gq 223 GL(2,F)) — PGL(2,Fy),

where Gq = Gal(Q/Q), and put P(Gy) = P(ps)(Gq).

The following result is a generalization to arbitrary weights and fields of coefficients of
a theorem on the surjectivity of Galois representations attached to elliptic curves over Q
independently proved by Kraus [14] and Cojocaru [4]. In particular, it implies that, in the case
of dihedral projective image, £ is explicitly bounded in terms of £ and N.

THEOREM 3.2. Assume that P(G) is dihedral. If f does not have complex multiplication,
then we have

¢ < (2(8kN?(1 + loglog N))k—1/2)[K:Q]
Besides, if N is square-free, then either ¢ | N, or { < k, or { = 2k — 1.

REMARK 1. (i) The integer [K : Q] is bounded from above by the dlmenblon go(k N) of
the new subspace of S,(Io(N)). A closed formula in terms of k and N for g (k, N) as well as
asymptotic estimates can be found in [17].

(ii) When N = 1, the result goes back to Ribet (see the proof of (ii) p. 264 and the remark
after [23, Corollary 4.5]). Moreover, our argument for the case of arbitrary square-free level is
a combination of tricks from [25, 26].
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(iii) A newform of square-free level and trivial Nebentypus is automatically non-CM (see, for
example, [33, §4]).

3.3. Proof of Theorem 3.2

Assume £t N and P(G)) dihedral. Then P(G)) is an extension of {£1} by a cyclic group C,
and every element of G that does not map to C has trace 0. Hence, we may consider the
following quadratic character:

€N - GQ P(ﬁi;\) P(G)\) — {:l:l}

Let Ly be the number field cut out by P(ps\) and K,/Q its quadratic subextension fixed
by the kernel of €5. The extension Ly/Q has Galois group isomorphic to P(Gy) while C' ~
Gal(Ly/K)). Clearly, €, is unramified outside ¢N. The following proposition describes more
precisely the ramification set of €.

PROPOSITION 3.3. Assume 2 < {{N.

(i) Let p # ¢ be a ramified prime for ex. Then p? | N.
(ii) Assume ¢ > k and

(a) either f is ordinary at A and { # 2k — 1;

(b) or f is not ordinary at A and ¢ # 2k — 3.

Then €y is unramified at /.

Proof. Let p be a prime dividing N exactly once. By §1.1, we know that the inertia
subgroup I, at p acts unipotently in p. Since G'» has prime-to-¢ order, it follows that I, acts
trivially. So p and, hence, €, are unramified at p. This proves the first part of the proposition.

Assume now ¢ > k. Let I; be the inertia group of a decomposition subgroup at ¢ and recall
that £+ N. We prove that ¢ is unramified at £ under conditions (a) and (b) in turn.

(a) Assume that f is ordinary at A and ¢ # 2k — 1. By §1.3, we have

ck—1
_ X *
P, = ( ZO 1) :

But G, has prime-to-¢ order and therefore x = 0. In particular, P(py,)(I¢) is isomorphic to the
image of Y~ which is, by Lemma 1.2, cyclic of order (¢ — 1)/ ged(¢ — 1,k — 1) > 2. Therefore,
it has to be included in C, and hence ¢, is unramified at /.

(b) Assume that f is not ordinary at A and ¢ # 2k — 3. By §1.3, P(py.1)(I¢) is isomorphic
to the image of I, under ¢»"D*=1 where ¢ is a fundamental character of level 2. By the
assumption ¢ # 2k — 3 and Lemma 1.2, it is therefore cyclic of order (¢ + 1)/ ged({ + 1,k — 1) >
2. We conclude as before. U

Assume N to be square-free and ¢ > k. Then, by the above proposition, Ky is the unique
quadratic extension of Q ramified at ¢ only and ¢ € {2k — 1,2k — 3}. The case ¢ = 2k — 3,
however, does not occur. This is proved in [6, Lemma 3.2]. Hence, Theorem 3.2 in the square-free
level case.

Assume now that IV is any integer not divisible by ¢, and that ¢ > k satisfies £ # 2k — 1 and
0 # 2k — 3. We may identify ey with a Dirichlet character. Let us denote by ¢ its conductor.
It is co-prime to ¢ by the above proposition. We then have ¢ = |Dg, |, where Dk, is the
fundamental discriminant of the quadratic field K fixed by the kernel of €y (see [22, VIL. §11]).
In particular, if K\ = Q(\/E) with Dy square-free, then ¢ = Dy or 4Dy depending on whether
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Doy =1 (mod 4) or not. Moreover, if £ > 2k — 1, then by the proposition above, ¢? | 2*N. Put
g = f ®ex. By the Lemma 3.1, g € S,.(I'g(2*N)) and, for any prime p{ 2N, g is an eigenform
for the T}, Hecke operator with corresponding eigenvalue ay(g) = apex(p). Let Dy = e[z, n P
be the product of all odd primes dividing N with a sign ¢ € {£1} chosen so that Dj = 3 (mod 4).
Then 4Dj is a fundamental discriminant and the Kronecker symbol ¢ = (4D{)/-) is a primitive
quadratic Dirichlet character of modulus 4D (see [3, Theorem 2.2.15]) precisely ramified at
the primes dividing 2N. Put

f=f®¢ and =g
Since (4D})? | 24 N2, it follows from Lemma 3.1 that f, § € Sp(T'o(24N?)) and, for any integer n,

we have )
{an@ = ayi(n), 3.1)
g a

Since f is assumed to be non-CM (in the sense of Definition 1), we have f # g and by Murty [21,
Theorem 1], there exists an integer

4k 1 1
n< —N?2 <1 + > < 2kN? (1 + ) 3.2
s VL {1+ II{1+ (3:2)

pl2N p|N
such that a,(f) # a,(g). According to (3.1), it follows that we have
P(n) #0, ap,#0 and ex(n) = —1.

From the condition e)(n) = —1, we deduce that there exists a prime divisor ¢ of n together
with an odd integer ¢ such that ¢' | n, but ¢ {n and e)(q) = —1. If ¢ =/, then we are
done in bounding ¢ in terms of k£ and N. Assume therefore ¢ # ¢. The multiplicativity of the
Fourier coefficients of f gives that a, | an, and hence (since ¢ is odd) that a, # 0. Besides,
since €x(¢) = —1, the image under ps » of a Frobenius at ¢ has trace 0 modulo A. In other
words, ¢ divides the norm of the non-zero algebraic integer a,. Applying Deligne’s estimate on
the Fourier coefficients of f and its Galois conjugates by Q-automorphisms, we obtain that

(< Ngjqlag) = [ lolag)] < (2¢%172)HQ (3.3)
0:K—C
Besides, using [14, Lemma 2] and inequality (3.2), we obtain the following estimate for ¢:
q < 8kN?(1 +loglog N). (3.4)
The theorem follows from (3.3) and (3.4).

4. Projective image isomorphic to Ay, Sy or As

The following result is proved in a different way in [25].
THEOREM 4.1. If P(G)) is isomorphic to Ay, Sy or As, then either £ | N or £ < 4k — 3.

Proof. Assume that £{ N and ¢ > k. Then, by §1.3, P(G,) has a cyclic subgroup given
the image of inertia at . In the case of ordinariness, this cyclic subgroup is isomorphic to the
image of )‘(]g_l which has order > 5 if £ > 4k — 3 by Lemma 1.2. Else, if f is not ordinary at A,
then it has order (¢ + 1)/ gced(¢ + 1,k — 1) which is also > 5 if £ > 4k — 3.

In any case, if £ > 4k — 3, then P(G)) has an element of order > 5. This rules out the
possibility for P(G'y) to be isomorphic to Ay, Sy or As. O
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REMARK 2. In [8, Theorem 1.4(a)], Ghate and Parent give an explicit upper-bound in
the weight 2 case and projective image isomorphic to A4, S4 or As, depending only (and
necessarily) on [K : Q], but not on the level.

5. Numerical examples

In this section, we give some examples illustrating the theorems of the paper. All the
computations were performed on SAGE [31].

5.1. Reducible representations

Before dealing with examples, let us first recall that, for the representations py , irreducibility
is equivalent to absolute irreducibility.

5.1.1. Square level case Fix (k,N) = (6,81). The new subspace in Sg(I'0(81)) is eighteen-
dimensional and splits into five Galois conjugacy classes labeled 81.6a,...,81.6e in SAGE [31].
According to Theorem 2.5, the prime ideals A such that p; y is reducible for some newform
f € Ss(T0(81)) have residue characteristic ¢ in {2,3,5,7,43,1171}. Let us first show that 2,
3, 7, 43 and 1171 are indeed the residue characteristics of some prime ideals A, for which
pra is reducible for the specific (up to Galois conjugacy) modular form f labeled 81.6c.
We have

f(r)=q+ag® + (& = 32)¢* + (—30® — 20* + 2a +54)¢° + O(¢°),

where o is a root of X% 4+ 3X3 —84X?% — 72X + 792.

Let us denote by K the number field generated by a. We call v the primitive Dirichlet
character modulo 9 sending 2 to (3, where (3 is a primitive third root of unity and L = Q((3).
Since v has order 3, we have ¢ = v with the notation of Theorem 2.5. Moreover, we have
Bg., /12 = (751¢3 + 1172) /3, which has norm 37! -7-43 - 1171.

Then we show more precisely that, for each ¢ € {2,3,7,43,1171}, there are prime ideals A\,
and p; above £ in O and Z[(3], respectively, such that P\, = PE,p,, where E is the following
Eisenstein series:

E(r) =Y o¥(n)q" = q— (31¢s + 32)¢° + (1023(5 + 31)¢* + (3124¢3 — 1)¢° + O(q).
n=1
Such an isomorphism is proved to hold by checking that, for all integers n up to the Sturm
bound (which, here, equals 54), we have a congruence
an = an(F) (mod Ly),
for some prime ideal £; above ¢ in the integer ring of the compositum K L. For instance, if
{ = 43, we can take

L43 = (43,0 + (3 —6).

Therefore, we have p%%,, ~ vy © 1, %% where

Up GQ —» (Z/QZ)X 2, Z[C3] — Z[Q),]/]Jg

is ¥ modulo p, viewed as a character of Gq. For each ¢ as above, the corresponding ideals A,
and py are listed in Table 2 (as given in SAGE).

Let us now see what happens for the remaining prime, namely ¢ = 5. For the specific newform
above with coefficients field K, we have 50 = A5 A5, where A5 = (5,a +4) and N\, = (5,03 +
402 + 3). Then A5 and A have inertia degree 1 and 3, respectively. Besides, if Froby denotes a
Frobenius at 2, the characteristic polynomial of py,x, (Frobs) and py x: (Frobs) is X2 — aX 4 2°.
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TABLE 2. Congruence primes between f and E.

¢ Ae e

2 (2,03/36 +a2/4 —Ta/6 —T) (2)
(3,—a3/36 +a?/12 + Ta /6 — T) (2¢3 + 1)

7 (7,03/36 + a2 /12 — 5a/3 + 2) (3¢s+1)

43 (43,03/36 + a? /12 — 5a/3 — 20) (7¢3 + 6)

1171 (1171,a3/36 4+ /12 — 5a/3 — 586) (39¢3 + 25)

TABLE 3. Smallest prime p # 3,5 and < 100 such that py x(Frob,) acts irreducibly.

! K =Q(o) A p
81.6a a?+3a—30=0 (=6a+25) 2
(—6a — 43) 7

81.6b a? —3a—-30=0 (=6a —25) 2
(—6a + 43) 7

81.6¢ at 1+ 3a® — 8402 — T2+ 792 =0 (5,0 +4) 2
(5,03 + 4a? + 3) 2

81.6d at — 303 — 8402 + 720 + 792 = 0 G a+1) 2
(5,0 +a? +2) 2

(5,02 4 1) 0

6 4 2 _

81.6¢ ab — 17104 + 712802 — 432 =0 (5,02 + 30+ 3) -
(5,02 + 20+ 3) 7

Such a polynomial being irreducible modulo A; and A} as one checks, we obtain that gy x,
and py x. are both irreducible.

For each pair (f, \), where f is a newform in Sg(I'o(81)) and A is a prime ideal in O above 5,
we give in Table 3 the smallest prime number p # 3,5 and < 100 for which the characteristic
polynomial of g »(Froby) is irreducible.

Therefore, all the representations py » are irreducible unless perhaps if f is the form 81.6e
and X = (5,02 + 1). But this latter representation is also proved to be irreducible by noting
that the eigenvalues of py »(Froby) and py x(Frobig) in Fy are {303,305} and {26 + 1,36 + 1},
respectively, where [ is the image of a in F) (since if it were reducible, we would have PN~
€1 @ €2, where both €; and ey factor through (Z/45Z)* ). This eventually proves the following
proposition.

PROPOSITION 5.1.  There exists a newform f € Sg(I'0(81)) together with a prime ideal A
in O such that py s is reducible if and only if ¢ belongs to {2,3,7,43,1171}.

5.1.2. Square-free level case Fix (k, N) = (4,11). The new subspace in S4(T'g(11)) is two-
dimensional and generated by one Galois orbit labeled 11.4a in SAGE [31]. Let f be a
representative of this Galois orbit. We have

f(1) =q+ag® + (—4a +3)¢® + (2a — 6)¢* + (8o — 7)g” + O(¢),

where a is a root of X2 — 2X — 2. The field K = Q(«) is the coefficients field of f. According
to Theorem 2.6, if py » is reducible, then A has residue characteristic £ in the set {2, 3, 5,11, 61}.
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For each prime £ in {2,3,5,11,61}, we give in Table 4 the smallest prime p # 11, ¢ and p < 100
such that the characteristic polynomial of p¢ x(Frob,) is irreducible.

Therefore, all such Galois representations are irreducible, except perhaps py (2q—1) and
Pt (a—9)- These latter representations turn out to be reducible and we have

PP a1y = X1 @ X5 and Y, _g) = 1@ Xg; = Pr,.61-

This eventually proves the following proposition.

PROPOSITION 5.2. There exists a newform f € S4(To(11)) together with a prime ideal \
in O such that py y is reducible if and only if £ = 11 or £ = 61.

5.2. Dihedral representation

In this section, we discuss an example of dihedral projective representation attached to some
specific newform. The new subspace in S3(T'g(1888)) has dimension 58 and is split into 16
Galois orbits. Among them let us consider the newform f (up to Galois conjugacy) labeled
1888.10a whose first terms in its Fourier expansion at infinity are

f(r)=aq+ 506 + (—50* + 20 — a — 2)¢° + O(¢°),

where a is a root of X° 4+ 6X* — 20X3 — 128 X? + 48X + 320. The prime 5 is definitely smaller
than the (huge) bound given in Theorem 3.2 and one proves that there is a mod 5 representation
attached to f which has dihedral projective image. Namely, let us consider the prime ideal
A= (5,a/2) above 5 in O. Then one checks that the representation gy » is isomorphic to pg 5
where £ is the rational CM elliptic curve of conductor 32 given by the equation y? = 2% — .
Since 5 =1 (mod4), one knows by the theory of complex multiplication that pg¢ 5 has image
included in the normalizer of a split Cartan subgroup of GL(2,F5). The same conclusion for

pr.x thus follows.

5.3. Projective image isomorphic to Ay, Sy or As

As an illustration of Theorem 4.1, we report here on an example due to Ribet [26, Remark 2,
p. 283] and recalled in [13, Example 3.2, p. 244] (we warn the reader that the term ‘exceptional’
therein refers to a modular representation with projective image isomorphic to A4, Sy or As).
The new subspace in S2(I'y(23)) is two-dimensional and generated by one Galois orbit labeled
23.4a in SAGE, with coefficients field K = Q(a), where « is a root of X2 + X — 1. Let \ be
the unique prime ideal above 3 in O. It is shown in [13] that the corresponding projective
representation has image isomorphic to A5 and that the field cut out by its kernel is the
As-extension of Q given as the splitting field of the polynomial X° 4+ 3X3 +6X2 + 9.

Several other examples may also be found in [13] such as a mod 19 representation of
projective image isomorphic to Sy attached to the unique cusp form of weight 6, level 4 and
trivial Nebentypus. The authors also discuss an effective procedure that, given a newform f
and a prime ¢, determines whether some mod ¢ representation attached to f has projective
image isomorphic to A4, Sy or As.

TABLE 4. Smallest prime p # 11, ¢ and < 100 such that py x(Frob,) acts irreducibly.

14 2 3 5 11 61

A (a) (a—1) (5) (2a —3) (2a—1) (a—9) (a+7)
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