THE CASE S ={2,3,5,70 AND n=2 OR 3

MICHAEL A. BENNETT ¥ AND NICOLAS BILLEREY

In Table [1] below, we have listed all the triples (z,vy, z) such that

J;+y=z'2

where z is a non-zero integer and x, y are {2, 3, 5, 7}-units with ged(z, y) squarefree,
x > |y| > 0 and z > 0. There are exactly 388 such triples.

x y| z x y| z T y| z T Y z
2] -1 1 75 6| 9| 486 -2 122 4480 9 67
2 21 21 80 1] 91 490 | -486| 2 4704 625 73
3] 2| 1 81| -80 | 1| 490 -90 | 20 5040 1 71
3 1] 2 81| -56| 5| 490 -6 | 22 5145 -5120 5
41 3| 1 81| -32| 7| 490 135 | 25 5145 -384 69
51 41 1 81 40 | 11 504 25|23 5145 480 75
51 -1| 2| 84| -75| 3| 512 | -343 |13 6250 -9 79
) 41 3| 84| 35| T| 525 -84 | 21 6561 -6272 17
6| 5| 1 84 30 9] 525 4123 6561 -5600 31
6| -2| 2| 90 10 | 10 || 576 49 | 25 6561 -320 79
6 31 3| 96| -15| 9| 625| -576| 7 6804 -875 7
7] 6] 1 96 25 |11 || 625 | -504 |11 7840 81 89
T -3 2 98 2110 625 | -336 |17 8505 -1280 85
7 21 3| 100 21|11 || 625 -96 | 23 8505 -224 91
8| -7 1] 105| -96| 3| 625 -49 | 24 9375 1029 102
8 1 31105 -80| 5| 625 216 | 29 9408 1 97
9] -8| 1] 105| -56| 7| 625 336 | 31 9800 1 99
9] 5| 2 105| 24| 9| 630 -5 | 25 10206 -5 101
9 71 4] 105 -5 | 10 || 640 -15 | 25 10240 -1215 95

10 -9] 1| 105 16 | 11 675 1|26 10368 2401 113

10 -6| 2| 105 64| 13| 686 -10 | 26 10584 25 103

10 -1 3112} -63| 7| 729 -560 | 13 11250 -14 106

10 6| 4| 112 91|11 729 | -245 | 22 12544 225 113

12| -3 ] 3 120 111 729 | -200 | 23 13230 -5 115

14 1-10 | 2| 120 49 | 13 || 729 112 | 29 14175 -14 119

141 -5| 3 120| 105 | 15| 729 640 | 37 14336 -175 119

14 2| 4] 125 -4 |11 735 -6 | 27 14406 -6 120

15-14 ] 11126 |-125| 1 750 | -686 | 8 15309 | -12500 53

15 -6 | 3| 126 -5 | 11 750 -21 | 27 15625 | -10584 71

15 11 41 126 70 | 14 || 840 1129 15625 -1701 118

151 10| 5| 128 -7 |11 || 896 625 | 39 15625 504 127

Date: March 23, 2016.
qThe author was supported in part by a grant from NSERC.
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THE CASE S = {2,3,5,7} AND n=2 OR 3 3

50 | 14| 81 336 25 |19 || 2625 | -224 | 49 201684 -1875 447
54 1-50 | 2 336 | 105 | 21 || 2625 -24 | 51 214375 -6 463
o4 | -5 | 7 343 |-243 |10 || 2625 | 1344 | 63 243000 49 493
54| 10| 81 343 | -54| 17 || 2800 9153 245760 -735 495
56 | -7 | 7 343 18 | 19 || 3024 11|55 252105 | -24576 477
56 | 25| 9| 360 1] 19| 3150 -14 | 56 262144 5145 517
60 | -35| 5 375 |-294| 9 || 3200 49 | 57 390625 | -112896 927
60| 21| 9375 | -14|19 | 3375 | 2401 | 76 688905 -9 830
63 |-14 | 7| 384 |-375| 3| 3430 | -405 | 55 1058841 | -20480 | 1019
63 1] 8| 405 -5 | 20 || 3456 25159 1440000 2401 | 1201
64 |-63 | 1| 420 21 | 21 || 3840 | 2401 |79 1640625 336 | 1281
64 | -15| 7| 441 | -320 | 11 || 3969 | -125 | 62 4214784 25| 2053
70 | -54 | 4 441 | -80| 19 || 3969 256 | 65 4782969 4375 | 2188
70 | -45 | 5 || 441 | 400 | 29 || 4050 | -686 | 58 57643801 -9600 | 2399
70 | -21 | 7| 448 -7 21 || 4096 | -375 | 61 19140625 | -17496 | 4373
70| -6 81 448 81 | 23 || 4096 945 | 71 || 23049600 1] 4801
70 | 30 | 10 || 480 49 | 23 || 4374 250 | 68 || 76545000 1| 8749
721 49 | 11 || 486 | -125 | 19 || 4375 | -4374 | 1 | 199290375 -686 | 14117

Table 1: Solutions to z +y = 22 with S = {2,3,5,7}

We similarly list in Table [2| below all the triples (z,y, z) such that

x+y:z3

where z is a non-zero integer and z,y are {2, 3,5, 7}-units with ged(z,y) cubefree,
x > |y| > 0 and z > 0. There are exactly 207 such triples.

x Y|z x Y|z x Y| z T y z
2| -111}| 63 14| 336 T 7 2304 | -1575 9
31 2|1 64| -63|1 350 | -225| 5 2401 | -2400 1
41 3|1 70 -6 (41 350 STlT 2450 294 | 14
4 4121 72| 45|31 350 162 | 8 2646 98 | 14
51 411 75| -48 | 3| 375 =327 2940 -196 | 14
5 3121 75 50 | 5 || 378 35| 7 3072 -875 | 13
6 -5|1 80 45| 5 || 392 -49 | 7 3087 288 | 15
6 212 81| -80 |1} 405| -280| 5 3150 225 | 15
7] 611 84 | -20 | 4| 441 | -225| 6 3200 175 | 15
7 112 90| -63| 3| 441 98| 7 3360 15| 15
81 -71]1 90 35| 5| 441 288 | 9 3430 | -2430 | 10
91 811 98 | -90 | 2| 448 | -105| 7 3500 -756 | 14
91 -1]2] 98 27| 5| 490 | -147| 7 3600 -225 | 15

10 -9]1] 100 | -36|4| 500 12| 8 3675 -300 | 15

10| -2 ]2 100 25 15| 504 225 | 9 3969 | -1225 | 14

12| -412| 105 20 | 5| 525 | -400| 5 4116 -20| 16

14| -6 12| 108 | -100 | 2 || 540 -28 | 8 4375 | -4374 1

15| -14 | 1 || 120 55| 567 | -224| 7 4375 | -4032 7

15 =712 125 | -98 |3 | 588 | -245| 7 6075 784 | 19

15| 1213|126 | -125 | 1 700 300 | 10 6125 3136 | 21
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16 | -15| 1| 126 -1 5 720 91 9 6615 | -6272 7
18| -10 | 2 || 126 90 16| 735 | -392| 7 6860 -1 19
18 93] 128 39| 735 6| 9 7056 2205 | 21
20 |-12 |2 || 135 | -10| 5| 750 | -686 | 4 8000 | -3087 | 17
20 713|140 | -15|5 | 750 22119 8100 -100 | 20
21 1-20 |1 147 |-120| 3| 784 | -441| 7 8820 441 | 21
21 63150 | 25|51 800| -675| 5 9216 451 21
24 313|160 | -35|5| 900 100 | 10 9408 -147 | 21
25 |-24 | 1] 162| -98 |4 | 972 28 | 10 10935 | -9604 | 11
25 213|175 | -50 |5 980 | -972| 2 11025 | -1764 | 21
28 | -27 | 1 || 175 | 168 | 7| 980 20 | 10 12005 162 | 23
28 1-20 | 2 || 180 36 |6 1029 | -300| 9 12250 | -11907 7
28 | -1 3| 189 |-125] 4 | 1050 -50 | 10 14400 | -11025 | 15
30| -3 (3| 18| -64|5 | 1152 |-1125| 3 14400 1225 | 25
321 -5 (3| 196 2016|1225 | -882| 7 22050 -98 | 28
35 | -27 | 2| 196 | 147 | 7| 1225 | -225 |10 25725 | -25600 5
35| -8 (3200 | -75|5 | 1225 972 | 13 33075 9800 | 35
36 | -35 (1| 210 6|6 | 1250 81|11 36000 -63 | 33
36 | -28 | 2| 225 | -224 | 1 || 1296 35 | 11 39200 3675 | 35
36| -9 3| 225|-100|5 | 1323 | -980 | 7 42525 350 | 35
36 | 28 |4 | 225 916 | 1323 8|11 44100 | -1225| 35
42 | -15 3 || 243 | 100 | 7 || 1350 | -1225 | 5 50625 28 | 37
45| -18 | 3 || 245 | -120 | 5 || 1350 | -350 | 10 62720 | -19845 | 35
48 | -21 | 3 || 245 98 | 7| 1568 | -1225 | 7 73500 088 | 42
49 | -48 | 1] 252 | -225 | 3 || 1715 | -384 | 11 117600 49 | 49
49| 154252 | -36 |6 || 1764 -36 | 12 || 157500 -36 | 54
50 | -49 | 1 || 280 63 | 7| 1764 980 | 14 || 216090 -90 | 60
50 | -42 | 2 || 294 49 | 7 || 1792 405 | 13 || 274400 225 | 65
50 | 14 |4 300 | -175 | 5 || 1800 | 1575 | 15 || 328125 384 | 69
541 10 |4 300 | -84 |6 | 1875 | -147 |12 || 401408 | 55125 | 77
60 414\ 315 |-288 | 3 | 2187 10 | 13 || 5358150 1225 | 175
63 | -36 | 3 || 315 28 | 7 || 2205 -8 113

Table 2: Solutions to z +y = 2> with S = {2,3,5,7}
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