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Abstract

We determine the corepresentation theory of the universal cosovereign Hopf alge-
bras, which are some natural analogues of the general linear groups in quantum group
theory, for generic matrices over an algebraically closed field of characteristic zero.
Our results generalize Banica’s previous results in the compact case. As an applica-
tion, we easily get the representation theory of the quantum automorphism group of
a matrix algebra endowed with a non-necessarily tracial measure.
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1 Introduction

In this paper a quantum group is understood to be the dual object of a Hopf algebra, the
latter playing the role of a function algebra. A representation of a quantum group is then
a comodule (or corepresentation) over the corresponding Hopf algebra.

We study the corepresentations of the universal cosovereign Hopf algebras. The ter-
minology "universal" is a consequence of the fact that the corresponding quantum groups
satisfy, in the category of quantum groups, a universal property that is similar to the one of
the general linear groups in the category of algebraic groups. The description of the repre-
sentations of the general linear groups is important in classical group theory, and therefore
it seems to be natural and important to describe the representations of the analogous
objects in quantum group theory.

In the quantum framework the well-known correspondence between compact Lie groups
and reductive complex algebraic groups fails: there exist many reductive quantum groups
that do not admit a compact form. Banica [2] has described the representation theory of
the universal compact quantum analogues of the unitary groups, which at the Hopf algebra
level are exactly the universal cosovereign Hopf algebras that admit a compact form. We
describe here the corepresentations in the generic (reductive) case, and therefore our results
are generalizations of Banica’s.

Let us describe the contents of the paper in more technical terms. Let k be a com-
mutative field and let F' € GL(n, k). The algebra H(F) |6] is defined to be the universal



algebra with generators (u;j)1<i j<n, (Vij)i<ij<n and relations:
wo=tvu=1, ; vFiwF~' = FluF—1y = I,

where v = (u;j), v = (v;;) and I, is the identity n X n matrix. It turns out [6] that
H(F') is a Hopf algebra with comultiplication defined by A(u;;) = >, ui ® up; and
A(vij) = Y ) Vil @ vgj, with counit defined by e(u;;) = e(vij) = d0;; and with antipode
defined by S(u) = % and S(v) = FuF~!'. Furthermore, H(F) is a cosovereign Hopf
algebra [6]: there exists an algebra morphism ® : H(F) — k such that S? = ® xid x ®~L.
The Hopf algebras H(F') have the following universal property ([6], Theorem 3.2).

Let A be a Hopf algebra and let V' be a finite dimensional A-comodule isomorphic to its
bidual comodule V**. Then there exists a matrix F' € GL(n,k) (n = dim V') such that V
is an H(F')-comodule and such that there exists a Hopf algebra morphism 7w : H(F) — A
satisfying (ly @ m) o By = ay, where ay : V. — V® A and By : V — V @ H(F)
denote the coactions of A and H(F') on V respectively. In particular, every cosovereign
Hopf algebra of finite type is a homomorphic quotient of a Hopf algebra H(F).

In view of this universal property, it is natural to say that the Hopf algebras H(F') are
the universal cosovereign Hopf algebras, or the free cosovereign Hopf algebras, and to see
these Hopf algebras as natural analogues of the general linear groups in quantum group
theory. Indeed the Hopf algebras O(GL(n)) have exactly the same universal property when
one works in the category of commutative Hopf algebras.

If Kk = C and if F' is a positive matrix, the Hopf algebras H(F') are nothing but the
CQG algebras associated to the universal compact quantum groups introduced by Van
Daele and Wang [16]. In this case the corepresentation theory has been worked out by
Banica [2]: the simple corepresentations correspond to the elements of the free product
N N, and the fusion rules are described by an ingenious formula involving a new product
©® on the free algebra on two generators. We generalize Banica’s results to the case of
an arbitrary generic matrix, over any algebraically closed field of characteristic zero. The
main feature of our proof is that, thanks to Morita-like reduction techniques, we do not
need any of the free probability techniques used in [2].

In order to state our main result, we need to introduce some notation and terminology.
e Let F € GL(n,k). We say that F is normalized if tr(F) = tr(F~1). We say that F is
normalizable if there exists A € k* such that tr(AF) = tr((AF)~!). Over an algebraically
closed field, any matrix is normalizable unless tr(F) = 0 # tr(F~1) or tr(F) # 0 = tr(F~1).
We will only essentially consider normalized matrices F' or, equivalently, normalizable
matrices, since H(AF) = H(F).
e Let g € k*. As usual, we say that ¢ is generic if ¢ is not a root of unity of order N > 3.
We say that a matrix F' € GL(n, k) is generic if F' is normalized and if the solutions of
q® —tr(F)g + 1 = 0 are generic.

e Let g € k™. Weputh:<q

by H(q).
e Let F' € GL(n, k). The natural n-dimensional H (F')-comodules associated to the multi-
plicative matrices u = (u;;) and v = (v;;) are denoted by U and V, with V' = U*.
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0 2 ) € GL(2,k). The Hopf algebra H(Fy) is denoted



e We will consider the coproduct monoid N * N. Equivalently N * N is the free monoid on
two generators, which we denote, as in 2], by a and 3. There is a unique antimultiplicative
morphism ~ : Nx N — N % N such that € = ¢, @ = # and 8 = a (e denotes the unit
element of N % N).

We can now state our main result. Here k denotes an algebraically closed field.

Theorem 1.1 Let F € GL(n,k) (n > 2) be a normalized matriz.
a) Let g € k* be such that ¢*> — tr(F)g+ 1 = 0. The comodule categories over H(F) and
H(q) are monoidally equivalent.
We assume now that k is a characteristic zero field.
b) The Hopf algebra H(F') is cosemisimple if and only if F is a generic matriz.
c¢) Assume that F is generic. To any element © € N x N corresponds a simple H(F')-
comodule Uy, with U, =k, Uy, = U and Ug = V. Any simple H(F)-comodule is isomorphic
to one of the U, and U, = Uy if and only if x = y. For x,y € Nx N, we have U; = Uy
and
U, ® Uy = &y Uab -
{a,b,geN«N|z=ag,y=gb}

It is clear from the statement that the proof of Theorem 1.1 is divided into two parts.
The first part reduces the corepresentation theory of H(F') to the one of H(q). Then
we realize H(q) as a Hopf subalgebra of the free product k[z,271] x O(SLy(2)), and we
conclude using the classification of simple comodules of a free product of cosemisimple
Hopf algebras [17], and Banica’s product @ on the free algebra on two generators.

As an application of these results we get, in the generic case, the isomorphic classifica-
tion of the universal cosovereign Hopf algebras and the computation of the automorphism

group.

Another interesting class of universal Hopf algebras was constructed by Wang [18] in
the compact quantum group framework: these are the quantum automorphism groups of
finite-dimensional (measured) C*-algebras. The corepresentation theory, similar to that of
SO(3), was described by Banica [3], for C*-algebras endowed with (good) tracial measures.
A special case of a general construction of [5] yields algebraic analogues of Wang’s quantum
automorphism groups. Using the previous results concerning H(F), it is not difficult to
describe the representation theory of the quantum automorphism group of a matrix algebra
endowed with a non-necessarily tracial measure, reducing the computations to the case of
the quantum group SO,(3).

This paper is organized as follows. In Section 2 we use the Hopf-Galois systems tech-
niques of [8] to show that for a normalized matrix F', there exists ¢ € k* such that the
comodule categories over H(F') and H(q) are monoidally equivalent. This section also in-
cludes results for non-normalizable matrices. In Section 3 we construct an injective algebra
morphism from H(q) into the free product algebra k[z, 271] x O(SL,(2)). In Section 4 we
show that H(q) is cosemisimple if and only if ¢ is generic, and Section 5 contains the clas-
sification of the simple H(g)-comodules and their fusion rules in the generic case. Section
6 is devoted to some applications of Theorem 1.1: the Hopf algebras H(F') are classified



up to isomorphism and the automorphism group is described (in the generic case). Finally
in Section 7 we use our previous results to describe the representation category of the
quantum automorphism group of a matrix algebra endowed with a non-necessarily tracial
measure.

2 Reduction to the two-dimensional case

This section is essentially devoted to prove part a) of Theorem 1.1. In fact we consider a
more general situation and get results for non-normalizable matrices. We will use Hopf-
Galois systems techniques [8]. We will not repeat here the definition a Hopf-Galois system,
for which we refer to [8].

Let E € GL(m,k) and let F' € GL(n, k). Recall [8] that the algebra H(E, F) is the
universal algebra with generators u;;, vij, 1 <i < m,1 < j < n, and satisfying the relations

ulo =1, = vFuE™! ; ou = I,, = FluE 0.

When E = F, we have H(F,F) = H(F). In fact the Hopf algebra structure of H(F) is
just a particular case of the fact that if H(E, F') is a non-zero algebra, then (H(E), H(F),
H(E,F),H(F,FE)) is a Hopf-Galois system (see Proposition 4.3 in [8]). Combining Propo-
sition 4.3 and Corollary 1.4 in [8], we have the following result.

Proposition 2.1 Assume that H(E,F) is a non-zero algebra. Then the comodule cate-
gories over H(E) and H(F') are monoidally equivalent. O

So we have to study the algebras H(E, F). It is not difficult to see that if H(E, F) #
{0}, then tr(E) = tr(F) and tr(E~!) = tr(F~!). The converse assertion will essentially
follow from the next result, where some technical conditions are required.

Proposition 2.2 Let E € GL(m,k) and let F € GL(n,k) (m,n > 2). Assume that
E is a diagonal matriz, that F is a lower-triangular matriz, that tr(E) = tr(F) and
tr(E7Y) = tr(F~Y). Then the elements (uij), 1 < i <m, 1 < j < n, generate a free
subalgebra on mn generators. In particular H(E, F) is a non zero-algebra.

Asin [7], we will use the diamond lemma [4]. Let us write down explicitly a presentation
of H(E,F): H(E, F) is the universal algebra with generators u;;, v;j, 1 <i <m,1 < j <n,



and relations:

n—1
UinVjn = 52] Zuikvjk‘ , 1<4,5<m (1)
k=1
Vi1Uj = Z Frvipuj 1<i,5<m (2)
k=2,1=1
V15U ka‘iukj , 1<i,j<n (3)
k=2
m—1
UmiVmj = Epmm(F, Z Ekk ki) , 1 <14,5 <n. (4)
k=1

We have a nice presentation to use the diamond lemma [4], of which we freely use the
techniques and definitions. We only need the simplified exposition of [10]. We order
the set of monomials in the following way. We order the set {1,...,m} x {1,...,n}
lexicographically. Then we order the set {u;;} with the order induced by the preceding
order, and we order the set {v;;} with the inverse order. We order the set X = {u;;, vy} in
such a way that v1; < uj;. Finally two monomials are ordered according to their length,
and two monomials of equal length are ordered lexicographically according to the order on
the set X. It is clear that the order just defined is compatible with the above presentation.

Lemma 2.3 There are exactly two inclusion ambiguities: (vi1u11,v11u11) and (UmnVmn,
UmnVmn)- There are exactly the following overlap ambiguities.

(WinVin, Vint1j),  (VitUm1, UmiVmj), 1<i<m, 1<j<n.
(Uliulnaulnvjn)y (umivmlavmlujl)y 1<i<n, 1<j7<m.
All these ambiguities are resolvable.

Proof. It is easy to see that the ambiguities above are the only ones. Let us check that the
first inclusion ambiguity is resolvable. As usual the symbol “—” means that we perform a
reduction. We have:

n n m
Fi'(Bu = Y Fuvyun) = Fi (B — Y Fu(G — Y vrktizr))
k=2,1=1 k=2,=1 r=2

Fii' (Bn — Z Frr, + Z Z Fravrkur)
k=2,l=1r=2
On the other hand we have:

1 - kalum —1- ZFM (Ekk — Z Flrogugy)

1=2,r=1

LT Ell_szk+ Z ZFklvrkurl

k=2,=17r=2



We have used the identity tr(E) = tr(F'). Hence this inclusion ambiguity is resolvable.
Also it is not difficult to check, using tr(E 1) = tr(F 1), that the other inclusion ambiguity
is resolvable. This is left to the reader. Let us check that the first two families of overlap
ambiguities are resolvable. The resolvability of the other two families will be left to the
reader. First consider (uinvin, vinuij),1 < i <m,1 < j <n. We have:

n—1

m
@1—2 UikV1k)UT; — Our;— Zuzkz Okj— Zvlk% = Ginuny—(1=6jn)us+ Y > wikviku;.
k=1 =2

On the other hand we have:

m m n—1
Uin(Onj = > Vknliks) = Onjthin — > _(Oki — Y _ Wit Opt)pj =
k=2 k=2 =1

m n—1 n—1 m
Onjttin — (1= 0ri)ugg + > > gvprugg = Sinuny — (1= Gjm)uij + Y wipvieuy.
k=2 I=1 k=1 i=2

Hence these ambiguities are resolvable. Let us now study the ambiguities (vi1Um1, Um1Vm;),
1<i<m,1 <5 <n. We have:

n
Fi' (Bim = Y Frvigtim)vm;

k=2,1=1
n m—1
— P (Bimvmj — Y (Fuvin(Emm(F;" = Y Exlupor)))
k=2,=1 r=1
n m—1
= FﬁlEmm(éimvmj — (1 — 5j1)vij + Z FklE;nlvikuﬂvrj).
k=2,=1 r=1
On the other hand we have:
m—1
Vil (Emm(Ffjl — E];kluklvkj)
k=1

m—1 n
- Emm<51j 11 Uzl Z Ekk 11 (5zkEu - Z Erviluk?“))vkj)
k=1 1=2,r=1

m—1 n-—1
= Emm P11 (61jvi1 — (1 — Sim)vij + Z B Fiviugevkg)
k=1 1=2,r=1
n m—1
= FﬁlEmm((sz’mvmj — (1 — 5j1)’l)ij + Z Z FklEr_Tlvikurwrj).
k=2,1=1 r=1

Hence these ambiguities are resolvable. [J



Proof of Proposition 2.2. Since our order is compatible with the presentation, and
since all the ambiguities are resolvable, we can use the diamond lemma [4]: the reduced
monomials form a basis of H(E, F'), and in particular the monomials in elements of the set
{u;j,1 <i <m,1 < j < n} are linearly independent, and hence the elements of this set
generate a free subalgebra on mn generators. In particular H(E, F') is a non-zero algebra.
O

We can now easily prove the following slightly more general result.

Proposition 2.4 Let E € GL(m,k) and let F € GL(n,k) (m,n > 2). Assume that
tr(E) = tr(F) and tr(E~Y) = tr(F~Y). Then H(E, F) is a non-zero algebra.

Proof. Since we want to prove that H(FE, F)) is a non-zero algebra, we can assume that
k is algebraically closed. For matrices P € GL(m,k) and let Q € GL(n,k), the alge-
bras H(E, F) and H(PEP~', QFQ~1) are isomorphic ([8], Proposition 4.2), thus we can
assume that the matrices E and F' are lower-triangular. Consider G € GL(m, k) a di-
agonal matrix such that tr(G) = tr(E) = tr(F) and tr(G™!) = tr(E~1) = tr(F~1). By
the proof of Proposition 4.3 in [8], there exists an algebra morphism § : H(E,F) —
H(E,G)® H(G, F) such that 6(u;j) = Y j- uir ® ug;. Also there exists an algebra mor-
phism ¢ : H(E,G) — H(G, E)°P such that ¢(u) = . Thus we have an algebra morphism
§:H(E,F) — H(G,E)°® @ H(G, F) such that §(u;;) = > ;" Ui ® ugj. By the proof
of Proposition 2.2, the elements (v;;), (u;;) are linearly independent elements of H(G, E)
and H (G, F') respectively. Hence it is clear that H(E, F') is a non-zero algebra. [J

Combining Propositions 2.1 and 2.4, we can state the main result of the section, which
contains part a) of Theorem 1.1. Recall that for ¢ € k*, we put H(q) = H(Fy) where

—1
Fy,= ( qO 2 > € GL(2,k). Note also that if k is algebraically closed, any F' € GL(2, k)

is normalizable.

Corollary 2.5 Let F' € GL(n,k) (n > 2) and assume that k is algebraically closed.
a) Assume that F is normalizable. Then there exists ¢ € k* such that we have an equiva-
lence of monoidal categories:

Comod(H (F)) =% Comod(H(q)).

If F is normalized, we take q as a solution of the equation ¢*> — tr(F)q+1 = 0.
b) Assume that F is not normalizable. Let E € GL(3,k) be any matriz such that tr(E) =0
and tr(E~Y) # 0. Then we have an equivalence of monoidal categories:

Comod(H (F)) =% Comod(H (E)).

Proof. a) Let A\ € k* be such that tr(AF) = tr((AF)~1), and let ¢ € k* be a solution of
¢*>—tr(AF)g+1 = 0. This equation is equivalent to tr(F, ') = tr(F,) = g+q ! = tr(AF) =
tr((AF)~1)). By Proposition 2.4, H(F,, F) is a non-zero algebra, and we conclude using
Proposition 2.1.



b) Since F is not normalizable and since the base field is algebraically closed, we have
tr(F) =0 # tr(F~1) or tr(F) # 0 = tr(F~!). Since the Hopf algebras H(F) and H('F~!)
are isomorphic ([6], Proposition 3.3), we can assume that tr(F) = 0 # tr(F~!). Since k is
algebraically closed, there always exists E € GL(3, k) satisfying tr(E) = 0 and tr(E~1) # 0,
and we conclude as in part a). OJ

Recall that the fundamental n-dimensional comodule of H(F) associated to the mul-
tiplicative matrix (u;;) is denoted by U. The following result reflects the “freeness” of

Corollary 2.6 Let F € GL(n,k). The comodules U®*, k € N, are simple non-equivalent
H(F)-comodules.

Proof. We can assume that & is algebraically closed. If n = 1 then H(F') is just the algebra
of Laurent polynomials k[z, z71], so the result is immediate. Assume now that n > 2. First
assume that F' is a diagonal matrix. By Proposition 2.2 the monomials in the elements
u;; form a linearly independent subset of H(F), and hence the comodules U®* k € N, are
simple non-equivalent H (F')-comodules. Now assume that F' is a lower-triangular matrix.
Take E € GL(n,k) a diagonal matrix such that tr(E) = tr(F) and tr(E~1) = tr(F~1).
The monoidal category equivalence of Proposition 2.1 transforms the H(F')-comodule U
into the H(E)-comodule U (see |15, 14, 8| for the construction). Hence we conclude by
the diagonal case. This finishes the proof since the Hopf algebras H(PFP~!) and H(F)
are isomorphic for P € GL(m, k) (|6]). O

Corollary 2.7 Let F € GL(n,k) be a non-normalizable matriz. Then the Hopf algebra
H(F) is not cosemisimple.

Proof. By the preceding corollary U is a simple H (F')-comodule. We can assume that k is
algebraically closed. If H(F') was cosemisimple, and since 7" is an intertwiner between
U and U** (see the Proof of Theorem 3.2 in [6]), then we would have by (|10], Proposition
15, chapter 11, or the original reference [12]) tr(F) # 0 and tr(F~1) # 0, which would
contradict our assumption. [

3 The algebra H(q)

This section is devoted to the construction of an algebra embedding of H(q) = H(F}) into
k2,271 % O(SLy(2)). This embedding will be used later to study the corepresentation
theory of H(q).

Let g € k*. The algebra H(q) has 8 generators. We put a = w11, f = u12, v = w1,

d = uge, & = w11, 8" = vi2, v* = vo1, 0" = v9g. Let us rewrite the presentation of H(q):
it is the universal algebra with generators «, 3, 7, §, o, 5%, v*, §* and satisfying the
relations:

B8 =1-aa* (a*a=1-¢#B8 (a‘a=1-v7 ( 1" =g¢(-aa’)

ﬁé*z—a’y* Oé*’}/:—C_ZQﬁ*(S 04*[32—7*5 75*:—q2aﬁ*

6f* = —ya* Ya = —¢*5*3 Bra=—0"y oy = —¢*fa*

56" =1—~7" Yy=q¢(1—-6%) | gFB=1-6 | 66" =1-¢*Bp*



Note that the fourth relation of the first family and that the first relation of the second
family are redundant. We have left these redundant relations in order to use the results of
Section 2, where some redundant relations were also present.

We define now an algebra extension of H(q), which will be denoted by H*(g). This
algebra will be shown to be isomorphic with k[z, 271] * O(SLy(2)).

Definition 3.1 The algebra H*(q) is the universal algebra with generators a, 3, vy, §, a*,
B*, v*, 6%, t, t1, and satisfying the relations of H(q) and:

ttl=1=t"1t; tla=6t; t 1=—q 9t; tly=—qf"; t716 =a’t
There is an obvious algebra morphism H(q) — H*(q).
Lemma 3.2 The natural algebra morphism H(q) — H™(q) is injective.

Proof. We will use again the diamond lemma, since we have not been able to find a more
direct way to prove our lemma. First we order the set {a, 3,7,d,a*, 5%, 7*, 6", t,t7 1} in
the following way:

<y <fi<at<a<f<y<i<tl<t

Two monomials of different length are ordered according to their length and two monomials
of equal length are ordered lexicographically according to the above order. In order to
resolve some ambiguities, let us rewrite the presentation of H'(q): H™(q) is the universal
algebra with generators o, 3, 7, 0, o, 3*, v*, 0%, t, t~!, and satisfying the relations of
H(q) and

=ttt =1t la=8t 8 =t 8= ¢ Yt ty = =Bt
t_lfy = —qﬂ*t ; tﬁ* = —q_l’yt_l it 15 =« t ta® = 5t_1
It is clear the order just defined is compatible with this presentation. There are the

ambiguities of Lemma 2.3, which were shown to be resolvable there, there are no other
inclusion ambiguities and the following overlap ambiguities:

e ta) 5 whe) s w ety  whete)
(tt0%) 5 () (s (T tat)
(t718,86%) 5 (t7'8,66") 5 (V') 5 ()
() 5 (At 5 (8%, 8%) 5 (t65.6°0)
(t716,68%) ; (t716,06%) ; (t7'S,69%) ;  (t716,06%) ;
(ta*, ) 5 (ta™,a™y) 5 (ta®,a%a) ;5 (ta*,a”p).
These ambiguities are easily seen to be resolvable: this is left to the reader. Hence by the

diamond lemma the reduced monomials form a basis of H*(q). It is clear that the reduced
monomials of H(q) (for the reductions of Section 2) are still reduced monomials in H*(q),



and hence the images under H(q) — H™(q) of the elements of a basis of H(q) are still
linealy independant elements, which proves that our algebra map is injective. [J

Recall that O(SL4(2)) is the universal algebra with generators a,b, ¢, d and relations
ba = qab ; ca = qac ; db=qbd ; dc = qed ; c¢b=bc=q(ad —1) ;da = gbc + 1.

The algebra just defined is O(SL,-1(2)) in [10]. Our convention does not change the
resulting Hopf algebra, up to isomorphism. Now consider the free product k[z,z71] *
O(SLy(2)), that is the coproduct of k[z, 2~!] and of O(SL4(2)) in the category of unital
algebras. We have the following result:

Lemma 3.3 There ezists a unique algebra isomorphism 7 : H (q) — k[z, 271 ]xO(SL4(2))
such that

7(a) = za, 7(f) = 2b, 7(y) = zc, 7(0) = zd, 7(a*) =dz"t, 7#(B*) = —¢ Lz,
F(v) = —qbz7t, 7(6*) =az7l, 7(t) =2, 7#(t7H) =271
Proof. It is a direct verification to check the existence of the algebra morphism 7. Let us
construct an inverse isomorphism. First there is an algebra morphism py : k[z,271] —

H%(q) defined by pi(z) = t. It is also a direct verification to check the existence of an
algebra morphism py : O(SLy(2)) — H*(gq) such that

pa(a) =t ta = 6%, po(b) =t 18 = —q Iy*t, pa(c) =t 1y = —qB*t, pa(d) =t716 = o*t.

Using the universal property of the free product, we have a unique algebra morphism
p: k[z, 271 x O(SL,y(2)) — H*(q) extending p; and py. It is straightforward to check
that 7 and p are mutually inverse isomorphisms. [J

We arrive at the main result of the section.

Proposition 3.4 There exists an injective algebra morphism m : H(q) — kl[z,2z71] *
O(SLy(2)) such that

m(a) =za , ©(B) =2b, 7(y) = zc, 7(d) = 2d,
m(a®) = d="1, n(B*) = _q_lcz_lﬂi'(’y*) = —gqbz"1, w(6*) = az 1.

Proof. The algebra morphism announced is just the composition of the injective algebra
morphisms of Lemmas 3.2 and 3.3, so is itself injective [J

4 Cosemisimplicity of H(q)

In this section, where k is assumed to be an algebraically closed field of characteristic zero,
we show that H(q) is cosemisimple if and only if ¢ is generic.

First let us recall that if A and B are Hopf algebras, their free product may be endowed
with a natural Hopf algebra structure, induced by the Hopf algebras structures of A and B.
For example k[z, 271] x O(SL,(2)) is a Hopf algebra, and by a straightforward verification,
we have the following result.

10



Proposition 4.1 The injective algebra morphism m : H(q) — k[z, 271 * O(SL4(2)) is a
Hopf algebra morphism. [

Wang [17] has studied free products of Hopf algebras at the compact quantum group

level. His results may be adapted to arbitrary cosemisimple Hopf algebras without diffi-
culties. Let us recall the main results. In the following A and B denote cosemisimple Hopf
algebras.
e The Hopf algebra A x B is still cosemisimple. This may be shown as follows. Consider
the Haar functionals (see e.g. [10]) h4 and hp on A and B respectively, and form their
free product hg * hp as in [1], Proposition 1.1. Then hy *hp is a Haar functional on A x B
(see [17], Theorem 3.8) and thus A x B is a cosemisimple Hopf algebra

e An A x B-comodule is said to be a simple alternated A * B-comodule if it has the form
Vi ®...®V,, where each V; is a simple non-trivial A-comodule or B-comodule, and if
V; is an A-comodule, then V1 is a B-comodule, and conversely. A simple alternated
A x B-comodule is a simple A x B-comodule, and every non-trivial simple A x B-comodule
is isomorphic with a simple alternated A * B-comodule (see [17]|, Theorem 3.10).

e Let V and W be simple alternated A * B-comodules. Assume that V ends by an A-
comodule and that W begins by a B-comodule. Then V ® W is decomposed into a direct
sum of simple alternated comodules according to the decomposition of tensor products of
A-comodules. The same thing holds for B.

We will use these results to prove the following fact.
Proposition 4.2 Let g € k*. Then H(q) is cosemisimple if and only if q is generic.

Proof. We will use the following well-known fact. Let A C B be a Hopf algebra inclusion.
Then an A-comodule is semisimple if and only if it is semisimple as a B-comodule. In
particular if B is cosemisimple, so is A. First assume that ¢ is generic. Then it is well-known
that O(SL,(2)) is cosemisimple (see e.g. [10]), and since k[z, 271] is also cosemisimple, we
have that k[z, 271] x O(SL,(2)) is cosemisimple, and so is H(g) by Proposition 4.1.

Let us now assume that ¢ is a root of unity of order N > 3. We will construct a non
semisimple H (q)-comodule. Put Ng = N/2if N is even and Ny = N if N is odd. Let Vj be
the fundamental two-dimensional O(SL,(2))-comodule. One can deduce from the results
of [11] that VM0 is not a semisimple O(SL,(2))-comodule. For i € Z we denote by Z
the one-dimensional comodule associated to the group-like element 2! of k[z,271]. Using
7, we view H(q) as a Hopf subalgebra of k[z,271] x O(SL,(2)) and by the construction
of 1, Z® Vi and Vi ® Z~! are H(q)-comodules. Then V1®2 =VeZ1leZeV, is an
H(q)-comodule. Assume that Ny is even: Ny = 2k. Then VEN = V2 is an H(q)-
comodule. Since V* is not a semisimple O(SLy(2))-comodule, it is not a semisimple
k[z, 271 * O(SLy(2))-comodule, and so is not a semisimple H(g)-comodule. Assume now
that Ny is odd: Ny = 2k + 1. We have seen that V1®2k is an H(q)-comodule, and hence
Z@VEN = 7@V, @ VE is also an H(g)-comodule. If Z @ VN0 was a semisimple
H(q)-comodule, it would be a semisimple k[z, 2] ¥ O(SLy(2))-comodule, and V;*0 =
Z7'® Z @ VEN would be a semisimple k[z, z71] * O(SLy(2))-comodule, and hence a
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semisimple O(SLy(2))-comodule. Thus Z ® VM is not a semisimple H(q)-comodule:
this concludes our proof. (I

Proposition 4.2, combined with part a) of Theorem 1.1, proves part b) of Theorem 1.1.

5 Corepresentations of H(q), ¢ generic

In this section k is still an algebraically closed field of characteristic zero, and ¢ € k* is
generic. We describe the simple H(g)-comodules and their fusion rules, thereby completing
the proof of Theorem 1.1.

Let us begin with some preliminaries. We consider the monoid N * N, the free product
(=coproduct) of two copies of the monoid N. Equivalently N % N is the free monoid on
two generators « and 3 (this should not cause any confusion with the elements o and 3 of
H(q)). There is a unique antimultiplicative morphism ~ : N* N — N« N such that € = e,
a = B and 3 = a (e denotes the unit element of NxN). Let k[NxN] be the monoid algebra
of N« N : k[N« N] is also the free algebra on two generators. Banica [2]| has introduced a
new product ® on k[N x N|. The following lemma is Lemma 3 in 2], where the proof can
be found.

Lemma 5.1 Consider the map © : Nx N x N« N — k[N« N] defined by

TOY = Z ab, T,y € NxN |
:E:agvy:§b

and extend ® to k[N xN] by bilinearity. Then (k[N xNJ|, 4+, ®) is an associative k-algebra,
with e as unit element. Furthermore (k[N x N],4+,®) is still the free algebra on two
generators: if B is any algebra and u,v € B, there exists a unique algebra morphism

Y : (k[N % NJ],+,®) — B such that ¥(a) = u and p(5) =v. O

We will need some character theory. Let A be a Hopf algebra and let V' be a finite-
dimensional A-comodule with corresponding coalgebra map @y : V*® V — A. Recall
(see e.g. [10]) that the character of V is defined to be xy := ®y(idy). If V and W are
finite-dimensional A-comodules, then x (V& W) = x(V)+ x(W), x(V@W) = x(V)x(W)
and V=W < x(V)=x(W).

Recall [11, 10] that O(SL,(2)) is cosemisimple and has a complete family of simple
comodules (V;);en, with Vp = k and dim(V;) =i+ 1, for i € N, and

VieW2WVeV, 2V, ® Vi, forie N*.

As in the preceding section, for i € Z, we denote by Z’ the one-dimensional comodule
corresponding to the element z° of k[z, 27']. We identify H(q) with a Hopf subalgebra
of k[z,271] x O(SLy(2)), via the morphism 7 of Propositions 3.4 and 4.1. Under this
identification, the canonical two-dimensional comodules U and V of H(q) (see the notation
in Section 1) correspond to the simple alternated comodules Z ® V; and V; ® Z~1.
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Proposition 5.2 There ezists a unique algebra morphism 1 : (k[N x N|,4+,®) — H(q)
such that ¥(a) = x(Z @ V1) and ¥(8) = x(Vi ® Z71). Moreover for all x € N+ N, 1)(x) is
the character of a simple H(q)-comodule.

The first assertion is a direct consequence of Lemma 5.1. To prove the second one, we
need a couple of lemmas.

Lemma 5.3 For all n € N, we have:
P((@B)") =x(Z@Ven®Z7") 5 ((Ba)") = x(Van)
w((alg)na) = X(Z ® Vén-i—l) 5 w((ﬂa)nﬁ) = X(V2n+1 &® Zﬁl).

Proof. We prove the lemma by induction on n. For n = 0, the result is clear. Now assume
that the lemma has been proved for n > 0. We have (a8)"a ® 3 = (a8)"*! + (a3)", and
S0

Y((@p)"h) = d((af) )i (8) — »((af)")

(
(Z @ Vani1)x(Vi @ Z7Y) = X(Z @ Vap, ® Z71) (by induction)
(
(

ZQ Ve, ® Z~ )+X(Z®V2n+2®z_1)_X(Z®V2n®Z_1)
Z @ Vamyr) © Z 7).

X
X
X

Using (Ba)"3 ® a = (Ba)"™ + (Ba)™, one shows in the same way that ¢((Ba)") =
X(Vagns1y)- We have (o) © a = (af)"'a + (af)"a, and hence

Y((af)"a) = y((aB)" () - v((af)"a).

We have already shown that ((a8)""!) = x(Z ® Va(nt1) @ Z~1), and by induction
V((af)"a) = X(Z @ Vapt1), so we have:

P((@B)"Ma) = X(Z @ Vanpo ® Z7 1@ Z @ V1) — X(Z @ Vas1)
= X(Z ® Vant1) + X(Z @ Vant3) — X(Z @ Vant1) = X(Z @ Vang1)41)-

One shows in a similar manner that ¢ ((8a)"™8) = x(Va(ni1)41 ® Z71): this concludes
the proof. [J

Lemma 5.4 Let x € N+« N. Then:

o Y(zxa) = x(X ®V;), for some i € N*, where X =k or X is a simple alternated comodule
ending by Z or Z71

e Y(ax) = x(Z ® X), where X is a simple alternated comodule beginning by some V;,
i€ N*.

o Y(zf) = x\(X ® Z7Y), where X is a simple alternated comodule ending by some V;,
i€ N*.

o Y(fz) = x(Vi®X), for some i € N*, where X =k or X is a simple alternated comodule
beginning by Z or Z 1.
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Proof. We first prove the lemma for elements x as in Lemma 5.3. Let = (a3)". Then
using Lemma 5.3, we have

(za) = ((af)"a) = X(Z @ Vani1)

P(az) = pla(ad)) = ¥l ® (aB)") = bla)p((af)") =

X(Z@VX(Z@Ven®Z7) =x(Z@VI®Z@Von ®Z7Y),

Y(xB) = (@) B) =x(Z©Van @ Z 7 IXV1®Z ) =x(Z@ Vo ® Z '@ VI Z7Y)
b(Bz) = p(B(aB)") = ¥((Ba)"B) = x(Vans1 @ Z71) .

Similar computations show that the lemma is true for z = (Ba)", x = (af)"a or z =
(Ba)" B

We now prove the lemma for an arbitrary element x € N x N using an induction on the
length n of . If n = 0, the result is obviously true. Let us assume that the lemma has
been proved for elements of length < n (n > 0), and let x be an element of length n + 1.
If x is one of the elements of Lemma 5.3, the result has already been proved so we can
assume that = ya?z or that x = y32z. For example assume that x = ya?z. We have

B(za) = B(ya*za) = Y(ya © aza) = Y(ya)(aza).

By induction, we have ¢)(ya) = X ® V; for i € N* and X = k or X is a simple alternated
klz,27 1 * O(SLy(2))-comodule ending by Z or Z~1. Also by induction 1(aza) = x(Z ®
Y ®@V;) for j € N, and Y = k or Y is a simple alternated comodule ending by Z or
Z~! and beginning by some Vi, k € N*. So finally ¢)(za) = x(X @V, ® Z®Y ® V;) and
X®V;®Z®Y is asimple alternated comodule ending by Z or Z~!. We also have

v(ax) = P(aya’z) = Playa © za) = P(aya)y(az).

By induction we have ¢ (aya) = x(Z @ X ® V;), i € N*, and X = k or X is a simple
alternated comodule beginning by some Vj, j € N* and ending by Z or Z~1. Also ¢(az) =
X(Z ®Y) where Y is a simple alternated comodule beginning by some Vi, k € N*. Hence
V() =x(ZXQV,Z®Y), where X @ V; ® Z®Y is a simple alternated comodule
beginning by some Vj, j € N*. Let us now compute ¢ (z03):

b(@p) = Y(ya?z0) = Y(ya © azf) = P(ya)p(azp).

By induction ¥ (ya) = x(X ®V;) where X = k or X is a simple alternated comodule ending
by Z or Z71. Also ¢¥(azB) = x(Z®Y @ Z~') where Y is a simple alternated comodule
beginning by some V; and ending by some Vj, j,k € N*. So ¢(20) = x(X @V, Z®Y ®
Z71), where X ® V; ® Z ® Y is a simple alternated comodule ending by some V}, k € N*.
Let us finally compute ¥ (fx):

b(Bz) = P(Bya’z) = Y(Bya © az) = Y(Bya)p(az).

By induction ¢(Bya) = x(V; ® X @ Vj) for i,j € N*, and X is a simple alternated
comodule beginning by Z or Z~! and ending by Z or Z7'. Also ¢(az) = x(Z ®Y),
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where Y is an alternated simple comodule beginning by some Vi, k € N*. So ¢(fz) =
XVioX®V,®Z®Y) where X ®V; ® Z®Y is a simple alternated comodule beginning
by Z or Z~!. Very similar computations prove the result for z = y3%2, and conclude the
proof of Lemma 5.4. [J

Proposition 5.2 is a direct consequence of Lemma 5.4. [J

We can now easily list the simple H(gq)-comodules, and describe their fusion rules. For
x € Nx N, let U, be a simple H(g)-comodule such that x(U;) = ¢(x). We have U, = k,
Uo = U and Ug =V, for the notations of the introduction. We have

X(Ue @ Uy) = x(Un)x(Uy) = ¥(@)p(y) =z oy) = Y. a)=x( @ Uaw),

r=ag,y=gb r=ag,y=gb

and hence

U, 0Uy=2 P Uw.

r=ag,y=gb

By Lemma 5.4 we have U, = k if and only if z = e, and using the last formula, we see
that Hom(k,U, ® U,) # (0) if and only if y = Z. This implies that U} = Uz and that
U, = U, if and only if 2 = y. Thus we have a family of simple H(g)-comodules (Uy)zensn
whose coefficients generate A as an algebra, containing the trivial comodule and stable
under tensor products: using e.g. the orthogonality relations [10] we conclude that any
simple H(g)-comodule is isomorphic with a comodule Us.

The preceding discussion concludes the proof of Theorem 1.1: there just remain to be
said that the monoidal category equivalence Comod(H (F)) =% Comod(H (q)) transforms
the fundamental n-dimensional comodules U and V of H(F) into the fundamental 2-
dimensional comodules U and V of H(q).

Lemma 5.1, Proposition 5.2 and Theorem 1.1 combined together also yield the descrip-
tion of the Grothendieck Ky-ring of the category Comods(H (F))).

Corollary 5.5 Let F' € GL(n,k) (n > 2) be a generic matriz. Then we have a ring
1somorphism

Ko(Comodg (H(F)) 2 Z{X,Y} .

6 Some applications

We use Theorem 1.1 to prove a few structural results concerning the Hopf algebras H (F),
for generic matrices. Again k is an algebraically closed field of characteristic zero.

Let us begin with the isomorphic classification. For universal compact quantum groups,
this was done by Wang [19]. Since we use the same type of arguments, we will be a little
concise.
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Proposition 6.1 Let E € GL(m,k), F € GL(n,k) (m,n > 2) be generic matrices. The
Hopf algebras H(E) and H(F') are isomorphic if and only if one of the two conditions hold.
i) m = n and there exists P € GL(n,k) such that F = +PEP!.

i) m = n and there exists P € GL(n, k) such that tF~! = £PEP.

Proof. Let f : H(E) — H(F) be a Hopf algebra isomorphism, and denote by f, :
Comod(H (F)) — Comod(H (F')) the functor induced by f. By [19] U and V are the
simple H(FE)-comodules (resp. H(F)-comodules) with the strictly smallest dimension,
and hence we have f,(U) = U or f,(U) = V. If f,(U) = U, then m = n and there
exists P € GL(n, k) such that f(u) = Pu’P~" and necessarily f(v) = P~ vP. Since f is
well-defined and since U is simple, it is easy to check that F = +PEP~'. If f.(U) 2V,
then m = n and there exists P € GL(n, k) such that f(u) = tPytP~! and necessarily
f(v) = P~UFWIEP. Since f is well-defined and since U and V' are simple, it is easy to
check that F~' = £PEP-L.

Conversely, if F = £PEP™! it is easy to check that there exists a Hopf algebra
isomorphism f : H(E) — H(F) such that f(u) = PuP™" and f(v) = P~WwP. if
Pt = +PEP~! it is easy to check that there exists a Hopf algebra isomorphism f :
H(E) — H(F) such that f(u) = Pv'P™" and f(v) = P~YF "WFP. O

Let us now compute the automorphism group of the Hopf algebra H(F'). Let F €
GL(n,k). Put

Xo(F) = {K € GL(n,k) | KFK' = F} , Y(F) = {K € GL(n,k) | KFK* = 'F~ '},

and X (F) = Xo(F)/k*. Then X(F) is a group. For N € NU {oo}, the cyclic group of
order N is denoted by Chy.

Proposition 6.2 Let F' € GL(n,k) (n > 2) be a generic matriz.

a) Assume that Y (F) = 0. Then X (F) = Autpeps(H(F)).

b) Assume that Y (F) # 0. Let K € Y(F), and put N = min{p € NU{oo} | (F" UK 'K)? €
k*}. Then we have an ezact sequence of groups

1 — CN —>X(F) X CQN —>AutH0pf(H(F)) — 1

In particular, if there exists K € GL(n, k) such that F' = tK_lK, then K € Y(F), we can
take N =1 and we have an isomorphism X (F) x Cy = Autyops(H (F)).

Proof. Let K € Xy(F). Then there exists a Hopf algebra automorphism ¢x of H(F)
such that ¢x(u) = Kulk ™! and ¢x(v) = K~'wK. This gives a group morphism ¢ :
X(F) — Autpopt(H(F)), injective since the comodule U is simple. Now consider f €
Autpope(H(F)). Then by the proof of Proposition 6.1, either there exists K € Xo(F')
(recall that tr(F') # 0 since F' is generic) such that f(u) = "Ku'K ", either there exists
K € Y(F) such that f(u) = "Kv'K~'. If Y(F) = (), then f = ¢x and the morphism ¢
is an isomorphism. Assume now that Y (F) # () and let K € Y(F). Then there exists
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Vi € Autgopr(H(F)) such that g (u) = KoK~ and ¢x(v) = K- UF 'W/FK. Let
[ € Autpepe(H(F)). Then by the proof of Proposition 6.1 there exists K € Xo(F') such
that f = ¢k or there exists M € Y (F) such that f = ¢p;. We have ¢y = ¢y —144 ©
Y, and thus G = ¢(X(F))(¢k). For M,L € Y(F), we have ¥y 0o ¥y = ¢pp_1iy-1;,
hence [{xc)| = 2N. Also (i) N S(X(F)) = (6preye) and ) N S(X(F))] = N
We have g o ¢, o 1/1[}1 = @p_1ip—14 -1 and hence ¢(X(F)) is a normal subgroup of
Autpops(H(F')). We can now use a well-know result in group theory: if G is a group with
two subgroups H and K such that G = HK, such that H is normal in G and such that
H N K is abelian, then we have a group exact sequence

1—HNK —HxK —G—1.

The last assertion is immediate. O

7 Quantum automorphism groups of matrix algebras

In his paper [18], Wang described the quantum automorphism group of a finite-dimensional
C*-algebra endowed with a trace, the term quantum automorphism group (or quantum
symmetry group) being understood in the sense of Manin [13]. We refer the reader to [13]
or [18] for these ideas. The representation theory of such quantum automorphism groups
was described by Banica [3] in the case of good traces, and is similar to the one of SO(3).

In [5] we proposed a natural categorical generalization of Wang’s construction, yield-
ing in particular an algebraic analogue of the quantum automorphism group of a finite-
dimensional measured algebra. We will see that in the case of a measured matrix algebra
with a non-necessarily tracial measure, the results of the present paper enable us to de-
scribe the representation theory of such a quantum group, reducing the computations to
the case of the quantum SO(3)-group.

Recall [5] that a measured algebra is a pair (Z, ¢) where Z is an algebraand ¢ : Z7 — k
is a linear map such that the bilinear form Z x Z — k, (a,b) — ¢(ab), is non-degenerate.
We will only be concerned here by the example (M, (k), trp) where F' € GL(n, k) and trp =
tr(tF_l—). The quantum automorphism groups of (M, (k), trr), denoted Aqu (M, (k), trr),
may be described as follows (see [18] for details). As an algebra Agu:(M,(k),try) is the
universal algebra with generators XZIEZ, 1 <4,j,k,l < n, and satisfying the relations (1 <
i, 9, k,l,r,s <n):

D XAXE =0 Xl s D Fp XX = FpXpl 5 ) Xjj =05 ) F' Xy = Fy'.
t t

It has a natural Hopf algebra structure given by

A(XE) = ZX”S ® XM e(XH) = 0y s S(XE = ZF~TF;X§,§ 1<, 4 k1 <n.
Let E € GL(m,k) and F € GL(n, k). Let us define the algebra A;s(M,,(k), trg; M, (k), trr)
to be the universal algebra with generators ijl, 1<i,5 <m,1 <k, <n, and satisfying
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the relations:
m .
SxAxE =spxt , 1<igkli<n , 1<rs<m;
t=1

ZFth XM =E,X/? . 1<ij<n , 1<klrs<m;

t,p=1
n

ZXtt—éw,1<zy<m; ZEtplX” , 1<ij<n.
t=1 t,p=1

Lemma 7.1 Let E € GL(m,k) and let F € GL(n,k) (m,n > 2) with tr(F) = tr(F) and
tr(E~Y) = tr(F~1Y). Then Ajs(My,(k), trg; My (), trg) is a non-zero algebra.

Proof. It is straightforward to check that there exists a unique algebra morphism ¢ :
Ais(My (k) trg; My (k),trp) — H(E, F') such that gp(ijl) = wpv; for 1 < 4,5 < n,
1 < k,I < m. The elements u;,vj are non-zero elements of H(E, F') by Section 2, and
hence A;s(My(k),trg; My(k),trr) is a non-zero algebra. [

We arrive at the main result of the section:

Theorem 7.2 Let E € GL(m, k) and let F € GL(n,k) (m,n > 2) with tr(E) = tr(F) and
tr(E~1Y) = tr(F~1). Then the comodule categories over Agys(My,(k),trg) and Agu (M, (), trg)
are monoidally equivalent. In particular, if tr(F) = tr(F~1) and if there evists ¢ € k*
such that ¢*> — tr(F)q + 1 = 0, then the comodule categories over Agui(My(k),trr) and
O(50,1/2(3)) are monoidally equivalent.

Proof. Let us show that
(Aaut (Mm (k)7 trE), Aaut (Mn (k)> tl"F)a Ais (Mm(k)7 trE; Mn(k)7 trF)7 Ais (Mn(k)7 tI‘F; Mm (k)> tINE))

is a Hopf-Galois system [8|. First by Lemma 7.1 all these algebras are non-zero. Let
G € GL(p,k). It is a direct computation to check that there exists a unique algebra
morphism

05 5 1 Ais (M (k) trp; My (k) trp) — Ai(M (k) tr; My(k), tra) ® Ais (M (k), tre; My (k) trr)

such that 5gF(Xkl) s Xip ® XF . Also there exists a unique algebra morphism
¢ o Ais(My(k),trp; My (k),trg) — Ais(Mp(k), trg; My (k), trp)°P such that gb(ijl) =
ZT’ s F le;llX;’,i. With these structural morphisms, it is immediate to check that we indeed
have a Hopf-Galois system. Hence using Corollary 1.4 of [8], we have our monoidal category
equivalence. Now assume that tr(F) = tr(F~!) and that there exists ¢ € k* such that
¢* —tr(F)g+1=0. Put tr, = trg,. Then we have an equivalence of monoidal categories:

Aut (M (k) trr) =2 Agu(Ma(k), tr).

Finally it may be shown that Agu:(Ma(k),try) and O(SO,1/2(3)) are isomorphic. One
considers first the Hopf algebra morphism Agy(Ma(k),try) — O(SLy(2)) obtained using
the adjoint corepresentation of the canonical two-dimensional O(SL4(2))-comodule. This
Hopf algebra morphism is injective, and using [9], we arrive at the desired conclusion. [
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