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Abstract

A discrete version of the Oort-Hulst-Safronov (OHS) coagulation equation is
studied. Besides the existence of a solution to the Cauchy problem, it is shown
that solutions to a suitable sequence of those discrete equations converge to-
wards a solution to the OHS equation.

1 Introduction

We study here a discrete approximation to the Oort-Hulst-Safronov (OHS) coagulation
equation which describes the growth by accretion of stellar objects. More generally,
coagulation models aim at describing the process by which particles encounter and merge
into a single one, each particle being fully identified by a size variable (volume, mass,
length, ...). The evolution of these particles is then described by a size distribution
function f(¢,2) > 0 which represents the density of particles of size z € (0, +00) at time
t > 0. Besides the classical Smoluchowski coagulation equation originally introduced in
colloidal chemistry (see [1, 2] and the references therein), a different coagulation equation
has been derived independently in an astrophysical context by Oort and van de Hulst
[3] and reads [4]
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Here, 9; and J, denote the partial derivatives with respect to time ¢t and size x, respec-
tively, and the coagulation kernel K is a non-negative and symmetric function accounting



for the physics of the coalescence process. Approximating 0, by an upwind finite differ-
ence scheme and the integrals by Riemann sums, one obtains a discrete version of (1)
which reads

% = Qo) i (0,4+0), (4)
a(0) = dn, ©)
for ¢ > 1, where ¢ = (¢;)i>1,
i—1 i 00
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and K;; = K;; > 0 is the discrete coagulation kernel. Equations (4)-(6) are also a
particular case of a two-parameter family of discrete coagulation models introduced by
Dubovski [5], where a link with the OHS equation is highlighted. In the sequel, equations
(4)-(6) will be referred to as the discrete OHS (dOHS) equation.

Our aim is here to justify the connection between the OHS and dOHS equations.
A similar relationship has been established in [6] between the classical continuous and
discrete coagulation-fragmentation equations. We adapt herein the approach developed
there. Roughly speaking, the main idea is to realize that the dOHS equation may be
seen as a modified OHS equation. More precisely, let ¢ = (¢;);>1 be a solution to (4)-(6)
and (¢;)i>1 a sequence of (sufficiently rapidly decaying) real numbers. Then, thanks to
the symmetry property K;; = Kj;, a weak formulation for (4)-(6) reads

%;Ci i = Z ZK” cicj [J (pit1 — i) — @5l (7)

i=1 j=1

We show that (7) may be interpreted as a weak formulation of a modified OHS
equation. To this end, we fix € € (0,1) and set

A; =1t —1/2)e, (i +1/2)¢) and Xi = 1ac, (8)

for i > 1. We next introduce, for (¢,z,y) € Ri,
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For ¢ € D(Ry), we define the approximated e-step function of ¢ by

1

pe() =D @ixi(z)  with  ¢f = R /A ) dy, (9)
=1 i

for every x € R,. Finally, for any function g from Ry to R of the form
e.9]
9(@) = gixi(z), g €ER,
i=1

2



we define the discrete size derivative D.(g) of g by

1 oo
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As we shall see in Lemma 11 below, for ¢ € D(Ry), (e, De(p:)) converges a.e. towards
(¢, Ozp), the function . being defined by (9).

With the previous notations, (7) reads

00 oo pre(z)
i ([hepean) = [T Ko 0.0 200 [y Do) @)t o, (10)

re(z) = (E + %] + %) e, (11)

denoting by [u] the integer part of the real number w.

Thus, if we suppose that (f.) converges towards some function f and if (K;) con-
verges towards some K, then we may pass formally to the limit in (10). Thereby, we
obtain that f satisfies, for every ¢ € D(R),

for ¢ € D(R), where

G [T rear= [T K@ 100 [y 0rete) — )] dy

which turns out to be the weak formulation of the OHS equation (1) (see (17) below).
Observe that the convergence of K. to a finite limit requires that K; ; depends on e.

We now describe the contents of the paper. We first introduce a sequence of approx-
imated discrete equations of the OHS equation and state our main results in the next
section. We then show, in Section 3, the convergence of a sequence of solutions to these
discrete models towards a solution to the OHS model. For the sake of completeness, the
Cauchy problem for the dOHS equation is investigated in Section 4. We finally illustrate
the convergence theorem by a numerical comparison between an explicit solution and
the associated discrete solution.

2 Main results

We make here the same assumptions as in [7]: we require that the classical symmetry
condition is fulfilled, namely

0< K(z,y) = K(y,2), (2,y) €RY, (12)

and that
K € Wiy ([0,+00)%), (13)
0. K(z,y) > —a, for some o > 0. (14)



We also suppose that K is strictly subquadratic, that is, for each R > 1,

on(y) = sup Y

0 as y— 4oo. (15)
z€[0,R) Y

Concerning the initial condition, we assume that
f"e LRy = LYR4, (1 + z)dx) and f">0 ae. (16)

The notion of weak solutions to the OHS equation we consider here is the same as
in [7] and is as follows:

Definition 1 Assume that K satisfies (12)-(15) and that f™ satisfies (16). A function
f = f(t,x) is said to be a weak solution to the OHS equation (1)-(3) with initial condition
f’l/ﬂ Zf

0 < fec(0,T;w— LY(Ry)) N L0, T; Li(Ry)) for every T € Ry,
and, for all ¢ € D(Ry) and t > 0,

/0 £t x) p(x) dx / n(2) () da
- / / / K(2.y) f(s,2) f(5,9) [y 0uo(@) — o)) dy dzds. (17)
0 0 0

Here C([0,T);w — L*(R,)) denotes the space of weakly continuous functions in L(R),
that is the space of continuous functions from [0,77] in L!(R,) endowed with its weak
topology. Recall that it follows from [7, Theorem 2.2] that there exists at least a weak
solution to the OHS equation (1)-(3) in the sense of Definition 1 when K and f fulfill
(12)-(15) and (16), respectively.

We now introduce the discrete approximations to the OHS equation. We fix e € (0, 1)
and define discrete coefficients K7, either by

1
T B JASxAS
or by
K;; = eK(ei, gj), (19)
for 4, j > 1. In both case, (12) and (15) imply that the following properties hold:
K¢
lim — = 0 for each i > 1. (21)
j—oo

We next define the discrete initial condition ¢ = (cén’e)iy by

. 1 .
= / fire)dz, P> 1 (22)
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It is straightforward to check that
o0 . o0 )
ey "< / f™(x) de, (23)
i=1 0
and

g2 Ziczn’s < 2/ x f(x) dx. (24)
i=1 0

Let ¢ = (¢§)i>1 be a solution to the dOHS equation (in the sense of Definition 3
below) with the coefficients K7 ; and the initial condition ¢ such that

Yty <Y id™,  t>0, (25)
=1 =1

(see Section 4 for the existence of such a solution).
Similarly to what was done in Section 1, we introduce continuous formulations for
the discrete quantities and set

Lha) = S0 ), (26)
=1
>~ ke,

Ke(wy) = ) —xi@)x5), (27)
i =1

for (t,z,y) € R%. With these notations, K. converges a.e. towards K and satisfies (12).
Our main results are the following.

Theorem 2 Assume that K satisfies (12)-(15) and that f'* satisfies (16). We denote
by ¢ a solution to the dOHS equation (4)-(6) with the coefficient K ; defined by (18)
or (19) and with the initial data c¢™° defined by (22) such that (25) holds. Let f. be
the function defined by (26). Then there exist a weak solution f to the OHS equation
(1)-(3) with initial data ™ and a subsequence (f-,) of (f-) such that

fe, — f inC([0,T);w — L*(Ry))  for each T € R,.

As a by-product of Theorem 2, we obtain the existence of a weak solution to the
OHS equation, thus providing, under the same set of assumptions, an alternative proof
of [7, Theorem 2.2]. The existence proof in [7] also relies on weak compactness but
with a different approximation scheme. Let us also point out that the approximation to
the OHS equation developed in this paper might be used for numerical simulations, as
illustrated in Section 5.

We also show the existence of solutions to the dOHS equation, arguing as in [8, 9].
Let us first give the definition of a weak solution to the dOHS equation.



Definition 3 Let T € (0,+oc) and assume that ¢™ = (ci");>1 is a sequence of non-

negative real numbers. A solution ¢ = (¢;);>1 to the dOHS equation (4)-(6) on [0,T) is
a sequence of non-negative continuous functions such that, for eachi > 1 andt € (0,T),

(i) cieC(0,T), Y Kijeic;€L'(0,1),
j=i

' i1 i 0
(i) ¢i(t) =" + / |:C’i—1 E JKi—1 ¢ —¢ E JKijcj— E K;jc C]} ds.
0 - - —

The existence result for the dOHS equation then reads:

Proposition 4 Let (K; ;) be a sequence of non-negative real numbers such that

K
sz:K]zZO and lim L ==
9, Iy kf—>+OO

0, i,j>1. (28)

If ¢™ = (ci”) 1 a sequence of non-negative real numbers such that

o

ché" < 00, (29)
=1

then there exists at least a solution ¢ to the dOHS equation (4)-(6) on [0,+00) such that
(25) holds.

We also note that, unlike the OHS equation, the dOHS equation propagates pertur-
bations with an infinite speed. More precisely, it follows from [7, Theorem 2.6] that, if £
is compactly supported in [0, +00), then f(¢) is also compactly supported for ¢t € [0, T}),
where T, might be finite or infinite according to the growth of the coagulation kernel
K. On the opposite, the following proposition holds for the dOHS equation.
Proposition 5 Assume that K;; > 0 for i > 1. Let ¢ = (cﬁ”)izl be a sequence of
non-negative real numbers such that c}'c” > 0 for some k > 1 and ¢ = (¢;)i>1 be a solution
to the dOHS equation (4)-(6) on some interval [0,T) with initial condition c¢™. Then,
foralli >k andt € (0,T), c¢;(t) > 0.

3 Proof of Theorem 2

We consider here the dOHS equation (4)-(6) with the coefficient K ; defined by (18)
or (19) and with the initial data ¢ defined by (22). The proof is performed in two
steps: the main idea relies on L' weak compactness. We thus need uniform estimates
with respect to € for the function f. defined by (26), which corresponds to the first step.
These estimates ensure that (f.) lies in a weakly compact set of L. In a second step,
we pass to the limit as ¢ — 0.



3.1 A priori estimates

We set ~
M= [T @ e (30)
0
and notice that, by (26),

/wﬁuwym:g§:§w and /mk@wnwx:£§:mﬂm (31)
0 i=1 0 i=1

for every t > 0.

Lemma 6 For allt >0 and e € (0,1), there holds
/ fe(t,x)xdx < 2M. (32)
0

Proof. Using successively (31), (25) and (24), we obtain that

/ fo(t, ) x dx = & chf(t) < ¢? Ziczn’a < 2/ f™(z) x de,
0 i=1

i=1 0
whence (32). O

Lemma 7 For allt >0 and € € (0,1), we have

/mﬁmwngl (33)
0

Proof. Let m > 1. Taking ¢; =i for ¢ < m and ¢; = 0 for i > m in (7), we deduce
from the non-negativity of K7 ; and ¢ that Yo, ¢§ is a non-increasing function of time.
Thus, for every t > 0,

whence, by (23),

We now let m — 400 and deduce (33) thanks to (31). O

Lemma 8 Let ¢ € C%([0,+c)) be a non-negative conver function such that $(0) = 0,
¢'(0) =1 and ¢’ is concave. If

Ly = /Ooo (f™)(x) dr < +oo0, (35)

then, for every T € Ry, there exists a constant C(T') such that, for all t € [0,T] and
e €(0,1), we have

/O T ooty 2)) dz < O(T) Ly, (36)



Proof. The concavity of ¢/, the non-negativity of ¢'(0) and ¢(0) = 0 ensure that, for
every v € Ry,
ve'(v) < 26(v), (37)
(see [10, Lemma A.1] for a proof).
Let T > 0, R > 0 and m € N such that R € Af,. We infer from (7) and the
non-negativity of K¢ ;, ¢ and ¢’ that

d m m—1 1 ) .
7> ) < J¢5 &KL [0 () — ¢(¢5)]
i=1 i=1 j:l
—Zyc &5 Kpj &' (¢5,)- (38)

Introducing
P(x) =2 ¢ (x) — d(x), x € Ry,
it easily follows from (37), the non-negativity and the convexity of ¢ that 1) satisfies the
following properties:

0<y(x) <z¢/(x) and  9Y(z) <P(z), o€R4. (39)
Due to the convexity of ¢, ¢(x) — ¢(y) > (z — y)¢'(y) for all z,y € R, and thus,
2(¢'(y) — ¢'(2)) < ¥(y) —¥(z),  z,y €Ry. (40)
Using (39) and (40), we deduce from (38) that
d m m—1 1
IS 0) < 33K [l ZchE,]w =)

i=1 i=1 j=1

m i—1

< ZZjC§ [Ki_1; — Kij ().
i=2 j=1

We infer from the definition of K7, by (18) or (19) and from (14) that

5—1,;’ - Kf] < ag? forall ¢ > 2 and j > 1.

%

Consequently, we obtain that

£ o) <a (Zewc?)) > i
; ~ j=1

By (39), (25) and (24), we have



Then, the successive use of the Gronwall Lemma and the Jensen inequality yields

m m

D e (t) < C(T) D ed(d™) < C(T Z qbf"” ))dz < C(T)Ly,

=1 =1

for every t € [0,T]. Finally, since (m + 1/2)e > R, we deduce that

R m
/0 o(f-(t,2) de <23 G(E(W) < CT) Ly, e [0,T].
=1

Letting now R — +o00 completes the proof of Lemma 8. O

Lemma 9 For all T € Ry and ¢ € CL([0,+00)),
t— /000 fo(t,x)b(x)dx  is bounded in  WH(0,T). (41)
Proof. Let ¢ € CL([0,+00)) such that supp(v) C [0, R] and set
¢5:§/5¢(x)dx, i>1.

Denoting by m the integer such that R € A$,, we infer from (7) that

d [*® d X . .
%/0 o) o] = |73

m (0.9]
- ° ZZJCEC&K& z+1—¢f)—zz ;K5 jci el

i=1 j=1 i=1 j=i

Since

Wt
‘ LS .

it follows from (24), (25) and (34) that

/ fe(t,x)Y(x) dx

By (15) and (27), there exists, for each R > 1, a bounded non-increasing function
wpr : Ry — R, such that

E

< M? [3||K||L°° (0R+1)2) +2_SUp Sup — ]Hd)\lwm

j>m+1i<m

K
sup sup M <wgr(M), for M >0 and lim wr(M)=0. (42)
y>M ze(0,R) Yy M—+o0
Thus,
/ f=(t, ) ¥(x) dz| < M? [3”KHL°° ((0,R+1)2 )+48225R+1(?J)] %[l wr1.e0,
y>
which, together with Lemma 7, yields (41). O



3.2 Convergence

Lemma 10 There exist a non-negative function f and a subsequence of (f:) (not rela-
belled) such that, for every T € (0,400),

FeL®0,T;Li(Ry))  and  fo— [ in C([0,T];w—L'(Ry)).  (43)
Proof. Let T' > 0. Due to [11, Theorem 1.3.2], it suffices to check that

the family (f.): [0,7] — L'(R,) is weakly equicontinuous, (44)

the set {f.(t),e € (0,1)} is weakly relatively compact in L'(R), (45)

for every ¢ € [0, T, to conclude that (f;) is relatively sequentially compact in C([0, T']; w—
LI(R,)). |

We first prove (45). Since f € LY(R,), a refined version of the de la Vallée

Poussin theorem [12, 13] ensures the existence of a function ¢ fulfilling the assumptions
of Lemma 8 and such that

lim M

r—+oo T

=0 and /oo o(f™) () da < +o0.
0

We then infer from Lemmas 6, 7 and 8 that

sup  sup {/ fe(t,x) (14 x) dm+/ ¢f5tx))dx}<+oo (46)

€€(0,1) t€[0,T

whence (45) by the Dunford-Pettis theorem.

We now turn our attention to (44). Let ¢ € L*°(R,). There exists a sequence of
functions () in CL(Ry) such that

Y — ¢ ae in Ry, (47)
ekl < llllLe (48)

We fix n € (0,1). From (46), we deduce the existence of some real d(n) > 0 such that,
for any measurable subset E of R,

sup sup / fe(t,z)dx <mn, (49)
€€(0,1) t€[0,T)

as soon as meas(F) < §(n). Moreover, the Egorov theorem and (47) imply the existence
of a measurable subset E,, of [0,1/n] such that

meas (£,) < d(n) and lim  sup |pr — ¢ =0.
k=+o0(0,1/n)\Ey

10



Consequently, for all t € (0,T), h € (—t,T —t) and R € [0,1/n], we have

R
< / Felt + 1 2) — fult, )] op(z) di
0

/Ooo[fs(t Fha) — £t 7)) o(x) da

R
+ / et + ho) — folt )] [p(a) — oi(a)] da
0

N /oo[fe(t+h,:c)—fe(t,iﬁ)]@(»@)dfﬁ

R

Thus, by the definition of §(n), E, and ¢y, we deduce from Lemmas 6 and 7 that

/tHh% </OR fe(s, ) or(x) dx) ds

+2M sup |op — | +4]ellLen
[0,R)\E,

4|l M
T

/0 Tt ha) - (0] ola) d

—+

Then, Lemma 9 ensures that

/Ooo[fg(t Fho) — £t 7)) o(x) da

sup  sup < [p[Cler) +2M sup o — o)
c€(0,1) te(0,T) [0,R\Ey
4|l ree M

We let h — 0 and obtain, thanks to Lemma 9, that

limsup sup sup
h—0 e€(0,1) t€(0,T)

/0 Tttt o) — St 2)] o) da

4ol M
<2M sup !sok—<p+4H<PHLoon+%-
[0,R]\Ey

We now pass to the successive limits £ — 400, n — 0 and R — 400 and deduce that
(44) holds. Therefore, the proof of Lemma 10 is complete. O

We now check that the function f constructed in Lemma 10 is a weak solution to
the OHS equation. We consider ¢ € D(R4) and define . by (9). It is easily checked
that f. satisfies, for every t € (0, c0),

/0 fo(t,2) el d /O £:(0, ) () da

t oo prre(x)
_ /0 /O /0 K. () fo(s,0)f-(5,9) [y Do () — ¢e(y)] dy d ds. (50)

It remains now to pass to the limit as ¢ — 0 in (50). For that purpose, we need some
convergence results for ¢, and K.

11



Lemma 11 The sequences p. and K. defined by (9) and (27) satisfy, for every R > 0,
the following properties:

lloellze < |||l Lo and we — @ strongly in L(Ry), (51)
[ De(pe)llzee < [lellwroo and Dc(pe) — Oz strongly in L™(Ry), (52)
||K5”Loo((07R)2) S ||KHLOO((O7R+1)2) and Ka — K a.e. on Ri (53)

Proof. Let z € supp(y). For e sufficiently small depending only on supp(yp), there is
t > 1 such that x € Aj. Then,

[ De(e)(x) = Oup(a)| =

1 /A [so<z+e> —e(x) Mx)] .

9 9

glz / | / T rplw) — () dw dz

< 2llollwace,

whence (52). Similar calculations lead to (51). As for (53), it readily follows from the
definition (27) of K.. O

We next recall the classical following lemma (see, e.g. [14, Lemma A.2] for a proof).

Lemma 12 Let U be an open set of R™, m > 1, and consider two sequences (vy) in
LY(U) and (wy) in L>®(U). We suppose that there exist v in LY(U), w in L>®(U) and
C > 0 such that

v, — v in LNU),
lwp|lre <C  and w, —w a.e. inU.

Then

lim ||lv,(wp, —w)||r =0 and vpwy, —~vw in  LYU).
n—+o00

We are now in a position to pass to the limit in (50). Let ¢ € D(R,.) with supp(¢) C
[0, L — 2], for some L > 2, and define ¢, by (9). Let 7' > 0 and R > L. On the one
hand, it follows from Lemma 10 by classical arguments that

fe(t, @) fet,y) — f(t,2) f(t.y) i C(0,T];w — LY((0, R)*)).

On the other hand, the definition (11) of 7. ensures that 1o, (» — 1, for a.e.
x € Ry, which together with Lemma 11, implies that

K (2,y) [y De(e)(®) = 0=(y)] Lo, () (¥)
—  K(z,9) [y 0up(z) — o) 1p4(y)  a.e. in (0, R)?.

12



Owing to the bounds on ¢., D.(¢.) and K. in Lemma 11, we may apply Lemma 12 to
obtain that

T R rR
/0/0/Ke(l',y)fs(t,l‘)fs(t,y)[yDe((pE)(Qj‘)—gps(y)]]_[O,TE(JC)}(y)dydxdt
H)/ / / K(xz,y) f(t,x) f(t,y) [y Oxo() — @(y)] 10,21 (y) dy d dt.

Also, since supp(y) C [0, R — 2],
i (5.9) £:(6:2) £:(6:9) y Do(2) (@) Lo o)) dy do = 0,
R2\[), e

/ / 0) F(t,2) 16 9) y e (2) Lo (y) dydz = O,
R2 \[0,R]2

Finally, it follows from (15) and (42) that

‘ / / (2.9) J-(t2) f-(t, 9) 0e(y) Lo o) (4) dy
R2\[0,R]?

fe'e) L
o [ Kulr) 00) Slt0) 2200) dy]
R 0

< C M? llo|| Loe sup @r,(x),
>R

‘/ / y) f(t,z) f(t,y) o(y) 1o (y) dy da
R2\[0,R]2

[e'e) L
s [ K(x,y)f(t,m)f(t,y)w(y)dy‘
R 0

< C M? ||| g sup wg ().
>R

Therefore, they both tend to 0 as R — +oo, uniformly with respect to e.
It remains now to let ¢ — 0 in the first two terms of (50). It readily follows from
Lemmas 7, 10 and 11 that

/0 Jo(t, 7) el) da — / £t 7) () de

for every t > 0. Moreover,
f:000 — f™ i LY(Ry), (54)

whence, by Lemma 11,
/ 100, 2) ge(2) de — / () () da. (55)
0 0

13



We thereby obtain that f satisfies (17) and is, consequently, a weak solution to the OHS
equation.
To justify (54), we first observe that, for f* € W11(R, ), we have

1£:00,.) = F™pr < el f " lwa,
whence (54), for f* € WHH(R,). The general case for fi € L'(R,) then follows by a
density argument, since
1£:0,) = ge(0, )l px < [1F™ = g™ [l s,
for every fi", g™ € L'(R,).

4 The dOHS equation

4.1 Proof of Proposition 4

We are here concerned with the Cauchy problem (4)-(6) where the discrete coefficients
K; j satisfy (28) and the initial data ¢™ = (¢{");>1 satisfies (29). We proceed as in [8, 9]:

7
we first approximate the dOHS equation by a system of ordinary differential equations.

Let N > 3 be a positive integer. We consider the following system of N ordinary
differential equations:

deY N/ .N -
dt = QZ (C )7 mn (07 +OO)7 (56)
') = ¢ (57)
fori e {1,...,N}, where ¢ = (cV)1<i<n and

Q' (") =l 123 16— NZJKUCJ ZKUCfVC;V (58)

We first prove the well-posedness of (56), (57).

N

Lemma 13 For each N > 3, there exists a unique non-negative solution ¢’ = (clj-v)lgiSN

in C1([0, +00),RN) to the system (56)-(58). Moreover, we have

N N
Y i) <) ic",  tel0,+o00). (59)

i=1 i=1

N — (cz"N) € RV, Since Q" is a locally Lipschitz continuous func-
tion, the Cauchy-Lipschitz theorem ensures the existence of a unique maximal solution
cN = (cM)1<i<ny € CL([0, 1 (c"™N)); RY) to (56)-(58), where either t*(c™") = +o0, or
tT(c™N) < +o00 and

Proof. Consider ¢

lim Z N (t)] = +o0.
t—tt(ctnN)

14



Now, let ¢V € [0, 4+00)Y. Then ¢V +t QN (™) € [0, +00)™ if ¢ satisfies

N
t|(N+1)x ( sup Ki,]') X Zcén,N < 1.
j=1

1<ij<N

Consequently, dist(c™" + ¢t QN (™), [0, 4+00)V) = 0 for ¢ small enough and thus,

lim ir+1f t~1 dist (cm’N +t QN (™M), [0, —i—oo)N) =0,
t—0
which corresponds to the subtangent condition. Therefore, [15, Theorem 16.5] ensures
that, for each ™" € [0,4+00)", the corresponding maximal solution ¢V = (
to (56)-(58) is non-negative on [0, (c™V)).
Besides, we note that, for every ¢ € RV,

eM)1<i<n

N

N
> iQN(e) = —(N+1)en Y Ky jc;.

i=1 j=1

Consequently, we have, for each t € [0,tF(c™N)),

N N N N
0< Z Nt = ZczN(t) < chfv(t) < Ziczn’N < 400,
i=1 i=1 i=1 i=1
where ¢™" € [0,400)" and ¢V denotes the corresponding maximal solution to (56)-
(58). This implies that t*(c™") = +oco for each ¢ € [0,4+00)" and completes the
proof of Lemma 13. O
It remains now to pass to the limit in (56)-(58). To this end, we need some com-

pactness property. By (59), we already know that (c)¥)y>; is bounded for each i > 1.
We next prove the time equicontinuity of (cfv IN>i-

Lemma 14 Let i > 1. There exists a constant y;, depending only on Y po k:c}%” and 1
such that, for each N > 1,

dc{v
dt

<7y,  te[0,4+0). (60)

Proof. Due to (28), we set, for each i > 1,
o i
Ki :=sup —— < +00.
i J
Then equations (56), (58) and (59) imply that

N N N
: N N N . N N . N
< Ric1(t—1)¢l, E Jj¢i thiic E Jj¢ +Kic g jej
=1 j=1 j=1
2

chN
dt

o0
< (Rie1 + 2K5) ZJ'C;”
j=1
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Gathering Lemmas 13 and 14, we deduce from the Arzela-Ascoli theorem that there
exist a function ¢ = (¢;);>1 and a subsequence of (cfv )N>i, not relabelled, such that

N — ¢ in C([0,T)), (61)

(]

for all > 1 and T' > 0. Then, for each i > 1, ¢; is a non-negative function on [0, c0)

and
o oo )
Z ici(t) < Z ic",
i=1 i=1

for every t > 0. Consequently, we have

o0
zmm@4ﬁ>ﬁxzww@zw, € (0,00),
Jj=t

j>t

whence -
ZKW cj € LY0,t) for every t € (0,00).
j=i
Let ¢ > 1. We now infer from (61) that, for every ¢ > 0,

. i—1 ¢ i-1
. N— .

/ cl-]\il(s) E JKi1 cév(s) ds = / ci—1(s) g JKi—1;¢i(s)ds,
0 - 0 :
N t !

/ E :jKJ ¢ =5 / ci(s) Y j Kijej(s)ds.
0 -

J=1

It remains only to pass to the limit in the last sum of (58). To this end, we fix M > 1.
For N > M, we have

t N

/ E Ki,j C%V E K,LJ Cl ] ) ds
0 -
J=t

¢ M—1

Sﬂgm”%W@wmwww (62)

t N t o0
“CNSCNS S ;.5 Ci\S)ci(8)as
+ /0 j§4KZJ 1 ( ) 9 ( )d + /(]J;/[Kz,j z( ) ]( )d 5 (63)

for every t > 0. By (61), expression (62) tends to 0 as N — +oo. As for (63), we need
the growth assumption of (28):

(o)
/ ZKJ & ()d5<8up ’]/ C;-V(S)dSSt ch;” sup —2
=1

i>M i>M ]

16



and, similarly,

2

t OO 0 . K .
/ Z K;jci(s)cj(s)ds <t Zj ci" | sup )
0 j=m j=1

i>M ]

for every t > 0. Letting first N — +o0o and then M — 400, we thus obtain that ¢
satisfies (4)-(6). The function c¢ is thus a solution to the dOHS equation in the sense of
Definition 3.

4.2 Proof of Proposition 5

We finally show that the dOHS equation propagates perturbations with an infinite speed.
By (4), the solution ¢ satisfies, for all « > 1 and t € (0,7,

ci(t) = c™exp (— /Ot E;(s) ds) - /Ot exp (— /st Ei(o) da> cio1(s) Fi(s)ds,  (64)

where
7 00 i—1
Ei(s) =Y i Kijci(s)+ Y Kijci(s) and  Fi(s) =Y jKi1,c;(s),
j=1 j=i j=1

for every s € (0,T).
Let us assume that, contrary to our claim, ¢.(7) = 0, for some r > k and some
7€ (0,T). By (64), ¢;(7) is the sum of two non-negative terms and thus

=0 and 1 F- =0 on|0,7].

If r = 1, then k = 1 and we have ¢{* = 0, which contradicts the assumption of Propo-
sition 5. If r > 1, we have in particular that (r — 1)K,_1,—1¢2_; = 0 on [0, 7], whence
¢r—1 =0 on [0,7]. Consequently, the assumption ¢,(7) = 0 implies that

cn =0 and cr—1(7) = 0.
By induction, we deduce that cé” = 0 for every ¢+ < r. In particular, this leads to a
contradiction for ¢ = k.
5 Numerical simulations

In this section, we perform numerical experiments in order to illustrate the convergence
in Theorem 2. We consider the particular case where K =1 on R%r and the initial data

is given by
, 2
Fyf = of Lo on Ry, (65)
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for some M > 0. In that case, there is an explicit solution to the OHS equation, which
reads

1+t

The computational domain is chosen to be [0,10] and we set M = 3. For any € € (0, 1),
we define the initial data ¢ = (c;");>1 for the dOHS equation by (22), where Af is

(2
given by (8). We next consider the system of ordinary differential equations

2 x

i1 i m
dc™ m . m m . m m m :
d; = ¢e| chj - Z] ¢ —Zci cj in (0,+00),  (66)
j=1 j=1 j=i
"(0) = ", (67)
for i € {1,...,m}, where m = m(e) = [10/e —1/2] corresponds to the number of cells A§

included in the interval [0,10]. We next use a Matlab ODE solver to obtain a solution
to (66), (67) on some time interval [0, t,42]. The approximated solution f is then given
by

fo(t, @) = Zc;“(t) X5 (), (t,z) € [0, timaz] x [0,10].

The plot of the exact solution F3 and the approximated solutions f., for ¢ = 0.05,
e = 0.01 and £ = 0.005 is reported in Figure 1 at two different times (for ;4. = 3),
while the time evolution of the L' relative error

B Ll

t
1E5 ][ 2o

(1),

is plotted in Figure 2. Both figures illustrate the L! convergence of f. to I3 as ¢ — 0.
We point out that the error is concentrated in the neighbourhood of the discontinuity of
F35 (see Figure 1 (a)), which was expected since the upwind difference scheme is diffusive
and diffusion smears out the discontinuities. A further comment in that direction is that,
in Figure 2, the L! relative error decreases for t € [7/3,5/2], which can be explained
by the fact that the discontinuity of F3 leaves the computational domain at t = 7/3.
Afterwards, we have F3(t) = 2/(3(1 +t)?) on [0,10] and the remaining error is mainly
due to the truncation of the computational domain. Another source of error comes
from Proposition 5, which states that, contrary to F3, f- is not compactly supported.
Consequently, our approximation induces some errors outside the support of the exact
solution. Finally, from ¢ = 7/3, the support of the exact solution F3 is no more included
in the computational domain [0, 10] and the approximation will be less and less reliable
as t increases.
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