HOPF-GALOIS OBJECTS OVER BICROSSED PRODUCT HOPF
ALGEBRAS AND TWISTING MAPS

JULIEN BICHON AND AGUSTIN GARCIA IGLESIAS

ABsTRACT. We describe Hopf-Galois objects over bicrossed product Hopf algebras. More pre-
cisely, we show that any right Hopf-Galois object over a bicrossed product of Hopf algebras is
obtained from Hopf-Galois objects over the two factors and a certain twisting map, while the
unique Hopf algebra making it into a bi-Galois object is again a bicrossed product.

1. INTRODUCTION

Hopf-Galois extensions, introduced in [27], are the natural analogues in noncommutative
algebra of principal homogeneous spaces or torsors in algebraic geometry. The case with trivial
base, called a Hopf-Galois object, is already of great interest, because of its use in the study of
tensor categories of comodules [40, 32|, classification questions for pointed Hopf algebras [4, 6],
homological algebra questions [8, 43, 42, 9|, or for example, with the recent connection found
with quantum information theory [14].

The question of the classification of Hopf-Galois objects over a given Hopf algebra is thus an
important one and has been much studied in the past 30 years. While the case of group algebras
or of enveloping algebras of Lie algebras is easily expressed in terms of second cohomology
groups calculations, there is no general scheme, and even the case of coordinate algebras on
affine algebraic groups is yet not fully understood, see [23| for several particular classes.

The starting point of this paper was the fact that the Weyl algebra A;(k) is a Hopf-Galois
object over the polynomial algebra k[x,y], that we have noticed in [11], but was certainly well-
known before, and at least was known from [23, Example 4.8|. Since A;(k) is, in characteristic
zero, the algebra of differential operators on the additive algebraic group k, this leads to the
question whether algebras of differential operators on affine algebraic groups always are Hopf-
Galois objects. We observe (Proposition 2.5) that this is indeed the case, combining a classical
result of Heyneman-Sweedler [31] together with the generalized quantum double construction
of Doi-Takeuchi [20]. It results, for an affine group scheme G, that Diff(G), the algebra of
differential operators on G, is a right Hopf-Galois object over the tensor product Hopf algebra
O(G)*°? ® D(G), where O(G) is the commutative Hopf algebra corresponding to G and the
algebra D(G) C O(G)* is the Hopf algebra of distributions on G (see Section 2 for more details).

Hopf-Galois objects over tensor products of Hopf algebras, or more generally over generalized
Drinfeld doubles, have been described by Schauenburg [34, 33|. Therefore the natural next
step seems to study the case of a general bicrossed product of Hopf algebras (the generalized
Drinfeld double case being the one when the bicrossed product comes from a pairing), and this
is precisely the contribution of this paper. We show that the Hopf-Galois objects over a Hopf
algebra that is a bicrossed product of two Hopf algebras are described by Hopf-Galois objects
over the two factors together with certain twisting maps. Our results and methods are illustrated
by a complete study of a bicrossed product that is not produced by a pairing.

The paper is organized as follows. We start in Section 2 by recalling some basic notions
about Hopf Galois objects and pairings, from which we deduce, via Proposition 2.4, that for an
affine group scheme G, the algebra Diff(G) is a Hopf-Galois object.In Section 3 we recall the
notions of twisting map for a pair of algebras and of bicrossed product of Hopf algebras. We
then discuss the relevant notion of (skew) pairing in the bicrossed product context and generalize
Proposition 2.3 to this context (Proposition 3.8), obtaining in this way an interesting source of
Hopf-Galois objects for Hopf bicrossed producs. In Section 4, we study the relation between the
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bicrossed product of two Hopf algebras and the appropriate twisted tensor products of a pair
of Hopf-Galois objects for them. This leads to a description of the right Hopf-Galois objects
(Theorem 4.2) and of the corresponding Hopf algebras over which these are left Hopf-Galois
(Theorem 4.6), which are shown to be bicrossed products as well. Section 5 provides a detailed
analysis of an example of bicrossed product Hopf algebra not arising from a pairing. In the
final Section 6 we restrict our previous results to the case of a the semi-direct product of Hopf
algebra. This allows us to provide a more precise presentation of the Hopf-Galois objects in this
case in Theorem 6.3. We discuss in particular the case of unrolled Hopf algebras.

We work over a fixed base field k, over which all the tensor products are taken. We write k&%
for the units in k.

2. HOPF-GALOIS OBJECTS AND PAIRINGS

2.1. Hopf-Galois objects. Recall that a (right) Hopf-Galois object A over a Hopf algebra H
[27] is a (right) comodule algebra A over H with trivial coinvariants A = k and such that
the Galois map

can: AQ A — AR H, can(a ® b) = ab(p) ® b(yy, a,b € A
is bijective. Along the text, we will consider the map
(2.1) ki H— AQ A, h—s hM @ h® = can' (14 ® h);
hence we have that:
(2.2) MY RP) g @ (W) =10h,  heH.
As well, we have, see [38, Remark 3.4 2 (b)]:
(2.3) a(o)(a(l))(l) ® (a(l))@) =1®a, a€ A.

Similarly, there is a notion of left Hopf-Galois object, and a notion of bi-Galois object [32].
Schauenburg [32, Theorem 3.5] has shown that, given a right Hopf-Galois object A over H,
there exists a unique, up to isomorphism, Hopf algebra L = L(A, H) such that A is an L-H-bi-
Galois object. The Hopf algebra L(A, H) is defined by L(A, H) = (A ® A°)®°H  and the left
coaction A\g : A — L ® A is given by Aa(a) = a(g) ® k(a())-

2.2. Hopf 2-cocycles. Let H be a Hopf algebra. Recall that a (left) 2-cocycle on H is a
convolution invertible linear map ¢ : H ® H — k such that o(z,1) = e(x) = o(1,z) for any
x € H, and we have, for any z,y,2 € H,

o(z1), Y1) o (T@¥Y2), 2) = oY), 21))o (T, Y(2)2(2))-

There are several algebras naturally associated to such a 2-cocycle.
e The algebra ,H has H as underlying vector space, and product defined by

(2.4) vy = a(T(1), Y1) T(2)Y(2)-

The comultiplication of H then endows ,H with the structure of a right H-comodule algebra,
making it into a right H-Galois object [13, 19]. Notice that the 2-cocycle condition is equivalent
to the fact that the above product is associative and has 1 as unit.

e The Hopf algebra H? [18] has H as underlying coalgebra, and product defined by

(2.5) zy =o(xa), y1)o  (T3)U3)T@)Ye)-

The comultiplication of H then endows ,H with the structure of a left H?-comodule algebra,
making it into a left H?-Galois object, and hence an H?-H-bi-Galois object [32].
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2.3. Cogroupoids. We briefly recall here part of the terminology and results from [8] on
cogroupoids. We refer the reader to loc. cit. for details.

We start by recalling that a cocategory consists of a set of objects obC, a k-algebra C(X,Y")
for each X,Y € obC and algebra morphisms, for every X,Y, Z € ob(C

ALy C(X,Y) = C(X,Z2)®C(Z,Y), ex: C(X,X) =k
satisfying compatibility axioms that mimic those of a coassociative coalgebra, namely

(A§,Z ®idezy)) © Ag{,y = (ide(x,m) ®A%Y) o A§,Y>
(ide(x,y) ®ey) © A§,Y = ide(x,y) = (ex ®ide(x,y) ®ey) o A%,Y'

for every X,Y, Z, T € obC. The cocategory C is called connected if C(X,Y) # 0 for all X,Y €
obC. In turn, a cogroupoid is a cocategory C together with linear maps

S)Qy:C(X,Y)—)C(Y,X), VX, Y €obC

subject to the natural axioms of the antipode on a Hopf algebra. It follows from the definitions

that a bialgebra is a cocategory with a single object; and C(X, X) is a Hopf algebra for any object
XY X, Z Z,X

a™’) = an) @ agy for an element

XY : " XT TZ o ZY : X, Z\X,T & X, Z\T,Y o Z)Y
a™? € C(X,Y). In particular, we write ag) ®agy ®ag, for either (a(l) )(1) ®(a(1) )(2) ®a )

or aly @ (az) )Gy @ (afs) )@y i C(X,T)@C(T, Z) @ C(Z,Y).

If C is a connected cogroupoid, then C(X,Y) is a C(X,X) — C(Y,Y) bi-Galois object for
all X,Y € obC, see [8, Proposition 2.8|. Conversely, for any Hopf algebra H and a left H-
Hopf-Galois object A, there exists a cogroupoid C and X,Y € obC so that H = C(X, X) and
A =C(X,Y), [8, Theorem 3.11]. We shall also use [8, Lemma 2.14|, which shows that A)Z(’Y

induces a C(X, X) — C(Y,Y)-bicomodule algebra isomorphism
(2.6) C(X,Y) ~C(X, 2) (2.2 C(2,Y).

X in a cogroupoid C. We use Sweedler’s notation A)ZQY(

If C is a connected cogroupoid, then [8, Theorem 2.12| presents a k-linear equivalence of
monoidal categories

MEEX) @ pMEY) Y Ve x x)C(X,Y)
for every pair (X,Y") of objects in C. The monoidal constraint is given by the isomorphism
(VOex,x)C(X,Y)) @ (Whe(x,x)C(X,Y)) = (V@ W)Uex,x)C(X,Y)

(2.7) (Z v; ®af(’y) ® (ij ®bf’y) — ZW ® w; ®@§’ij(’y

J 2%
for all V,W € MCX:X) see [8, Remark 2.16.

Subcocategories, respectively subcogroupoids, C’ C C are defined as expected. In particular,
we make the following remark, which is clear from the definitions and [8, Proposition 2.13].

Lemma 2.1. Let C be a connected cogroupoid, X € obC and let H C C(X,X) be a Hopf
subalgebra. Consider, for' Y, Z € obC, the algebra

Cu(Y,Z) ={a"7 €C(Y,Z) 1 apjy ®ayy @aly” € C(Y,X)® H®C(X,Z)}

This defines a connected subcogroupoid Cr of C (with obCr = obC and the natural restrictions
of the maps A, e and S).

Remark 2.2. Notice that
Cu(Y,Z) = C(Y, X)Oex,x)yHe(x,x)C(X, Z)
and in particular



As well, we have Cy (X, X) = H and

Ca(X,Y) ={a™Y €C(X,Y) 1 a)}" ®apy) € HOC(X,Y)},

Cu (Y, X) ={a"X eC(Y,X) : afj} @ ay;* € C(Y,X) @ H}.
2.4. Pairings. Let A and U be Hopf algebras. Recall that a pairing between A and U consists
of a linear map 7 : A ® U — k such that for any a,b € A, x,y € U, we have:

7(a,1) = e(a), 7(1,2) = e(x),
7(ab,z) = 7(a, z1))7(b, z(2)) 7(a,zy) = T(a(l),az)T(a(Q), Y)

A skew-pairing between A and U is a pairing between AP and U.
Doi-Takeuchi have shown [20, Proposition 1.5] that if 7: A® U — k is a skew-pairing, then

TAQURARU — k, a®Rrb®yr— 7(b,x)e(a)e(y)

is a 2-cocycle on A ® U. We thus obtain, via the constructions of SAubsection 2.2, the algebra
#{A®U) and the Hopf algebra (A ® U)". The Hopf algebra (A® U)" is denoted D, (A,U) and
is called a generalized Drinfeld double.

2.5. Smash products. Let U be a Hopf algebra and let A be an algebra. A left U-module
algebra structure on A consists of a linear map
U A— A T®ar— x.a
making A into a left U-module, and such that, for any x € U and a,b € A, we have
r.(ab) = (v(1).a)(7(2).b), x.1=¢(z)l.

If A is left U-module algebra, the associated smash product algebra A#U is the algebra having
A ® U as underlying vector space, and whose product is defined by

aftx - bty = a(z().b)#x2)y-
2.6. Hopf-Galois structure on smash products arising from pairings. Let A and U be
Hopf algebras and let 7: A ® U — k be a pairing. The pairing then provides a map
URA— A T ®a— .0 = T(awm),r)aq)
that endows A with the structure of a left U-module algebra structure. We thus can form the
smash product algebra A#U, that we denote A#.,U to keep track of 7, whose product is:
a#tr - bty = a(z).b)#2 @)y = T(b), T(1))aba)y#r(2)y-
It is a simple verification that the above product coincides with the one on AP @ U) as in

Subsection 2.2, and thus the considerations in subsections 2.2 and 2.4 yield the following result.

Proposition 2.3. Let A and U be Hopf algebras and let 7 : AQ U — k be a pairing. Then
the smash product algebra A#.U is a Dy (AP U) — (AP ® U)-bi-Galois object, whose left and

right coactions are induced by the comultiplication of the tensor product coalgebra AP ® U.

For the purpose of future generalizations, it is worth to record the equivalent skew-pairing
version of the previous proposition. So again let A and U be Hopf algebras and let 7 : AQU — k
be a skew-pairing. The pairing then provides a map

U®A—A T ®ar— .0 =T(aq),T)a)

that endows A with the structure of a left U-module algebra structure. We thus form the smash
product algebra A#U, that we denote A#.U to keep track of 7 (viewing our skew-pairing as a
pairing between A“P and U, this is the previous A®°P#,U), whose product is defined by

a#tx - bty = a(x).b)Fr 2y = T(ba), T(1))aby#x 1)y

Again, the above product coincides with the one on (A ® U) as in Subsection 2.2, yielding, as
before, the following result.
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Proposition 2.4. Let A and U be Hopf algebras and let T : A®@ U — k be a skew-pairing.
Then the smash product algebra A#,U is a D;(A,U) — (A® U)-bi-Galois object, whose left and
right coactions are induced by the comultiplication of the tensor product coalgebra A ® U.

2.7. Application to differential operators on affine group schemes. The first Weyl al-
gebra Ay (k) = k(z,y | zy — yx = 1) can be described as the smash product k[y|#k[z], where
klx] and k[y] have the Hopf algebra structure making = and y primitive, and the smash prod-
uct structure is obtained as in Subsection 2.6 via the pairing 7 : k[z] ® kly] — k defined by
7_('7}7 y) =1

The structure of Hopf-Galois object over k[z, y] of A;(k) is a particular instance of Proposition
2.3. The Weyl algebra is, in characteristic zero, the algebra of differential operators on the
additive algebraic group k. This leads to the question whether algebras of differential operators
on algebraic groups always are Hopf-Galois objects. As we shall see soon, a classical result of
Heyneman-Sweedler [31] together with Proposition 2.3 provide a positive answer.

Let G be an affine group scheme, with corresponding commutative and finitely generated
coordinate Hopf algebra O(G). The algebra of differential operators on G, denoted Diff(G), is
defined as the algebra of differential operators on the commutative algebra O(G), in the usual
manner, see e.g. [30]. Denote by D(G) the algebra of distributions on G (this is D(O(Q))
in [31], see [17, 26] as well). This is a Hopf subalgebra of the Hopf dual O(G)°, isomorphic,
in characteristic zero, with U(g), the enveloping algebra of g, the Lie algebra of G. Now [31,
Theorem 2.4.5| establishes an algebra isomorphism

O(G)#D(G) ~ Diff(G)
where the smash product is associated to the pairing coming from the inclusion D(G) C O(G)°.

Combining Proposition 2.3 with the above isomorphism, we get:

Proposition 2.5. Let G be an affine group scheme. Then Diff (G) is a right Hopf-Galois object
over the Hopf algebra O(G)*P? @ D(G).

3. TWISTING MAPS AND BICROSSED PRODUCTS OF HOPF ALGEBRAS

In this section we review the notions of a twisted tensor product of algebras and of a bicrossed
product of Hopf algebras, and we provide the first generalization of Proposition 2.4.

3.1. Twisting maps. Let A, R be algebras. Recall that a twisting map for A, R consists of a
linear map

0:RRA—A®R
such that the map

1dA®9®ldR mA®mR
—

ARR®A®R ARARR®R —— A®R

makes A® R into an associative algebra, with 1®1 as a unit. The resulting algebra can be denoted
A®g R or A#¢R, and is called a twisted tensor product of A and R. This construction has been
studied in many papers, see [41, 15| for example, where the following equivalent conditions are
established, for a,a’ € A, r,7’ € R:

fo(mr®id)(r@r @a) = (id@mg)o ( ®id) o (id®0)(r @ r' ® a),
(3.1) fo(idema)(r®ea®ad)=(ma®id)o (id®f)o ( ®id)(r ® d’ ® a),
(l®a)=a®1, freol)=1xr.
Example 3.1. The very first non-trivial example of a twisted tensor product comes from smash
products: if U is a Hopf algebra and A is a U-module algebra, then the map
URA—AQU T®at—r 21).0 & T(9)

is a twisting map, and the resulting twisted tensor product is the smash product algebra of
Subsection 2.5.
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The twisted tensor product generalizes the braided tensor product of algebras (typically the

braided tensor product of Yetter-Drinfeld algebras) as well. If we write
O(r@a)=r—a®r+—a

then the above conditions become 1 ~a® 1 +—a=a®1,r =~ 1®r+—1=1®r and

(3.2) (' =)@ (' = a)=r = (' > a)@ (r — (' =) — a),

. (r—ad)®(r—ad)=r—a)((r—a) —d)®(r+a)~—d,

for any r,7’ € R, a,a’ € A. These equations will become handy further on.

Conversely, starting with an algebra E having two subalgebras such that the restricted mul-
tiplication A ® R — FE is bijective, then there exits a twisting map # : R® A - A® R
such that E ~ A#yR, where the twisting map is obtained as the composition of the restricted
multiplication R ® A — J with the flip map. See [15, Theorem 2.10] for example.

It is in general a difficult task to classify the twisted tensor product of two algebras, see e.g.
[7] for a recent paper on this question.

3.2. Bicrossed products of Hopf algebras. Recall that a Hopf algebra E factors through
two Hopf subalgebras .: H < F and j : U < F if the multiplication mo (:® j): HQU — FE
is bijective. This is equivalent, see |29, Theorem 7.2.3|, to have a pair (H,U) of Hopf algebras
together with coalgebra maps
U H—=U, >: U H — H,
so that (U, <) is a left H-module coalgebra, (H,>) is a right U-module coalgebra and the following
compatibilities hold, for every x,y € U, a,b € H:
CC\>1H:€U($)1H, 1U<1a:5H(a)1U,
x> (ab) = (x(l) > CL(1))((UU(2) < a(z)) >b),
(yz) a = (y < (@) > am))) (@) <aw),
Y Ta) DY) > a@) = Ye) 14 @ Ya) > a)-
A quadruple (H,U,>,<) as above is called a matched pair of Hopf algebras and the bicrossed
product Hopf algebra H > U = E, often called a double crossed (as pointed out in [1], the

name bicrossed product fits better with the bicrossed product of groups), is the coalgebra H @ U
with multiplication

(3.3)

(adaz)(boay) = a(xq) > by) > (z(2) Ab2))y, a,be Hyx,y e U.
In particular, this defines a twisting map and a coalgebra morphism:
(3.4) w: U H— HQU, T ®h— xq)>h) @ T2 <h).

We say that one of the actions, say <, is trivial, if x <a = e(a)x for all x € U,a € H.

Example 3.2. Examples of this construction are:

(1) The tensor product Hopf algebra H ® U, where both actions < and > are trivial.

(2) Smash products of Hopf algebras H#U, where one of the actions, namely <: U9 H — U
is trivial. We will come back to this situation in more detail in Section 6.

(3) Group algebras kT, arising from a matched pairs of groups (F, G,>,<), so that G, F < T,
GNF ={e} and T = GF.

(4) Bicrossed products U(Z) ~ U(g) > U(m) associated to a matched pair of Lie algebras
(g, m) as in |29, Definition 8.3.1|. Here = = g @ m as vector spaces and the bracket [, ]z
is written in terms of [,]q, [, |m and the actions defining the matched pair.

(5) The generalized Drinfeld doubles D, (A,U) = (A ® U)" associated to skew pairings
7: A®QU — k as in §2.4. Here, D;(A,U) ~ AU with

(Ixz)(axl) = T(a(l),x(l))a(Q)x(Q)T_l(a(3), r(3)), T € U,a € A,

In this setting we write A b, U to remark the existence of this pairing.
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We have not been able to find in the literature an example not belonging to any of these
groups. In particular, we observe that in the ongoing program of classifying bicrossed products
of Hopf algebras by Agore et. al., see [1, 2, 3|, all the examples fall into one of the categories
above (most notably into the fourth). The same holds for [12] and [28]. The Galois objects in
this setting have been described in [34]. We present in Section 5 below a case essentially different
to those above, in the sense that it is neither a smash product nor it comes from a pairing, see
Remark 5.2. Hence it better suits the scope of the present article.

First, we remark that when the antipodes Sg and Sy of H and U are invertible (or equivalently
when Sg is), then this construction can be flipped over, in the sense that the roles of H and U
can be interchanged. This is the content of the next result.

Lemma 3.3. Let (H,U,>,<) be a matched pair of Hopf algebras. Assume that the antipodes Sg
and Sy are bijective. Then there are coalgebra maps

G HoU S H, o HU—=U

so that (H, <tl) is a right U-module coalgebra, (U, li) is a left H-module coalgebra and the compat-
ibilities (3.3) hold f07‘<tl and . More explicitly,
t

ab = Sy(S;t(z) < S5k (a)), a<x=Sy(Sy'(x)> S5 (a)).

The bicrossed product Hopf algebras coincide, as H < U ~ U 54 H and the following identities
hold:

t t t t
(3.5) azx = [(an) > ) > (a@) 23))][(a@) > 22)) > (a@) TTm)],

t t
ra = [(z1) > ag)) > (2(3) <a)][(T@) > a@)) < (@) <aw)].

Proof. Tt is clear that (H, 21) is a right U-module coalgebra, (U, é) is a left H-module coalgebra
and the compatibilities (3.3) hold, since these facts follow from the corresponding properties of
< and >. As well, observe that, for b = Sp'(a) and y = S, (x), we have:

ar = Su(b)Su(y) = Se(yb) = Se((y1>b1)(y2 <b2)) = Su(y2 1b2) Sk ((y1 > b1))
—_ —_ _ _ t t
= Su (S (z(1)) <S5 (a@))Su (S (22)) > Si' (a@)) = (aq) > 2 (a@) 1z (),
which shows H 0 U ~ U < H. Finally, to check (3.5), we use the definition of H > U in:

t t t t t t
az = (a@) > rq))(a@) 1z@2) = [(aq) >z0)) > (a@) <23)][(a@) > 2@2) <(agy 1z4)].

The other identity follows from the definition of H 5 U

t t
ra = (1) > aq))(T(2) <a) = [(Tq) > aq)) > (T@3) <a@)][(T@) > aw) < (T4) <aw)]-
The lemma follows. O

3.3. Skew-pairings over bicrossed products. We now provide a generalization of skew pair-
ing to the setting of bicrossed products.

Definition 3.4. Let (H,U,>,<) be a matched pair of Hopf algebras and let E == H > U be the
corresponding bicrossed product. A skew H <t U-pairing is a convolution invertible linear map

7:H®U — k such that, for all gh € H, z,y € U:
(3.6) 7(h,1) = e(h), 7(1,2) = e(z),
. 7(h, zy) = 7(h(1y, ¥1))T(Y2) > h2)s ), T(gh,x) = T(g01), 2(1))T(h; 2(2) < 9(2))-

In particular, any skew H < U-pairing is determined by its values on the generators and is
extended using (3.6) via the rule, for g,h € H, z,y € U:

(3.7) 7(gh,zy) = 7'(9(1)7 3/(1))7'(h(1)7 Ye2) < 9(2))7'(3/(3) > 9(3)73?(1))
T((Y(5) 29(5)) > 2)s T2y < (Y(a) > 9(a)))-



Of course we can interpret the usual skew-pairing as in Section 2 as skew H ® U-pairings.
Condition 3.6 appears in [10, Definition 4.1]. The definition is motivated by the following lemma.

Lemma 3.5. Let (H,U,>,<) be a matched pair of Hopf algebras and let 7 : H®@ U — k be a
linear map. Consider the map

(3.8) 0 U®H —H®U T ®h— 7(hay, 1)) T(2) > h2) @ 2(3) < hy3).
Then 0 is a twisting map if and only if T satisfies Condition (3.6).
Proof. We have, for x,y € U, h € H:
0-(zy, h) = 7(h1), T)y(1)) @2)¥2) > hi2) @ T3)Y(3) <)
On the other hand, we have, using the axioms of a matched pair

(ldH ®mU) o (97 X ldU) o <1dU ®07—)(.7J KXY h)

= 7(hay, yy)(idg @my) o (6 @ idy)(z ® y(a) > heay @ ya) <hs))

= 7(h1)> ¥1)) T(W2) > h2)s (1)) T2) > (Y(3) & hz)) @ [2(3) < (Ya) > hay)] - ys) < s
= 7R y) T (W) > he)s )T (2) > (Y3) > hs)) @ 2(3)y(a) Sha)

= 7(h(1), ¥y) T (W) > b2y 2@) T 2)Y(3) > z) @ T3)Y(a) <y

and this shows that the equivalence of the first axiom for a twisting map is equivalent to
7(h,zy) = T(hay,y1))T(Y2) > h), ). The rest of the proof is similar and straightforward,
and is left to the reader. O

Lemma 3.6. Let (H,U,>,<) be a matched pair of Hopf algebras and let 7 : H @ U — k be a
skew H v U-pairing. Then

T-HOQURHRQU — k gRx@h®@yvr— 7(h,x)e(g)e(y)
is a 2-cocycle on H > U, and the algebras H#¢_ U and (H <1 U) are isomorphic.

Proof. First it is clear that 7 is convolution invertible since 7 is. In the algebra H# U, we have
g#x - h#ty = 7(hy, 21)) 9(@(2) > h2)) #(z(3) <hs))y
while for the product in #H < U) we have
g x-hoay =7(ga) >y, hay X Ya))ge) (@) > he)#(T3) <h@s)ye)
= 7(hay, 1)) 9(@2) > o)) #(w(3) Qhs))y

Hence the two products coincide, which shows simultaneously that 7 is a 2-cocycle on H 01 U
and that H#9 U ~ A H > U). O

Lemma 3.7. Let (H,U,>,<) be a matched pair of Hopf algebras and let 7 : H @ U — k be a
skew H < U-pairing. Then the maps
<:U®H — U, b U®H—H
defined by
worh=1(hay, )7 (b 23))22) > i)y @ <5 b= Ty, )7 (i) 237 2) i)
define a matched pair of Hopf algebras (H,U,>;,<;). We denote by H < U the corresponding

bicrossed product.

Proof. Tt is clear that (U,<;) is a left H-module coalgebra and (H,>;) is a right U-module
coalgebra. Next we check the conditions in (3.3) for <, and >;; using this condition for < and >,
together with (3.6). We have that, for x € U and a,b € H,

(z) >r a))(z2) < ag2)) b7 b) = T(aqy, 21)) 7T (), 23))T(ag), 2)7 " (as), ()

(b, x5) Qag) T by T(r) <am) (@) B ag) (@) <age)) > be)
(3.3) ~ _
=" 7(aqy, z1)) 7 age) 2(6))T(b1), T2y Qa7 (b, 25) <) (@@) > a) (@@ <aw) > be)
8



(3.6),(3.3 _
0 2 ayboys 2))r abe w)Te > (a@be) = 2o ().

Similarly one checks that (yx) <a = (y < (z1)>a))) (@) <aep)) for y,z € U, a € H. Finally, if
yeU,ae€ H:

Y)draq) DY) Pr a2) = Y(2) Ir 42) @ Y(1) Pr A1)
as this property holds for <, 7 and the cancellation of the proper 7 and 7! factors. O
We conclude with the announced generalization of Proposition 2.4.

Proposition 3.8. Let (H,U,1>,<) be a matched pair of Hopf algebras and let 7: H @ U — k be

a skew H va U-pairing. Then the twisted tensor product H#9 U is a H <1 U-H > U-bi-Galois
object, whose left and right coactions are induced by the comultiplication of the tensor product
coalgebra H @ U.

Proof. As H#t9 U ~; (H 1 U) by Lemma 3.6, then H#, U is a (H > U)™-H 1 U-bi-
Galois object, whose left and right coactions are induced by the comultiplication of the tensor
product coalgebra H ® U. Moreover, the algebra (H > U )% is unique with this property, up to
isomorphism.

To end the proof, we observe that H < U o~ (H < U)f, in a similar computation to that of
the proof of Lemma 3.6, as the products coincide, see (2.5). O

4. HorPF-GALOIS OBJECTS FOR BICROSSED PRODUCT HOPF ALGEBRAS

The case in which the Hopf-Galois objects for Hopf algebra bicrossed products are bicleft were
already studied in [35, 10]. The relevant result there is the Kac exact sequence, which, when
the two factors are cocommutative, contains all the information about Hopf-Galois objects over
the bicrossed product. In this section we discuss Hopf-Galois objects over bicrossed products of
Hopf algebras in full generality.

4.1. General setting. Recall from (3.4) that given a matched pair of Hopf algebras (H, U, >, <),
the associated twisting map U® H — H®U is denoted by wyq, 80 (T, a) = z(1)>a(1) @7 (2)da(2).

Lemma 4.1. Let (H,U,>,<) be a matched pair of Hopf algebras and let E = H > U be the
associated Hopf algebra bicrossed product. Let A, resp. R, be a right H-Galois object, resp. U -
Galois object. Let 0: R® A - A® R be a twisting map. Then A#9R is a right E-comodule
algebra with coaction p¥ = pagR:

PARR: A#9R — A#9yRQ H i U aFr — (I(O)#’I"(()) & a1y X7
if and only if the following diagram commutes:

0

(4.1) Re A A®R

Joros |paor
9®UJ><]

RAQU®H —AQR®H®U

This amounts to the fact that 8 is a morphism of H ® U-comodules, where the H @ U-comodule
structure on R® A is given by (idrga ® ww) © prepa (recall that ws is a coalgebra map) and the
one of A® R is given by p = pasr.

Explicitly, A#9R is a right E-comodule algebra if and only if

(4.2) 9(7‘(0) & a(o)) ® (7’(1) >a() >7(g) < a(z)) = p# O(r®a)).

Proof. We look for sufficient and necessary conditions so that p#: A#yR — A#yR®@ H > U
is an algebra map. It is enough to see that

p? (1#r)p* (a#1) = p* (0(r®a)), rER, a€ A4,
9



as O(r,a) = (1#r)(a#1). It readily follows that:
p? (141)p7 (a#1) = (1#r(g) @ 1 7)) (a()#1 ® agy < 1)
= 0(r) @ a()) ®7(1) > ag) X 7(z) Qag)-
Thus p* is an algebra map if and only if (4.2) holds. O
Using the notation as in (3.2), equation (4.2) becomes
(r) = a))#(r) = a() @ (ra) > aq) X7 <a)
= (r = a))#(r = a)) ® (r = a)q) > (r — a)()-
We arrive to the description of the right Galois objects over £ = H < U.

Theorem 4.2. Let (H,U,>,<) be a matched pair of Hopf algebras and let E = H <1 U be the
corresponding bicrossed product.

(1) Let A, resp. R, be a right H-Galois object, resp. U-Galois object, and assume there is
a twisting map 6: R® A — A ® R such that (4.1) commutes. Then A#q9R is a right
H a U-Galois object, with the tensor product comodule structure p* as in Lemma 4.1.

(2) Let A, A, resp. R, R/, be right H-Galois objects, resp. U-Galois objects, and assume that
there are twisting maps : R A - A® R and ¢': R' @ A’ - A’ ® R'such that (4.1)
commutes. Then the above right H <1 U-Galois object A#oR and A'#¢R' are isomorphic
if and only if there exist a right A-comodule algebra isomorphism f: A — A’ and a right
U -comodule isomorphism g : R — R’ such that (f ® g)o0 =00 (g ® f).

(8) Conversely, any right E-Galois object arises as A#9gR for some A, R and §: R® A —
A® R as above.

Proof. (1) The associated canonical map is as follows:
v A#9gR R A#9R — A#9RQ Hix U
a#x @ bty — a(z — b)) #(x = b(o))y0) @ b(1) > y(1)-

To construct an inverse to 7, we consider the maps ky(h) = h) @ h® € A® A, h € H, and
wp(z) =2M @2® € R® R, x € U, see (2.1), and define

v A#HIRQ® Hx U — A#9R @ A#9R
a#r @ h< z — (a#r)0(z @ kD) @ KD #2?)
To see that 7/ oy = id and v o+’ = id, it is enough to check that
7' o y(1#1 ® b#ty) = 1#1 @ b#y, Yoy (1#1®@hxz) = 1#1 Q@ hix x.
We have 4 o v = id, since:
v (Y(1#1 @ b#ty)) = (5(0)#1/ 0) ® by > y(1))
= (b #9(0)0((y1))™) @ (b)) © (bay) @ # (ya))?
= (b)#y0) (1#1) ) (b)) V#1) @ (b)) P #(y1))?
= (b #y(0) (W) ) (b)) M #1) ® (b )(2)#(?;(1))(2)

(2.3)

(b< (b)) ML) ® (b)) Dty ) 141 @ by,
Similarly, we have v o4/ = id, since:
vy (Y(A#l @ haz)) = 40V © h) @ @ #a?)
=0(z (”®h(”)((h( Noy#(a (2))< ))®(h(2))<1)#( N
= (@M = hWzD — B () ) #(2P) o) ® (B ) # () )

= (@ = h(”)((ﬂc( Vo h) = (h®) ) # (V) h(”) — (M) ) (2®) o))
10



® (h®) 1y #(=®)
3.2
D (20 2 BOGED) )0 — B (hD) ) @®) ) ® (WD) 0y #(@P) 1y
2D (20 S 1)V = 1)@?) g @ (D)o
(2

= 120 (2D) g © ht(@@) ) B 141 @ h a.

(2) An isomorphism of H 1 U-Galois objects A#9gR — A'#¢ R’ induces an isomorphism be-
tween the H and U-coinvariant parts, where the respective (right) H and U-comodule structures
are induced by the coalgebra surjections ng = idg ®e: F — H and 7y = e®idy : £ — U.
Hence our isomorphism has the form f ® g for f and g as in the statement. The condition
(f®g)old =00 (g® f) comes from the fact that f ® ¢ is an algebra map. The converse is an
immediate verification.

(3) Follows as [34, Lemma 3.1]. We reproduce the details for completeness. Recall that both
H and U identify with Hopf subalgebras of F, and moreover we have the coalgebra surjections
g =idg®U : E— H and 7y = e®idy : E — U that are respectively left H-linear and right
U-linear. Let J be an E-Galois object and let us set

A=JV ={z€J:20®z21)€ F® H} ~ JOgH,
R:=J°"={z¢€J:20®21 € FRU}~JOgU.
It follows that A is an H-Galois object by [37, Remark 3.11 (2), p.186]; the same holds for R
as an U-Galois object. Now, we consider J as a Hopf module in the category MU, with the

U-comodule structure induced by my (this is indeed a Hopf module by the U-linearity of )
and thus [37, Theorem 3.7] gives an isomorphism (via the multiplication):

A9 R=J°Y @R~ J

Therefore, there is a twisting map 6: R ® A — A ® R such that J ~ A#yR (see the end of
Subsection 3.1) and since multiplication is E-colinear, the E-coaction on A ® R has the form as
in Lemma 4.1, so that # satisfies the conditions there. O

N —

Remark 4.3. Consider the maps kg : H - A® A and xky : U — R ® R as in Subsection 2.1:
kpg(h) =W @b c A A, h € H, and ky(z) = 21 @23 € R® R, z € U, see (2.1). Then
the proof of the above theorem shows that

(4.3) ks (h<z) = G(x(l) ® h(l)) ® hP#22) = (:n(l) N h(l))#($(1) y h(l)) @ hP#22),

4.2. The cleft setting. Assume that the Galois-objects A and R from Theorem 4.2 are cleft.
In particular, there are Hopf 2-cocycles o € Z2(H) and 7 € Z*(U) so that A ~ ,H, R ~ ,U.
Set E = H < U. Now, any E-colinear map § € Hom®(R® A, A® R) ~ Hom® (U @ H, H ® U)
is determined by a linear map ¢: H ® U — k in such a way that 6 = 0,,, where

(4.4) ew(a?, h) = LZJ(h(l), 1’(1)) T(2) > ]’L(g) ® T (3) < h(g), reUheH.

Notice that this also reads: 0y(x,h) = Y(h(1y, (1)) (2) > h(z). As well, recall the notation 21,1;
from Lemma 3.3.

Lemma 4.4. Let § € HomP(R® A, A® R) ~ Hom®(U @ H,H @ U) be as in (4.4). Then 0 is
a twisting map if and only if

(@), Y1)V (M 22)Y(2)) = Y (hay, Y1)V (Y2) > Ry, 210)7(22) < (Y3) > he3))s Yy hay)s
a(hay, t)¥(heyte), ) = Y(hay, 1)V (), T2) Qhe))o(z) & he), (Ta) <ha) >te),
forallhk e H, z,y € U.

Assume that Sgr, Sy are invertible. If 1) is convolution invertible, then 0 is invertible with

(4.5)

t

— _ t t ¢
(4.6) 0 1(h,1‘) = 1(h(1) > Z(1), h(g) <133(3)) h(2) > Z(2) & h(4) 4T (4) zeUheH.
11



Proof. The identity in (3.1) corresponding to mpr = 7% my, becomes, using (3.3) with particular
emphasis on the fourth identity:
(@) Y)Y (hay, 35(2)?/( 2)Z@)Ye) > he) @ Ty The)
= Y(hay, Y1)V (Y2) > i) o)) T(2(3) < (Yea) > h)) yis) <))

(z)y( 3) > I3y @ (2(2) < (W) > b)) (Wery <heny)s

(3:3)
=" P(hay, Y1)V (Ye) & by, o10)T(2@3) < (Y > hay)s Yy <))

T(2)Y3) > h3) @ (T < (Ye6) > Pee))) Wiy <hy)s
= Y (h1), Y1)V Y(2) > h2y, (1)) T(23) < (Yea) > hay), Ys) A hs))
l“(2>y< ) > hiz) @ (T@)Y(e)) > hes),

= 1/1( ) Y)Y (W) > Py, 1)) T(T(2) < (Ya) > hay)s Y3) <)
T(3)Y(5) > Is) @ (()Y(6)) > o)
Similarly, the identity in (3.1) corresponding to m4 = o * my is:
o (hay, b)Y (heyte), ©1))2(2) >h<3> < ) @ x(3) Thayt
= (R $(1))¢(t(1), Shy)o(z) > h), (T5) <hs)) > L))

(fﬂ(3) > heg)) (z6) Q) > t3)) @ (T(7) <hry) <t

(3.3)
=" Y(hay, 1)) (tay, T(3) <hs))o (o) > ke, (Ta) <ha) > o)

() > his)t(a) ® T(6) The)t(a)-
Next we check (4.6). Notice that, if we write h @ x = y = t, y € U,t € H, then this is
0= (h,x) = y(y, 1), for
Yy, t) = ¥~ () 1)y B L)-

Indeed, if we identify U @ H = H B H, then we have that

Y0 1) = iy, ) (@) 2 hiey) = Wiy ) (s 222y B hesy = 2 @ b

_ tt _
Oy(h,z) = 0y(y.t) = ¥~ (ta), y1)0(We) B te) = ¥ (Fays )V (o), y@) ) B ts)
=yxXt=hQ® .

This ends the proof. O

By (4.5), if we assume that the values of o, 7 are known, then it is enough to define 1) on the
generators of U ® H and extend it via:

P(ht,zy) = o (hay, ta) T (@) ya)) U (h@) @)Y Ye) B ha), 7))
V(t2)s Y6y <o)V ((Yery <hen) B ey 2@) < (Y > hay))
T((2@4) < (Y) > hisy)) < (W) <)) > tay)s Yoy < (R)ts)))
o((z(5)y(10 )) > heio), (T@) Y1) <har)) > te))-
In general, the determination of the values of a Hopf cocycle ¢ is a hard work; nevertheless there

instances in which task has been performed and characterized, see e.g. |21, 22].
We the conclude the subsection with a useful remark.

Remark 4.5. When one of the cocycles o, 7 is trivial, then (4.5) become simpler and we can
deduce further properties of :
(a) Assume that 7 = e. If the antipode S = Sy is invertible, then the first equation in (4.5) is
Y(h,ry) = w(hu), y(1))7/)(y(2) > h2), )
and then v is convolution-invertible, with

O (b @) = Y(za) > h, SN z(9))-

12



Indeed, let @(h,z) = ¢ (1) > h, S~ (2(2))). Then

b x p(h, @) = P(hy, 2@) (2@ > hay S Hag)) = ¥k, S a@)zw) = e(h)e().
On the other hand, letting y = S~!(z):

o x (h,x) = (x1y > by, ST (@)Y (b)), 33) = V(S
= (S (y(5))>h (1) Y2 ) (Y3) > (S(Y(a)) > hz)
=P((S(ya)) > h)ay: (Ye)a ) (Y22 > (S(ya) >
=Y(S (y(s))ths( Yo )) Y(2)) = e(h)e(y) = e(h)e(x).

(b) On the other hand, if 0 = ¢ and Sy is invertible, then 1) is invertible. The second equation
n (4.5) becomes

W(hk,x) = (hay, w) bk, 2(2) <)
and we get that:
7 (b, @) = ¥(Su(h@a), T <hg).

In this setting, the inverse S~! of S = Sy is used in the verification, arguing as in the
previous case. Indeed, if we now set p(h,z) = ¥(S(h()), z <h(y)) it is straightforward to
check that 1 x ¢ = ¢, while, for k = S~1(h):

o *p(h,x) S(h2)), 1y hy)d(hey, ©(2)) = z/J(k( 2,21y 49 (k) )5~ (k) z2)

k), 21y 95 (b)) (S~ (k) 22) < (S (b))

Y (k) (3745 Yk@y)) ) (S~H(k 1)),(334571(/%4)))(2) 4Y(3))

D(k)S™ k), = 157 y(z)) = e(k)e(x) = e(h)e(x).

4.3. The left bicrossed product Hopf algebra. We recall the notation and results on
cogroupoids from §2.3; in particular the subcogroupoid Cy C C from Lemma 2.1 associated
to a cogroupoid C, an object X € obC and a sub Hopf algebra H C C(X, X).

o(
= 1(

Theorem 4.6. Let (H,U,>,<) be a matched pair of Hopf algebras.

(1) Let L,Q be Hopf algebras and let A, resp. R, be an (L, H)-Galois object, resp. (Q,U)-
Galois object. Assume there is a twisting map 6: R® A — A ® R such that (4.1)
commutes. Then the associated left Hopf algebra F = L(A#¢R,H < U) is a bicrossed
product L w4 Q for some actions »: QR L — L and €4: Q®L — Q making the following
diagram commute:

(4.7) R®A AQR
l/\RQaA l/\AQ@R
Q®L®R®A L®Q®A®R

where Aagr and Arga denote the diagonal left coactions induced by those of A and R.
(2) Let F be a Hopf algebra such that there exists an (F,H < U)-bi-Galois object. Then
F ~ L »4Q for some Hopf algebras L, QQ as above.

Proof. (1) We use [8, Theorem 2.11] to consider a cogroupoid C with two objects X, Y such that
C(X,X)=Hw~=U, C(Y,X) = A#4R,

so that H,U become Hopf subalgebras of C(X, X) and the we have a bijective multiplication

(4.8) m: HoU — C(X, X).

Consider the subcogroupoids Cy,Cyy € C as in Lemma 2.1; we have Cy (Y, X) ~ A, Cy(Y, X) ~
R, and Cyx(Y,Y) ~ L, Cy(Y,Y) ~ @ by uniqueness of left Hopf algebras in [32, Theorem 3.5].
13



We need to show that the multiplication map m : Cy(Y,Y)®@Cy(Y,Y) = C(Y,Y) is bijective.
We will do so by fitting it into the following commutative diagram with bijective arrows, where
U = Ue(x,x) and the bijectivity of each arrow corresponds to the label on top:

Cu(Y,Y)®Cy(Y,Y) m C(Y,Y)
(28)1
(C(Y,X)OHOC(X,Y)) ® (C(Y,X)QUOC(X,Y)) (2.6)
m)i
C(Y, X)O(HOC(X,Y)) ® (UDOC(X,Y))) C(Y,X)OC(X,X)DC(X,Y)
(2.7) )

C(Y,X)0((H ® U)OC(X,Y)).

This shows that F' is a bicrossed product L »a U of L ~Cy(Y,Y) and Q ~ Cy(Y,Y).

The commutation of (4.7) will follow from the obvious left version of that of (4.1) in Lemma
4.1, provided we show that the left L »4 (Q-coaction on A#4 R has the appropriate form. We
identify L ~ L(A,H) = (A® A°?)°H and Q ~ L(R,U) = (R® R°?)*°Y so that

Aa(a) = a) ® ko)) = a) © (a@) @ (ag))?

and similarly Ag(r) = 7(g) ® (7“(1))(1) ® (7“(1))(2)-
In the same spirit, we identify L w4 Q ~ L(A#¢R, H x U) = (A#9R ® (A#¢R)°P)* U,
and we have
)\A#GR((I#T) = a(o)#T(o) ® HHMU(Q(l) > 7“(1))

(4.3
=4 ay#r0) @ 0((ray) ™ ® (a))™M) & (ag)) P#(r))@

[(a)#1 ® (an) P#1) ® (aq)) D#1][(1#r ) ® 13(ra) V) @ 14(r1))?)]
where the last product between the terms in square brackets [,] is taken in the algebra
A#9R @ (A#9R)P @ A#yR.
This shows that the following diagram commutes:

AA#gR

A#9R (A#oR @ (A#gR)P)CH>U & AdyR

A
AML M

(A®Aop)coH® (R®ROP)COU®A®R.

Here € is, as at the end of Subsection 3.1, the composition of the multiplication in A#yR ®
(A#9R)°P together with the inclusion map

LA : (ARAP) T @(RORP)CV — (A#g R (A#9R)P) "™V @ (A#g R (A#g R)*P) U
where 14 and tp are the canonical inclusions

1 (A@ AP)H s (A#4R @ (A#yR)°P)H>U a @b a#tl @ b#1,

i (R® RP)V — (A#9R @ (A#gR)°P) U r® s —s 1#r @ 1#s.
Since we know that L »4 Q ~ (A#yR @ (A#¢R)°P)°H>U  the map ¢ is a Hopf algebra
isomorphism, and it follows in particular that Asgg is an algebra map, so the left analogue of
Lemma 4.1 applies, and the diagram (4.7) commutes.

(2) This follows by the uniqueness of the left Hopf algebra associated to a right Galois object

and the previous results. Indeed, if J is a (F, H > U)-bi-Galois object, then J = A#yR for

some right Galois objects A and R over H and U respectively by Theorem 4.2. If L = L(A, H)
14



and @ = L(R,U) are the corresponding left Hopf algebras so that A is (L, H)-bi-Galois and R
is (@, U)-bi-Galois, then J is (L »« Q, H < U)-bi-Galois by (1) and thus L »a€ Q ~ L(J, H
U)~F. O
Corollary 4.7. With the notation of Theorem 4.6, assume that A and R are cleft.

Let+: H® U — k be such that 0 = 0, as in (4.4). If 4 is invertible, then

wea(z, h) = Y(hey, 2 1)) (hia), T(a))T(2) & hi2) ® T(3) < hz).

Proof. In this setting, R ~ U as U-comodules and A ~ H as H-comodules, so we may assume,
without loss of generality, that R = U and A = H in (4.7). By following the arrows, we get

Wra((1), P(1)) @ (D), T(2))T(3) > hz) @ (a) Qhya
= (hq), T(1))T2) > h2) @ T(3) Th(z) @ T(a) > hrg) @ T(5) ).
We apply idyg ® idy Qe ® ey and obtain

VY(h(2), T(2))wra(T (1), (1)) = Y(h1y, T(1))T(2) > M2y @ 23y A Ny3)
from where the result follows. O

Remark 4.8. In the case of a tensor product £ = H ® U, Schauenburg’s [34, Proposition 3.7]
describes the Hopf-Galois objects over E, with 6 of Theorem 4.2 and Theorem 4.6 being shown
to arise from a skew pairing 7: Q® L — k, so that L »€ () ~ L <, (). In the general situation of
Theorem 4.2 and Theorem 4.6, we do not see how to reach such a simple and elegant statement
as |34, Proposition 3.7|, since it seems to us that there is no canonical bicrossed product L »<4 Q
to start with. Disappointingly, we do not see neither how to deduce in a straightforward manner
[34, Proposition 3.7] from Theorem 4.2 and Theorem 4.6, without essentially redoing the same
work already done in [34].

5. A COMPLETE EXAMPLE

In this section we illustrate the previous results with an example of a bicrossed product that
does not fall into the classes of bicrossed products mentioned in Example 3.2.

5.1. The Hopf algebra £ = H <1 U. Throughout the section, let U, H be the graded pointed
Hopf algebras given by the smash products (also called bosonizations in this context) H =
kb, c|#kZ, Z = (h) and U = k[a|#kZ, Z = (g). Here k[a], k[b, ¢] are polynomial algebras. Each
smash product is defined so that hb = —bh, hc = —ch, ga = —ag.

The comultiplication is such that g € U, h € H are group-like elements and
(5.1) Ala)=a®1+¢*®a, Ab)=b®1+h*®b, Ale)=ce1+h*eec

Definition 5.1. Let E be the smash product k[a,b,c]#kZ?, i.e. the k-algebra generated by
a,b,c, W gt with gh = hg and commutation:

(5.2) ha = —ah, hb= —bh, hc= —ch, ga = —ag, gb=—cg, gc= —bg,
together with the quadratic identities
(5.3) ab — ba = 0, ac—ca =0, bc —cb = 0.

It is easy to see that E is a Hopf algebra with coalgebra structure given by that of H @ U.
Moreover, it also follows that E factors through H and U via the canonical injections t: H <— F
and j: U — E. Hence E ~ Hi<xU.

Next remark shows that the bicrossed product E ~ H > U above is neither a smash product
(both actions are nontrivial) nor it comes from a pairing between H and U. It also establishes
some properties of the actions involved, that will become useful further on.

Remark 5.2. With the notation we make the following observations:
(a) Both actions <: U ® H — U and >: U ® H — H are non-trivial as

ah=—ha=a<h= —a, gb=—cg=g>b=—c.
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(b) The bicrossed product H 1 U does not come from a pairing. Indeed, for any pairing
7: U® H — k, we get, by (2.5):

9-b =7(g,b1))b2g7 (g, b)) = 7(g,b)g + 7(g, B*)bg + (g, h*)h*gT (g, b);

notice that b)) ®@b2)®biz) =b®@1®1 +h?®@b®1+h?®h%?®b and recall that 7(g,1) = 1.
Hence g.b € k{g,bg, h%g} while in H > U we have gb = —cg ¢ k{g, bg, h%g}.
(c) Observe that a> = 0and _<b = 0, same for c¢. We write down the tables with the
actions > and < in terms of the generators:

> b c | h alble| h
al| O 010 al|l0]|0]| —a
gl—c|-=bl|h g|0]0| g

Furthermore, notice that both H = 3°,5q H; and U = 3., U; are coradically graded
Hopf algebras; here H; = k[b"c™ : n + m = i|#kZ and U; = k[a/]#kZ. 1t is thus easy
to check that a> H =0 and U <b = U <b = 0, using (3.3). Moreover, this extends to

(54) lj>()[>I{:07 U<]H>():0.
We now introduce some notation that will become handy to deal with examples.

Notation. Let H, and U as above and consider the decomposition H = Zizo H;, and U =
>_j>0Uj in Remark 5.2 (c). We shall write, for f € H,,, u € Uy:

(5.5) A(f)=fer()+UNHef+fn)®fo, Al =u®r(u)+l(u) @u+um @ up)
with r(f),4(f) € (h) such that

n—1
Af)-fer(f)+Uf)®fed Hi®Hyy

=1

P
=
®
P
»
I

Similarly, r(u), £(u) € (g) and w1y ®@ () € S U @ Ui

5.1.1. Deformations. In this part we introduce two families of algebras, obtained by deforming
the relations of the Hopf algebra E in Definition 5.1.

Definition 5.3. Let us fix a, 8 € k and X\ € k* scalars with the following restrictions:
(5.6) a(l+ XY =0, B(1 =A%) =0.
(a) Let Eéyﬁ be the k-algebra generated by a,b,c, h*', gt with relations gh = hg and:
(5.7)  ha=—MN’ah, hb= —bh, hc= —ch, ga = —ag, gb=—Ncg, gc=—\bg,
together with the identities
ab — Xba = B(1 — g?h?), ac — Neca = B(1 — g?h?), be —cb = a1 — hY).

b) Let A . be the k-algebra generated by a,b,c, h™', =1 with relations gh = \hg and (5.7),
a)ﬂ
together with the identities

(5.8) ab — \ba = 8, ac — Nea = B, bc — ¢b = a.

We remark that (5.6) above forces a8 = 0; moreover a = 3 = 0 whenever A # 41 or A* # —1.

It is easy to see that Eé glisa Hopf algebra with comultiplication (5.1). Moreover, it can be
checked that the algebras AQ 5 are (E, Eé B)—biGaloiS objects. This is indeed the content of this
part, as the result of applying the ideas in Sections 3 and 4. We observe that ngé ~ F.

We refer to Corollary 5.12 for a general picture summarizing our results.
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5.2. Skew H <1 U-pairings. We start by discussing the skew H <t U-pairings for the matched
pair of Hopf algebras (H,U,<,>) in §5.1. We construct two such maps in Examples 5.5 and 5.6
and then show that these exhaust all the skew H >t U-pairings in Proposition 5.8. Along the
way we describe the corresponding Galois objects and left Hopf algebras.

We observe that in this setting, using (5.4), conditions (3.6) become:

(59) T(fa uu’) = T(f(l),u/)T(T(u/) l>f(2)7u)7 T(ff,au) = T(fa u(l))T(f/7u(2) 4T(f))7
for any f € Hy, f € Hy, uw € Uy, v € Uy, s,t,n,m > 0.
We begin with a quick remark.

Remark 5.4. (1) Any linear map 7: H ® U — k is convolution invertible if and only if it is
invertible in the coradical Ey = Hy®Uy ~ k{g, h) of E: that is if and only if A :== 7(g, h) # 0.

(2) Conditions (3.6) restricted to Hy ® Uy are equivalent to stating that 7" = 7(h, —): (g) — k
and 79 = 7(—,g): (h) — k are algebra maps and thus they are determined by A.

Our first example is rather straightforward and it does not lead to interesting consequences.
We include it for completeness, see Proposition 5.8 below.

Example 5.5. For each A # 0, set 7 = 7\: H @ U — k be the linear map so that
T(hP, g?) = NP4, Teu; =0, 1+ >0.
Then 7 is skew H <1 U-pairing. As well, H < U ~ Eé\,o and H#p U ~ A(/},O'

Proof. First, Remark 5.4 shows that 7 is convolution invertible and identities (3.6) hold on
Hy ® Uy. Next, if either f € Hsg f' € H~g or u € Usg, we have that 7(ff’,u) = 0. On the
other hand, the left hand side of the corresponding equation in (3.6) is 7(f, u1))7(f, u(2) <r(f))
by (5.9). Again, if f € Hsq, f' € Hsg or t € Usg, then this is also zero by definition. The other
identity in (3.6) follows similarly.

Notice that the corresponding cocycle 7 is concentrated in the coradical Z?. We thus get that
the deformation H v U ~ (H > U)T becomes the k-algebra E&O in Definition 5.3. In turn,

H+#o U ~ {H aU) is the algebra AS’O as stated. O
Next we produce a more involved pairing (which includes the previous one).
Example 5.6. Fix § € k and £ € {£+1}. Consider the linear map Tgi H ® U — k given by:

(5.10) (VSR ") = by s (~1)TEPIRIBY,

for every r,s,n € N, p,q € Z. We write Tﬁ = Tfﬂ. Then 7 = Tg is a skew H > U-pairing.

It follows that H sa U ~ E ; and H#to, U ~ AT ;.

Remark 5.7. If 8 = 0, then this is Example 5.5 with A = &. In particular, we can unify
Examples 5.5 and 5.6 in a single pairing Tf , where A € k* and 8 € k are subject to the second
restriction in (5.6); namely 5 =01if A ¢ {£1}.

Proof. Observe first that 7,9y, = 0 for i # j and 7(g9,h) = £ = £1. In particular, it is
convolution invertible. We start with the second identity (5.9): We proceed by induction on
c=s+t+n>0,for f € Hg, f € Hy, u € U,.

The case 0 = 0 or s = t = n = 0 follows since this defines algebra maps 7" and 79 as in
Remark 5.4. Now assume o > 0. Then 7(ff’,u) = 0. As for the right hand side of the equation,
we have two cases: s+t =n and s+t # n. We start with the later. If s =0 (so t # n), we
may assume f € (h) and then

T(fyua)T(f  uey <r(f)) = 7(f,ua))(f' @) < f).
If n =0 then ¢t >0 and 7(f',—) = 0.
If n >0, then 7(f, uq))7(f'su@y < f) = 7(f, £(w)7(f';u< f) = 0 since 7(—,u< f) = 0. Now,

if s >0, then 7(f, —) = 0 and thus 7(f,u))7(f",u@) <r(f)) = 0.
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Let us now assume that s +t = n, f = b*1c2hPt, f' = b1 cP2hP2, 4 = a"¢9, with s; + 59 = s,
t1 +to =t and p1,p2,q € Z. We have that
(5.11) T(ff ) = (~1)PH(=1)mgPrirlapgn,
On the other hand,
(o u) (e (D) = 7, (@) ayg (7 (@) ) 2 b7 ).
The component of A(a™) = (a™) 1) ® (™) @) = Yieg (})a'g> "~ ® a"~ in the right component
Us ® Uy is precisely ( )asg21t ® a’. So the above equation is

(1) ety 1) = i (1S e

= n!(_1)q(5+t)§(P1+P2)q(_1)p1tﬁs+t

which coincides with (5.11). As for the first identity, if u = a"g4, v’ = a™g" and f = bc'hP,
then the left hand side is
T(fur) = (1) TP hP, a" gt = (=) (1) @IS €T ()1 g
— (_1)qn+rn+rm58+t’n+m€p(q+r) (Tl + m)!ﬁn+m’

while as A(f) = A(V*)A()(RP @ hP) = 327, Zézo () (;)bicth(SH*i*ij ® b*"ic!=JhP then
(u

)

we get that T( ), u)T(r(u') > froy, u) = 7(fay, w)T(g" > fi2), u) equals:

>3 ()

s t
= Z Z < ) ( > it+j, mm'nldert n+m( 1)qn+rn+rm£p(q+7~)6n+m'

This coincides with the expression for the left hand side computed above as the coefficient
Yoo Zj 0 )( )04 j,m counts the number of subsets of size i + j = m in a set of size s +¢ (by
choosing i from a subset of size s and j from the complement of size t), namely this coefficient
is (s:f). Now (S+t)m'n'5s+t ntm = (m—l—n) and both sides coincide. Thus the first part follows.

Now, the corresponding cocycle 7 = Ti. H>xU®®H U — k can be computed explicitly
using (5.10), via the definition in Lemma 3.6. In particular, it is concentrated on U ® H, and,
for our purposes, it is enough to determine its values on the generators {a, g} x {b,c,h}. We
easily get:

7(a,b) = 7(a,c) = B, 7(g,h) = £1, 7(a,h) = 7(g,b) = 7(g,b) = 0.

Therefore, we obtain that H o< U ~ (H < U)7 is the k-algebra Egtﬁ from Definition 5.3. Indeed,
this is a standard computation for the multiplication in (H 1 U)7, see (2.5):
a.b=o(a@),bay)a@beo (a@):be) = o(a,b)1 + o(g®, h*)ab + o(g®, h*)g*h*c " (a, b)
=B+ ab— fgh =1~ g°h®).
As b.a = ba, we obtain the first (deformed) quadratic relation for Eoiﬁ. The others follow
similarly.

As well, we can analogously describe the Hopf-Galois object H#9 U ~ ;H > U, with
multiplication (2.4): we obtain the k-algebra Aoiﬁ. Notice that in this setting b.a = ab and

a.b = o (a1, bay)a@be) = o(a,b)1 + o(g?, h?*)ab = 5 + ab. This concludes the example. O

t .
(J) igm (1) EPTMIB™ (1) Gy (—1) TPl BT

Next we show that these are indeed all the skew-parings for H > U.

Proposition 5.8. Let 7: H QU — k be a H <1 U-skew-paring. Then there is X # 0 so that

T =T\ or there is B € k so thatT:Tﬁ.
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Proof. Let A =7(g,h). Then X # 0 since 7 is convolution invertible. Following (5.9), we get:

7(bh,a) = 7(b, a), 7(hb,a) = —\27(b, a).
and we see that A2 = 1 or 7(b,a) = 0, since bh = —hb. On the other hand,
7(b,ag) = —N’7(c,a) = —7(c, a), 7(b, ga) = 7(b,a).
As ag = —ga we get that 7(c,a) = 7(b,a). In particular have that either
M =1 and 7(c,a) = 7(b,a) or 7(b,a) = 71(c,a) = 0.

Similarly, if n > 0 and p,q € Z, then we easily deduce from (5.9) that 7(hP,a"g?) =
APAT(hP a™) and T(hP, g%™) = APIT(RP,a™). As ga = —ag, this implies that 7(hP,a") = 0.
This idea can be repeated to show that, more generally:

(512) T Ho@Un+Hn,®Us = 0, n > 0.

But now (5.9) implies 7| Hiou; = 0 when ¢ # j. Indeed, these are graded coalgebras and the
actions <, > respect this grading.
Hence we deduce that when 7(b,a) = 7(¢,a) = 0 we have that 7 = 7, as in Example 5.5.
Otherwise, we have that 7(g,h) = A is such that \> = 1. Weset £ = X\ € {1,-1}, 8 =
7(b,a) = 7(c,a). We can use (5.9) to check that, for r +s=mn € N:

(5.13) (0", a") = 7(c",a") = 7(b" %, a") = nlp".
Fix now f = f(b,c) € k[b, ] of degree n € N (notice r(f) = 1, £(f) = h*") and p,q € Z. Then
T(fhP,a"g?) = 7(f, (@"))g?)7 (K", (a")(2)9") = 7(f,a"g*) T (R, g) = E¥7(f, a"g")
= &7 (fy, 9N (97 > fr), @) = EPTT (WP, gT)7 (g7 > f,a") = PR (fy, a").

Here fq — f(bQ7Cq) c k[b7 CL fOI' bq _ {ba q even, and Cq _ {C, q even,

¢, qodd, b, q odd.
Now, by (5.13), we have 7(fhP,a"g?) = £PIE27(f,, a™) = (—1)1"EPIn)B". Therefore T = Tﬁ
is as in (5.10) in Example 5.6, according to £ = +1. The lemma follows. U

5.3. Hopf-Galois objects. We now describe the Hopf-Galois objects over £ = H 1 U.

The cleft objects A for H that produce a non-trivial left Hopf algebra, namely L(A, H) #
H, are the (pairwise isomorphic) algebras H,, a # 0; here H, is the k-algebra generated by
{b, c, W1} with relations

(5.14) hb = —bh, he = —ch, bc — cb = a.
The Hopf algebra L, = L(H, H,) is the deformation generated by {b, c, h*'} with relations
(5.15) hb = —bh, hec = —ch, be — cb = a1 — h?).

In turn, there are no Hopf deformations of U, hence there are no cleft objects for U in this sense.
We shall look, however, into non-trivial cocycles for U in §6.2 at the end of this monograph, in
a different setting. As well, we analyze the case & = 0 in Remark 5.11 below.
For any a € k, the cocycle 0,: H ® H — k which determines the deformation H,, is
n+m
(5.16) Ta (bR BT hY) = 8y o8 (—1)™ (= 1P+l (%) ,
for n,m,r,s > 0, p,q € Z. We shall provide some insight for this formula on Remark 5.9,
whereas we refer to [21] for more details.
We will be primarily interested in the following consequences for o = g,:
O-‘Hi@Hj = 07 i ;é j? O-‘H()@HQ =e® €,
(5.17) e
o(bhP ch?) = —o(ch?,bh?) = (—1)p§, a(bh?,bh?) = o (ch?, ch?) =0,
As well, we have that o is skew-linear with respect to (g), as:

(5.18) olg’> f.g"e f) = (-1)"0(=, =),  f.f €Hn
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Remark 5.9. The recipe for the full computation of o is as follows: let us set V = k{b, c},
Z = (h): consider the Z-invariant map ': V@ V — k:

7' (b,c) = /2, n'(e,b) = —a/2, 7' (b,0) = 1'(c,c) =0
and extend it to an e-derivation n: H @ H — k via:
n(vih?, vah?) = n(vi, AP - v2), v1,v2 € V, p,q € Z, e, =0, (i,5) # (1,1).
Then o arises as the exponential € = go %77*”; here n*" stands for the nth power of the
n>

convolution product *, namely 7 * - - - * . The formula follows from the projection onto V"™
o
T times

of the iteration A+m=1)(prem).

Next we investigate the maps ¥: H ® U — k that satisfy (4.5), in order to compute the
corresponding twisting maps 6 = 0,

Notice right away that as one of the cocycles is trivial and both antipodes are invertible, then
any such v is convolution invertible, by Remark 4.5. Moreover, the bijectivity of the antipodes
implies that 6y is invertible as well. Recall the notation 7(—), ¢(—) in (5.5). Now, arguing as in
§5.2 we use once again (5.4) to simplify (4.5) into:

(5.19) Y(f,un’) = (fay, u)Y(rw') > fo),u),
o(fays Fa)Y(fay flys w) = Y (fays ua) v (f1y ue) <r(fay))o(r(ue) > fo) m(ue) > fla))s
for every f € Hy, f € Hy, u € Uy, v € Uy, s,t,n,m > 0.

We obtain similar results as in §5.2, though more restrictive; see Remark 5.11 below.

Lemma 5.10. Fiz ¢ € k, with ¢* = —1.
(1) Let ¢ = p¢: H®@ U — k be the linear map

w(hpagq) = Cpq> w\Hi(X)Uj =0,14+75>0.
Then 9 satisfies (4.5) and O == 0y: U @ Hy, — Ho ® U is such that
O(g@h)=Ch®g, 09 ®b) =—Ceay, Oc(g®c) =—C*b @y,
Oc(a®h) = —C*h®a, Oc(a®b) = @a, Ocla®c)=Ce@a.

(2) Conversely, if : H QU — k is a linear map satisfying (4.5), then 1) = 1.
It follows that Ho#o U 1s Ag,o and Lo, w4 U ~ E(io.

Proof. The lemma is essentially analogous to Example 5.5, combined with a partial Proposition
5.8. The current setting only forces the restriction ¢ = —1 on the map concentrated on degree
zero. We sketch a proof, following the ideas in the cases just mentioned.

(1) The first equation in (5.19) follows automatically as the corresponding (5.9) in Example
5.5. As for the second, let e, €’ € k[b, ¢] be homogeneous elements of degree d > 0, r, s € Z and
u= g% e Uy (if u € Usg, then both sides are zero). Set f = eh”, f' = e¢’h*. Then this equation
is equivalent to

(5.20) o(fo [R5 u) = (1)1 (R, gDy (R, gN)a (f, f'),

namely 1 = (—1)?%¢49? v d € N; which holds when (and only if) ¢* = —1.

As for (2), this is a consequence of the skew-linearity of o as in (5.18). We start by imitating
the first part of Proposition 5.8. Indeed, let ¢: Ho,®U — k satisfying (5.19). As 0\g o r+H0H, =
e ® e, we can follow the first lines of loc.cit. to conclude that ¢ := ¢ (h,g) # 0. As well, we get
once again that either (? = 1 and (b,a) = ¥(c, a) or else 1 (b,a) = 1(c,a) = 0. For this last
case we deduce that 7 = 7¢ as in (1), as we have observed above that the identity (* = —1 is
necessary.
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Otherwise, 7(g, h) = ¢, with (2 = 1. We can look at equation (5.20) in this context for u = g;
which still represents the second condition in (5.19). If we set f = b, f/ = ¢ we obtain the
contradiction o(b,c¢) = —o (b, ¢). This shows (2).

In turn, recall that Q@ = L(U,U) ~ U and L, = L(H,, H) is as in (5.15). In this setting we
get that L, »4 U becomes the k-algebra Eg}o in Definition 5.3. O

We obtain more examples if we let &« = 0, as we return to the case in the previous section.
We include them to make the twisting map explicit following the lines of this section.

Remark 5.11. If we choose @ = 0, namely H, = H is the trivial cleft object, then o = ¢ is
trivial as well and equations (4.5) become (3.6); namely ¢: H ® U is a H > U-skew-paring.
Hence we recover Examples 5.5 and 5.6, by setting 1) = 7 and ¢i = T:E. Namely:

(1) The first is an unrestricted ¢ = 1, and the corresponding 6y, from Lemma 5.10, as the

condition A* = —1 comes from the fact that o # 0 therein. As for the Galois objects, if we
set 8 = 0, then H w4 U ~ H <1 U is the k-algebra Aé,o-

(2) As for the second, if ¢ = wi, then the twisting map 07 = 0py: U®H - H®U is:

0l(goh)=+heg, 0lgeb)=-cog, 0lgoc)=-bag,
07 (a@h)=—hoa, Ollaob)=101+b®a 0la®c)=F101+c@a.

The corresponding algebras H#9U naturally coincide with those in Examples 5.5 and 5.6. In
turn, if § = Qi, then H »4 U ~ E(jfﬁ.

5.4. Conclusions. We summarize the results in this section in the following statement. Recall
the definition of the algebras Eé 3 and Ag, 5 be as in Definition 5.3. As well, recall the examples

Ty and Tﬁ of skew-pairings H ® U — k from Examples 5.5 and 5.6, respectively.

We recall as well the Hopf cocycles 0,: H ® H — k as in (5.16) and the corresponding
deformations H, in (5.14) and L, in (5.15); in particular Hy = Lo = H. Finally, we shall
consider the maps ¢¢: H ® U — k as in Lemma 5.10, with ¢t =—1.

Corollary 5.12. Let E = H > U be as in Definition 5.1.

(1) Let 7: H® U — k be a skew-pairing; then T =1\ or 7 = 7.

(a) If T =Ty, then H < U ~ E&O and H#9 U ~ AS’O.
(b) If T =72, then Hoa U ~ ngﬁ and H#g U ~ A(j)[ﬁ.
(2) Let ¢p: H®U — k be a map satisfying (4.5) for 0 = o4 and T = 8%2.
(a) If « # 0, then o =1p¢. We get Lo, »a U =~ E370 and Ho#tg U ~ Aiyo.
(b) If « =0 then ¢ is a skew-pairing Tf. Hence L, w4 U ~ ES\,B and Ho#qU =~ Aé,ﬂ'

In the language of Definition 5.3, we could further condense the information in the examples
from this section by saying that algebras in the case § # 0 come from skew-pairings and the
case o # 0 comes from linear maps and cocycles in the cleft setting.

Proof. The first assertion in (1) is Proposition 5.8. Then (a) and (b) therein follow from the
corresponding Examples 5.5 and 5.6. In turn, (2)(a) is Lemma 5.10 and (b) is Remark 5.11. O

6. HOPF-GALOIS OBJECTS OVER A SEMI-DIRECT PRODUCT HOPF ALGEBRA

We specialize the results of the previous section to the semi-direct product Hopf algebra case,
i.e. when one of the actions in the matched pair is trivial. We will see that in that case, we can
make Theorem 4.2 and Theorem 4.6 much more precise, at least when we assume that all the
Galois objects over the Hopf algebra U are cleft.
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6.1. General results. The framework in this section is that of a matched pair of Hopf algebras
(H,U,>,<) with < trivial. The matched pair conditions become that H is a left U-module algebra
together with

(6.1) T(1) @ T(2) b a = T(9) @ T(1) > a, z €U ac€ H.

The resulting Hopf algebra is denoted H x U. As an algebra it is just a smash product as before,
but to stress out the Hopf structure, we will call it a semi-direct product Hopf algebra.

In view of the above condition (6.1), the most interesting semi-direct products (i.e. those with
> non trivial) will occur with U cocommutative, and hence in particular with U having the
property that any Galois object is cleft, an assumption that will be made in the main results of
the section.

We begin with a basic construction. This is certainly well-known, and the straightforward
proof is left to the reader.

Lemma 6.1. Let U be a Hopf algebra, let o : U QU — k be a 2-cocycle and let A be a U-module
algebra. Then the map

0:;URA— AR U x®a'—>x(1)-a®x(2)
is a twisting map. The resulting algebra A#,U 1is called a twisted smash product. U

We need one more preparatory result. Again the proof is an immediate verification, that we
leave to the reader.

Lemma 6.2. Let E = H x U be a semi-direct product Hopf algebra, let 0 : U @ U — k be a
2-cocycle and let A be a U-module algebra and a right H-comodule algebra. Then the twisting
map 0 : ;U R A — AR ,U in Lemma 6.1 makes Diagram (4.1) commute (with R = ;U) if and
only if the right coaction pa: A — AR H is left U-linear. O

Theorem 6.3. Let £ = H x U be a semi-direct product Hopf algebra.

(1) Let 0 : U® U — k be a 2-cocycle and let A be a right H-Galois object. Assume that
U acts on A as a U-module algebra and that the right coaction ps : A — A® H is left
U-linear. Then the twisted smash product A#,U is a right E-Galois object.

(2) Conversely, assuming that any right U-Galois is cleft, any right E-Galois object is iso-
morphic to a twisted smash product A#,U as above.

Proof. The first assertion is a direct consequence of Lemma 6.2 and of (the first part of) Theorem
4.2. Let J be a right E-Galois object. By the second part of Theorem 4.2, we have J ~ A#yR
where A is a right H-Galois object, R is a right U-Galois object, and 8 : R® A - A® Ris a
twisting map making Diagram (4.1) commute. By our assumption on U, we can assume that
R = ,U for some 2-cocycle 0 : U ® U — k. The commutativity of Diagram (4.1) implies that

0. URA—ARU

is right U-colinear (where U ® A and A ® U have the comodule structure induced by the
comultiplication of U). A standard argument then shows that there is a linear map p : U A — A
such that

6= (u®idy) o avea
with ayga(r ® a) = z(1) ® a ® (). Thus if we denote p(z ® a) = = - a, we have:
Oz ®@a) =z a® ), zeU, acA.

Since 6 is a twisting map we get that p defines a left U-module algebra structure on A. Then,
again, the commutativity of Diagram (4.1) ensures, by Lemma 6.2, that the right coaction
pa:A— A® H is left U-linear, and this finishes the proof. O

Theorem 6.4. Let E = H x U be a semi-direct product Hopf algebra, with U cocommutative.
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(1) Let L be a Hopf algebra, let A be an (L, H) bi-Galois object, and let o : U @ U — k be a
2-cocycle. Assume that U acts on A as a U-module algebra and that the right coaction
pa:A— AR H is left U-linear, so that A#,U is right H x U-Galois object. Then the
associated left Hopf algebra F = L(A#,U,H x U) is a semi-direct Hopf algebra L x U,
where the action of U on L is such that the left coaction Ay : A — L® A is left U-linear.

(2) Conversely, any Hopf algebra F such that there exists an F'— H x U bi-Galois object
satisfies F' ~ L x U, for U acting on L as above.

Proof. (1) We know from Theorem 4.6 that F' ~ L »4 U° and we have to prove that the right
action «€: U? ® L — U7 is trivial. Recall also from Theorem 4.6 that the following commutes:

U A 0 AU
lAU®A lAA®U
U LoUsA—"% 1eUsAcU

where we omit the o subscripts since only coalgebras and comodules structures are involved in
the diagram. We thus have, for z € U and a € A,

Wra(2(1) @ a(-1)) @ 2(2) - a0) ® 2(3) = (2(1) - @)(-1) @ 2(2) @ (2(1) - @)0) @ 2(3)
and hence
(6.2) () B a2 @) 4acy @) - ag) ®r@) = (Ta) - a)-1) O Te) ® (2q) - a)o) ® @)
Applying the counit to the first factor, this gives
T(1) 4a(-1) @ T(2) Qo) O L(3) = T(2) ©T(1) - 4D T(3)-
Applying the antipode of U on the right term and making it act on the middle one, gives by the
cocommutativity of U
T Aa-1)Qag) =T & a.
Forl € L,let ) ;a; ®b; € A® A be such that [ ® 1 =, a;_1) ® a;0)b; (A is left A-Galois).
We then have

r4l®1 :Zac < a;(—1) @ aj(o)b; :Za:®aib,- =e()z®1

and this proves that the right action <« is indeed trivial. Another glance at Equation 6.2 then
shows that the left coaction Ay : A = L ® A is left U-linear, as claimed.

(2) follows from Theorem 6.3, from the first assertion, and from the uniqueness of the left
Hopf algebra associated to a right Galois object. O

In the situation with a trivial cocycle, Theorem 6.3 gives:

Corollary 6.5. Let E = H x U be a semi-direct product Hopf algebra, let A be a L-H-bi-Galois
objets and assume that U acts on A and L as U-module algebras and that the right coaction
pa:A— AR H is left U-linear and the left coaction Ag : A — L ® A is left U-linear. Then the
smash product A#U is a L x U-H x U-bi-Galois object.

Example 6.6. Let U = k(t[t> = 1) be the group algebra of the cyclic group Cy and consider
matrices p = (pij),d = (¢ij) € My (k) with p;; =1 = ¢;; and p;jpj; = 1 for every 1 <i# j <n
. The algebra Op q = Op q(GLy,(k)) associated to such a pair of matrices p, q is defined by n?
generators wj;, ¥;j, 1 < 4,7 < n and relations

LkiTis = PkiqjlLijLkl, YkiYi; = Pk,id51YijYkl, YkiTi; = Pikq15Lij Ykl

together with > )| @iy = ij = Y5y Thilkj-
In this way Op = Opp and Oy = Oq q are Hopf algebras and Op 4 is a (Op, Oq)-bi-Galois
object [8, 3.4, with comultiplication, resp. coaction, induced by the comatrix comultiplication

n n
Tij — Zéﬂzk & Tj, Yij — E Yik Q Ykj-
k=1 k=1
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The antipode in these Hopf algebras is determined by S(zi;) = vji, S(vij) = ij.

Then U acts as an U-module algebra on all H = O, A = Op q and L = Oy by switching
x;j <> Yij, and it is immediate that the involved coactions are U-linear. Hence Op o#U is a
Op x U-Og x U-bi-Galois object

6.2. Unrolled Hopf algebras. A particular instance where a semidirect product H x U as in
Theorem 6.3 is considered is the setting of unrolled Hopf algebras: here H is a Hopf algebra and
U = U(g), where g is a Lie algebra acting on H by k-biderivations (i.e. by endomorphisms that
are both derivations and co-derivations); see [5] for details.

We may re-brand Theorem 6.3 into the following.

Corollary 6.7. Let H and g as above and assume there is a right H-Galois object on which g
acts by k-biderivations. Let F' = L(A,H) and let o : U(g) @ U(g) — k be a 2-cocycle. Then the
left Hopf algebra L(A#,U, H x U) is an unrolled Hopf algebra F x U(g). Conversely, any Hopf
algebra F' for which there is an F' — H x U(g) bi-Galos object is an unrolled Hopf algebra. O

We now specialize to the context of unrolled quantum sly in [16], where H is (a cover of) the
small quantum group uy(slp) and U = k[X]| (namely dimg = 1). As an illustration, we revisit
this situation within our setup.

We fix 1 < £ € N and ¢ € k a primitive 2¢th root of 1. We consider the Hopf k-algebra
H = U,(sly) generated by E, F, K*! and relations

K- K1
q—q!
Let U = k[X] denote the polynomial algebra on a variable X (or the enveloping algebra of
the one-dimensional Lie algebra g = k) and let k[X] act on H via

(6.3) X K+ =0, Xb>FE=2F, X F=—2F.

K*'KTl' =1, KE=¢’FEK, KF=q ?FK, EF —FE = , E‘=0, F‘=o.

This defines a semidirect product Hopf algebra H x k[X], with commutators:
X,K]=0, [X,E|=2E, |[X,F]=-2F

This algebra is denoted UqX (sl2) in [16] and called the unrolled quantum group of sls.
We observe that the algebra H = Uy(sls) fits into a chain of quotients

Uq(sly) = H — uy(sly)

as H = Uy(sly)/(E*, F*) and u,(sly) = H/(K? —1). The cleft objects for the left and right
ends of this sequence were computed in [25, Lemma 16| and [25, Lemma 25|, respectively.

The same tool developed therein, particularly [25, Theorem 8] together with its systematiza-
tion [4, §5], shows that the cleft objects for H are the algebras A, 0y, a,b,c € k, generated by
e, f, g1 so that

_ 1 _

g g™ =1, ge=q’eg, gf=qa’fg, ef—fe=ag-— p— Loe=b f=c
The coaction p: A(gpe) = A(ape) ® H is as expected. Now [25, Theorem 12|, also [4, §5.5],
shows that the associated left Hopf algebra L4 ) == L(A(qp,c), H) is the algebra generated by
K*' E, F with commutation K¥' KT =1, KE = ¢ FK, KF = ¢ 2FK and the liftings:

K—-K!
EF —FE=a——F, E'=b(1 - K%), Ff=c(1-K%).
qa—q
We remark that L, 00) =~ H when a # 0 and Lo,y =~ k[E, F]#kZ is graded.
It is easy to check that for each X # 0, the assignment X" @ X™ — 0, ,,n!\" defines a Hopf

cocycle 0 = 0): U ® U — k; moreover these are all such cocycles. The associated cleft object
min{r,s} ) )
«U is the vector space k[X]| with multiplication X" X* = M) ()it xrrs—2
i=0
The following is a direct consequence of Theorem 6.3 and Corollary 6.7.
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Example 6.8. Let us set H = Uy(sly) and U = k[X], as above.

(1) An H-Galois object A(qpc) is an U-module algebra in such a way that the coaction
P Aape) = Awape) @ H is U-linear if and only if b = ¢ = 0. The action is

X gt =0, X e =2e, X f=-2f.

(2) The associated smash product algebra Aéo 0) = Aa,0,0)#oU is a right U(}X (sl2)-Galois
object and L(Afg,o,o)’ UX (sl)) is a semidirect product ng,o,o) = L(q,0,0) @ k[X], for k[X]
acting on L4 0,0y via (6.3).

It follows that ng 0,0) = U,(sl2)™ when a # 0.

Proof. Remember that the coinvariants Af fc) ={a € A: pla) = a® 1} are trivial, namely

A‘(ﬁﬁc) ~ k. Thus there is € k so that X - g™ = +ug™!, as (X - g*l)gT! € A?gﬁc), by (6.3).
This fact, together with the linearity of p, sets X -e = 2(p+ 1)e and X - f = =2(p+1)f. As
X - et = 20(u + 1)e, similarly for f, we get that either 4 = —1 or b = ¢ = 0. However, as
X - (ef — fe) =0, we get that u = 0 and therefore (1) follows. (2) is Corollary 6.7. O
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