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Abstract

We study the Cauchy problem for the spatially homogeneous Landau equation
for Fermi-Dirac particles, in the case of hard and Maxwellian potentials. We
establish existence and uniqueness of a weak solution for a large class of initial
data.

1 Introduction

Kinetic theory aims at modelling a gas or a plasma when one is interested rather in the
statistical properties of the gas than in the state of each gas particle. The evolution of the
gas is then described by a distribution function f = f(¢,z,v) > 0 which represents the
(local) density of particles with velocity v € R? at position z € R?® and time t € Ry :=
[0, 4-o00].

In the absence of interactions (or collisions) between particles, the evolution of f is
given by the free transport equation. When the effect of collisions is included, f satisfies
the celebrated Boltzmann equation or related models [3, 4, 5, 20]. In particular, while the
Boltzmann equation is valid for neutral particles or weakly ionised plasmas, the modelling
of completely ionised plasmas introduces a new model, the Landau equation, which is
obtained as a limit of the Boltzmann equation when grazing collisions prevail (cf. [5, 8,
9, 20]). Also quantum effects such as the Pauli exclusion principle should sometimes be
taken into account and both the Boltzmann and Landau equations have to be modified
accordingly in that case [5, 7, 20]. We also mention that a Landau equation with Fermi
statistics arises in the modelling of self gravitating particles [6, 16].

In this paper, we study a modified Landau equation accounting for the Pauli exclusion
principle which reads:

Of +v-Vof = QL(f)a

where
Qulh =V, [ oo Mo~ 0){£.0 - 5£)7F ~ F1 - 5T} do,

with § = 1, f = f(t,v), f« = f(t,v.), II(2) denotes the orthogonal projection on (Rz)*,

Hz,j(z) :5i,j_#7 1 S%] SS,



and ¥ is a function such as ¥(z) = |2]*T?, =3 < 4 < 1. The choice ¥(z) = |z|>*7
corresponds to inverse power law potentials, among which we distinguish the Coulomb
potential (y = —3), soft potentials (—3 < v < 0), the Maxwellian potential (y = 0) and
hard potentials (0 < v < 1). We recall here that the Coulomb potential is however the
only one to have a physical relevance.

Taking 6 = 0in Q(f) corresponds to the classical Landau equation, while the Landau-
Fermi-Dirac (LFD) equation and the Landau-Bose-Einstein (LBE) equation correspond to
0 =1 and § = —1, respectively. Only the case § = 1 will be considered herein and our aim
is to investigate the existence and uniqueness of weak solutions to the LFD equation in a
spatially homogeneous setting, that is f = f(¢,v) and satisfies

of =QrL(f), (1.1)

with 06 = 1. We point out that the Pauli exclusion principle implies that a solution to (1.1)
must satisfy 0 < f < 1.

While the classical Boltzmann and Landau equations have been the subject of several
papers (see [3, 4, 11, 30] for the Boltzmann equation and [2, 10, 15, 29] for the Landau
equation, and the references therein), fewer studies have been devoted to the Boltzmann-
Fermi-Dirac (BFD) equation and to the LFD equation. Concerning the former, the spa-
tially inhomogeneous Cauchy problem has been studied in [1, 12, 22] for cross sections
satisfying Grad’s cut-off assumption. In a spatially homogeneous setting, existence of so-
lutions to the BFD equation is investigated in [13, 24] for more realistic cross sections,
and their large time behaviour as well [13, 24, 25]. To our knowledge, the problem of ex-
istence and uniqueness of solutions to the LFD equation has not been yet considered, and
the only works on this model concern a formal derivation from the BFD equation in the
grazing collisions limit [7] and a spectral analysis of its linearization near an equilibrium
[18]. Therefore, our purpose is to investigate the well-posedness of the Cauchy problem
for the LFD equation in a spatially homogeneous setting for hard or Maxwellian poten-
tials. As already mentioned, the Pauli exclusion principle implies that solutions to the
LFD equation should satisfy the L*°-bound 0 < f < 1. On the one hand, this L*°-bound
simplifies the analysis in comparison to the classical Landau equation where only a bound
in Llog L is available. On the other hand, the term f(1 — df) is nonlinear for § = 1 and
requires strong compactness arguments to be handled (weak compactness is sufficient for
the classical Landau equation where § = 0, since the term f(1 —df) = f is linear in that
case).

We now describe the contents of the paper. We set notations and state our main
results in the next section: existence, propagation of moments, uniqueness (Theorem 2.2),
ellipticity of Qr(f) (Proposition 2.3). A priori estimates are gathered in Section 3 and
are used in Section 4 to prove the existence of a solution to the LFD equation. Finally,
the uniqueness result stated in Theorem 2.2 is proved in Section 5.



2 Main results

We first introduce some notations and definitions. For s € R, p > 1 and k € N, we set
L8,(R?) = L7 (R% (1 + [vf?)" dv),
11, = [ 1£@P (14 17 o
115 = > [ 102 (L4 1o?)’ o

0<|a|<k

where o = (i1, 12,i3) € N3, |a| =i +ig + i3 and 0% f = 0{18;28:7;;3]‘.
For s > 0 and f € L} (R?), we denote by Mas(f) the moment of order 2s of f, that is

My (f) 2/‘f(v)‘ [v|** dv.

For (i,4) € [1,3]%, we define

a(2) = (aij(2));; with  ag;(z) = 2772 (@-,j - TT; ) ,
2 Z
bi(2) =Y Ohain(z) = =22 2],
k

c(z) = Y Ghara(z) = —2 (v +3) |27,
k,l

and, when no confusion can occur, we write A = (4, ), b = (b;), B = (B;) with

b; = b; * f, c=cxf,
Aij=aig* (f(1- 1)), Bi=bi* (f(1-1)).
Otherwise, we use the notations sz,j’ 55, E{, ¢/ instead of ZM, b;, B; and @.

With these notations, the LFD equation can then be written alternatively under the
form

0f =V - (AVf=bf(1~f)), (2.1)
or
Of =3 A 0%+ (B-b(1-2f)-Vf—cf(1—f),
1,J

and is supplemented with the initial datum

f(O) = finv (2.2)

where
fin € L%(R?’), 0<fn<1 ae and f;, #0. (2.3)

We note that the last assumption is not restrictive since when f;,, =0, f = 0 is a solution
to (2.1), (2.2).



The usual a priori estimates are here available. Indeed, one can formally verify that
solutions preserve mass and energy, namely

Wt >0, Mo(f)(t) = / F(tv) dv = / Findv = My, (2.4)
Msy(f)(t) = /f(tjv) lv|? dv = /fm [v|? dv := Ejp. (2.5)

Moreover, introducing the entropy S(f) for Fermi-Dirac particles defined by

st == [[fus+a-nua-plazo,
one can see, still formally, that ¢ — S(f)(¢) is a non-decreasing function.

Definition 2.1 Consider f;y, satisfying (2.3). A weak solution to the LFD equation (2.1),
(2.2) is a function f satisfying

i) f€L®Ry; LyRY)) NCR;D'(RY)), f(1— f) € Lie(Rs; Ly (RY));
(i) 0<f<1and f(0) = fin;

Vit >0, /f(t,v) |v\2dv < /fm(v) |v|2dv;
Yo € D(R3),Vs,t > 0;

[ ety = [ s(sv)pt)do
:/:dT[Z/AMf@%jgpdv—l—/fB- wdu+/f(1—f)5-wdu

Our main result is the following.

(1i1)
)

(iv

Theorem 2.2 Consider fi, satisfying (2.3) and assume further that fi, € Ly, (R?) for
some so > 1. Then, there exists a weak solution f to (2.1), (2.2) satisfying (2.4), (2.5)
and

F(1 =) € Lige(Res Loy (R?)); J € Lig.(Rs; Loy, (R?)) N Lise (R Hay, (R?)).
If we also suppose that so > 1+ /2, t — S(f)(t) is a non-decreasing function and
VEERy,  Sin:=S(fin) < S(F)O) < Bin 72,
Moreover, for 2sg > 4 + 11, such a solution is unique.

The existence proof is adapted from that of [2, 10] and is performed in three steps:
analysis of a regularized equation, uniform estimates and passage to the limit by a com-
pactness argument. At this stage, we recall that, owing to the cubic nature of Qr(f), a
weak compactness argument is not sufficient. Strong compactness is actually a consequence
of the uniform ellipticity of the matrix A which we state now.

We fix Ey > 0 and Sy > 0 and denote by Y(Ep, Sp) the set of functions f € Li(R3) N
L>®(R3) such that 0 < f <1 a.e. and

M(f) < Ey, S(f) > So.



Proposition 2.3 Let f € Y(Ey, So). Then there exists a constant K > 0, depending only
on vy, Ey and Sy, such that

Vo e RS VEERY, S Ay(v) &g = K(1+ [o?)? e
'7]’

As for the uniqueness proof, it follows the lines from that of [10], but the non-quadratic
nature of Qr(f) requires the use of an embedding lemma for weighted Sobolev spaces.

3 A priori estimates

3.1 Uniform ellipticity

We first prove Proposition 2.3, and proceed as in [10, Proposition 4] for the Landau
equation with some modifications. Indeed, for the classical Landau equation, the first
step is a positive bound from below of | f| z1(p,) which is straightforward by (2.4) and
(2.5) (BRr denotes the ball with center 0 and radius R). For the LFD equation, we need a
positive bound from below of || f(1 — f)|[z1(p,) and we realize that the arguments of [10,
Proposition 4] provide no information for velocities where f is close to 1. However, for
such velocities, the needed information are to be found in the entropy.

Lemma 3.1 There exist constants n, > 0 and R, > 1, depending only on FEy and Sy,
such that

ery(EO,SO), 5 f(l_f)dvzﬁ*>0

Proof. Let f € Y(Eo, So). For every R > 1, we have

SoS/B (f!lnf+(1—f)|1n(1—f)\)dv+/| (f [ f]+ (1= f)[In(1 = f)]) dv. (3.1)

v|>R

Step 1. We first consider the integral over Br. Let ¢, € (0,1). Since

|Inr| < (1—r)/e if rel(el), (3.2)
lIn(1—7r)| <r/e if re€(0,1—¢), (3.3)

we deduce that

[ smsae < f flfldo+ [ £ 110 f] dv
BR BRﬁ{fZE} BRm{fSE}

! BRf(l—f)dv+5"‘/BRf1_a|1Hf|dU,

IN

and, similarly,

/(1—f>\1n<1—f>|dv§1 f(l—f)dv+€“/ (1— /)'=2 [ In(1 — f)| do.
Br € JBg B

R
As 7+ 1% |In7| is bounded on [0, 1], we obtain, choosing ¢ = R~/

C (@) .

- (3.4)

| il @ nime =)o < 2k [ fa-pave

5



Step 2. It remains now to consider the second integral of (3.1). On the one hand, thanks
to the Holder inequality and the boundedness of r — 7% |Inr| on [0, 1], we obtain

—a —a “[ln
1] do proo o2 LI
[ol>R [o|>R [v]

11—« o
24 —2(1-a)/« d )
@&ﬂ<A@RfM v> (LERM v>

We fix a = 1/5 and conclude that

IN

Elfa
flnfldv < C—2—. (3.5)
>R R

On the other hand, using (3.3) with £ = 1/2 leads to

[ a-pma-plav < 2| fa-pavs: [ fav
[v[>R {lv[>Ryn{f<1/2} € J{lv|>RIN{f>1/2}
< %/f]vﬁdv%— %/ﬂvﬁdv.
Hence, for R > 1,
3Ey  3Ey
/|v|>R(1—f) | In(1—f)|dv < =7 < = (3.6)
From (3.5) and (3.6), we deduce
[ im0 ima - o < S (3.7
>R R

Step 3. Substituting the inequalities (3.4) and (3.7) into (3.1) gives

B C1(1/5) + C3(Ep) < 2R F(1 = f)do.

S
0 R .

The choice
C1(1/5) + C3(Ep)

So ’

R, =2
then completes the proof of Lemma 3.1. [J

Proof of Proposition 2.3. Owing to Lemma 3.1, the remainder of the proof of Propo-
sition 2.3 is similar to that of [10, Proposition 4], to which we refer. [J

3.2 Propagation of moments

We now show (formally) the propagation of moments for solutions to the LFD equation
(2.1), (2.2), which, in turn, implies an H!-estimate (still formally). All the computa-
tions we perform here will be justified in Section 4.2 by means of smooth approximating
solutions.

Let f be a smooth solution to (2.1), (2.2). Multiplying (2.1) by 1 and |v|? and integrat-
ing with respect to v lead, after some integrations by parts, to the conservation of mass
(2.4) and energy (2.5). Also, after multiplying (2.1) by In f —In(1— f) and integrating over



R3, the nonnegativity of the matrix a ensures that the entropy S(f) is a non-decreasing
function of time. From now on, C;, ¢ > 1 denote positive constants depending only on
¥, Min, Fin and S;,. The dependance of the C;’s upon additional parameters will be
indicated explicitly.

Lemma 3.2 Assume that fi, € L (R3?) for some s > 1. Then, for every T > 0, there
exists a constant I'(s, T\ || fin||11 ) depending only on s, T and | fin| 1 such that

sup £l + / // 0= 0,7 [0,[2 £ £.(1 = £.) dvdu, dr < T(, T, | finll13.).

t€[0,T
In particular, f(1 — f) € Lj,(Ry; Ly, (R?)).

Proof. Let ¢ be a smooth function on R? and multiply (2.1) by . After integrating over
R3 and some integrations by parts, we obtain:

%/f(t,v dv_Z//ff* 1— f.) aij(v — v.) 07 s dv dv,

+/ Fh 2= f— £l bw—1.)-Vodvdv.. (3.8)

We take ¢(v) = ®(|v|?) in (3.8), where ® is a convex function. As

Za“v—v*) = 2|v— vy
Zaw — V) Viv; = \U—U*W(|v|2|v*|2—(v-v*)2),

'y+2

Zb UV — V) = —2v—w]" (\U|2—(v-v*)),
the formula (3.8) becomes

d
E/f@av)@(leQ) dv=4//ff*<1—f*)|v—v*|m¢<v,v*)dudv*,
where

A% (0,0.) = (Jou = (- 0)) (@ (017) = @ (Ju)) + ([0Pl0n = (0-1.)2) 2" (o).

Since ® is convex, ®” is nonnegative and, consequently,

AP (0,0.) < (Joul? = (0 0.)) (@ (101?) = @ (Ju)) + o2l 227 (o).

Let ®(r) = 7%, s > 1. Since (v - v4) < |v||vs], we deduce (with the notation A® = A?®)
that
(0, 0.) < [ 0272 o = o + fol o] (Jo 72 + o 72)). (3.9)

As s > 1, we have 2s — 1 > 1 and Young’s inequality ensures that

25 —2 1
2s-2,2 _ 25-2 (25-2)/(2s—1) , 2s/(25—1) ~ 25—1 2s
vy Y S o1t YT




Substituting this inequality for z = |v|, y = |v«| into (3.9) yields

s—1
2s —1

A(v,v.) < S[(s +1) o7 o] + [ol o2~ .

|V«

Since f > 0 and |v — v|” < |v|7 + |v4|7 (v > 0), we finally obtain

s—1
2s —1

%/f(t,v)|v|25dv+4s / o — 07 |0a F (1= f.) dv do,
< ds / P (o + o) (s 4 1) [0 o] + [olvn | dv do,.
Now,
(o7 + o) [ (s + D) ol o]+ ollon 27 < (s 1) [0 077 o+ ol o 4]
[l 2 ol 1],
and Young’s inequality ensures that

max {|v\, |v\7+1} <1+|vf* and max{]v|25*1, ]v|25+7*1} <1+ |v]®.

Therefore,

d _
M)+ s _11 // o= |7 [0a2 £ (1= £.) dv dv, < Cr(s)+Cals) Mas(f). (3.10)

Thanks to the Gronwall lemma, we first conclude that, for every T > 0,
Mgs(f)(t) < Mgs(fm) + C?,(S,T)7 te [O, T]. (3.11)

We next integrate (3.10) over (0,7") and deduce from (3.11) that

T
/0 / |0 — ve| ¥ J0a|® f (1 = f2) dv dvy dT < (Mog(fin) + 1) Ca(s, T).

Since |[v — vi|? > |vi|” — |v|7, we infer that

T
folor [ 0= Ol dos € (i) + 1) Ool T + Uil 1oz
(3.12)
which completes the proof. [J

Remark 3.3 Unlike the classical Landau equation for which Mas(f) becomes instantaneous-
ly finite for positive times and s > 1, we obtain here the propagation of these moments but
not their appearance. This is due to the term f.(1 — f.) in (3.12). Consequently, we do
not recover the same smoothness as in [10, Theorems 3 and 5].

Lemma 3.4 For every T > 0, there exists a constant C(s,T) such that

T
K/ /|Vf|2 (14 o)™ dvdr
0

<O, ) 14170 = Doy, )| I lmorcy, .+ Ifinlley, - (3:13)

2+ 25+~



Proof. Let s > 0 and f;, € L (R3). Since 0 < f < 1, (2.4), (2.5) and Lemma 3.2 imply
that f € L>®(0,T; L3,(R?)). It follows from (2.1) that

2dt/f Lt 1) dv——/(ZVf—Ef(l—f))v(f(1+|v|2)8) v
__/ZVfo(l_f_h)’?)de_ QS/ZfoU(l-f-UP)S_ do

+/f(1—f)5~Vf(1+\v!2)sdv+ 23/5.vf2(1—f>(1+\v12)31dv. (3.14)

On the one hand, since S(f) is a non-decreasing function and f satisfies (2.5), Proposi-
tion 2.3 implies that

/ZVfo(l + |v]?)*dv > K/ IV£2 1+ o) do.
On the other hand, it is easy to see that there exists a constant C' such that
V(Ao (4P| < - Pl (R @a5)
V- @+ 2| < Clfllg (14 [0?)*7,
(0] < Clfllgg (1+ o),
so that
[Bora-nripytan<clsly [+ pp) e

and

/f(l—f)E-Vf(1+\v|2)de - —/<%f2—%f3>v- (5(1+]v|2)5>dv
< cwmA/falwm%”W%u

2 [Arore ) e = [ £V [o ()
< CWﬂraﬂhaw/f%LHwﬂﬁw%v

Substituting the previous estimates into (3.14) and using (2.4) and (2.5) yield (3.13)
after integrating with respect to time. [J

4 Existence

This section is devoted to the proof of the existence part of Theorem 2.2. First we investi-
gate a regularized problem and show the existence and smoothness of a solution. Indeed,
a first difficulty common to both the Landau and LFD equations lies in the fact that the
coefficients of the elliptic operator Qr(f) are unbounded. We thus approximate them by
bounded ones. However, the coefficients remain non-local, which is the second difficulty
to be faced. The existence of approximated solutions follows from a fixed point method
but, unlike the classical Landau equation, this method has to be applied to a nonlinear
equation. Finally, we obtain solutions to the LFD equation as cluster points of sequences
of approximated solutions. At this stage, owing to the cubic nature of the LFD equation,
weak convergence is not sufficient.



4.1 The regularized problem

Let (¥.)e~0 be a family of smooth bounded functions on R which coincide with ¥(r) =
12 for 0 < € < r < ¢! and enjoy the following properties:

(i) The functions ¥/, ¥” ) and ¥ are bounded;
(i) For0<r<e !, W.(r)>r"2/2
Forr>e', W (r)>e 0F2 /2> 0;
(i4i) For every r >0, W.(r)<r’(14+77) and |UL(r)| < (y+2)r(1+17);
(iv) For 0 <r <e, U(r) =r?v.(r), with v. € C>®([0,¢]), v-(0) = 1, v.(0) = 0 and
V2 (0) = 0.

For (i,7) € [1,3]?, we set

)

@@:me@:qﬁ%wm
k

0 (2) = (@f,j(z))ij with  af ;(z) = ¥.(|z]) <5i,j - TZ;) ,

f@:Z%@@:Tﬁhmmwmwm
k,l

and consider the regularized problem

{ of=V- (Zf’€Vf—5f’Ef(1—f)> +eAf, (4.1)

f(0,.) = fin.

We first note that, thanks to the properties of ¥, we have the following result.

Lemma 4.1 The functions aj; and b belong to Cg(RS). The function c* belongs to
CZ(R3).

We set
Ke = max||ag jllcs + max [[b7 [ ca + [|¢°]| cz-
,] T

We next investigate the well-posedness of (4.1).

Theorem 4.2 Consider f;, € C°(R3) N H'(R3) N W3>(R3) such that

g e P20

0<ape Pl < fin(v) <

3
_m<l, V’UGR, (42)

for positive constants ay, as, B and Ba. Let € > 0 and T > 0. Then, there exists a
solution f€ to the regularized problem (4.1) with initial condition f;, such that, for every
s >0, f¢ belongs to L>(0,T; L3, (R®)) N L2(0,T; Hy, (R?)).

Let 8] > p1, D, E, F and Cy, be five positive constants, the values of which we will
specify later. We set

10



4 0<f<1, Vstel0,T], VoeCi(RY), )
f(t,v) dv:/fm(v) dv

[ (1t = fG5.00) (o)

C =< fec(o,1); L' (R?));
( =) 1 / (f<1f><t,v>f<1f><s,v>)so<v>dv\
< Cullglles It — s

Et ,—f2 |v]*/(1+Ft
a1€_61|v|2€—Dt < f(t U) < Q9 e e 2|’U| /( )
N 7 T 14 ay ebt g—p2 [v]2/(14Ft)

< Crllellez It — sl

For g € C, we consider the following quasilinear problem
{ of =V |(A% +eL)Vf =311 - £,
f(ou ) = finu
where I3 denotes the identity matrix of R3.

The existence of solutions to (4.1) will follow from the existence of solutions to (4.3)

by means of a fixed point method. We thus first study the latter and prove the following
result.

Theorem 4.3 Let § € (0,1) and € > 0. For each g € C, there exists a unique classical

solution f¢ € H2+%2H0)/2(0,T] x R®) to (4.3) and there is a constant A depending only
on fin, 6, T, € and Cy, such that

||f6||H2+5, e+s2 < A.

Moreover, there exist constants 3}, D, E, F and Cr, depending only on fin, T and ¢
such that f€ belongs to C.

For T > 0,1> 0,1 ¢ N and Q a domain of R?, we consider Holder spaces H"!/2([0, T] x
), whose norm is

Ifllpgae = sup > |970af(t,v)|

OSISTveR? fal+ar<
+ sup ’81‘/ aozf(t’avi_ ‘?t_ﬁftf(tfw)
0<t<T, v#w la|-+2r=[1] v w
+ sup 07 0auf (£, v) — 07 0a f (5, V)|
s#t, vER3 lal+2r=[1] ’t — 5|(l*[”)/2 ’

where [I] denotes the integer part of [ and a € N3,

Thanks to Lemma 4.1 and to the properties of C, the coefficients of the parabolic
operator in (4.3) have the following regularity properties:

Lemma 4.4 Lete > 0, 6 € (0,1) and g € C. For every (i,j,k) € [1,3]3, the functions
Zi’;, bf’s, Gkaj and € belong to the Holder space H® WQ([O,T] X R3), with

ma [ s+ ma B oo + 29l < Kell ol (4.4

11



Moreover, for every bounded domain Q of R3, the functions ZZ’;, l_)‘;-]’e,

belong to the Holder space H1+6’(1+5)/2([0,T] x Q).

aﬂﬁ’j and Ob?”

Proof of Theorem 4.3. Owing to the uniform ellipticity

Vo e R VEER?,  c[¢? <) (A)(v) +e6i) &8 < (BKe| finllr +) €7, (4.5)
,J

and classical arguments, the maximum principle and [17, Theorem 5.8.1] imply the ex-
istence and uniqueness of a solution f& € H?+%(2+9)/2([0, T] x R3) to (4.3). This solution
satisfies

0< fo(t,v) <1, (4.6)

and there exists a constant A depending only on f;,, §, T, € and Cf, such that

| fE lpgzes.20y/2 < A,

(see the Appendix for a sketch of proof).
We next show that we can choose constants 8], D, E, F and Cf, such that f¢ € C.
First, we verify that, for every (¢,v) € [0,T] x R3,

Et ,—B2|v|?/(1+Ft)
—Blv|? =Dt ~ pe P L 4
e e < fe(t,v) < 15 g 0Pl o P (4.7)

Indeed, introducing ,
C,Omf(tw) _—— e~ Pl e*Dt,

and the parabolic operator £ defined by

Lu ==Y (Al +e6,y) 02u— 3 |BIT =5 (1= 2f%) 0w+ 2% (1= [,

i, A

we see that Lp;,r < 0 as soon as

1
Pz, and D= 1281 K2|| finll72 + 681 (Kel| finll 21 + €) + Kell finll 1

whence ,
ape Al e=Pt < p2 (1 ), Y(t,v) € [0,T] x R,

by the comparison principle [17, Theorem 1.2.1].

We next set
g eBt B2 [V /(14 Ft)

Pru(b0) = B B R

and let M be the semilinear operator defined by

Mu = O — Z (Zi’; + 551-,]') 8§ju — Z [Ef’s —b7(1 - QU)} Oiu~+7¢7°(1 — u) u.

2,7 2

For

E> 12K52 | finllr + K- ”fmuil and  F > 12 8o K || finllpr +4B2e + o,

12



we have Mgy, > 0 = M f°. Owing to the regularity of the coefficients of the parabolic
operator, we are in a position to apply the comparison principle [19, Theorem 9.1] to
obtain that

g Pt e~ B2 |v?/(1+Ft)

T 14 agebte=B2P/(1+FY’

[t ) <

It next readily follows from (4.7) and the continuity of f¢ that f¢ € C([0,T]; L*(R?)).
In addition, classical truncation arguments, (4.4) and (4.7) allow us to check that

vt € [0,T], /fg(t,v) dv = /fm(v) dv. (4.8)
It remains now to verify the two Lipschitz properties and this will be the aim of the

three following lemmas. We only give formal calculations but they can be rigorously
justified by standard truncation arguments.

Lemma 4.5 For every r > 0, f¢ belongs to L*(0,T; Hi (R3)). Moreover, there exists a
constant C depending only on fi,, v, € and T such that,

1/ N2 0.75m1, ) < C-

Proof. Let r > 0. We multiply (4.1) by f(1+ |U\2)r and we integrate with respect to v
to obtain

33 [1FE o) 1+ )y

- /(Zg’e +el3)V Ve (14 |U]2)Tdv - 27“/(Zg’€ +el3)Vfsvfe(1+ |v\2)r_1

dv
+/f€(1—f€)59’6-w€ (1+|v\2)7‘dv+2r/<f€)2(1—fE)Eg’E.v(1+\vy2)'“‘1dv.
After integrating over (0,%), we infer from (4.4), (4.5) and Young’s inequality that
lf\fﬂ%,v) (1+yv\2)wv+g/t/\vm2 (14 [o2) dodr
< 3/ /fo 14 [of?) dodr + CoBE. finllin +é] / /f‘f L Jof?)  dvdr
+§/0 /\VfE\Q (1+\U\Q)TdvdT—l—CaKfomH%l/O /fa (14 |v[?)" dvdr
RSl [ [ 57 @ P dodr+ 5 [1? (P a0
Therefore,
5/(:/|Vf5|2 (1+[v?) dvdr < Cf(e, M) /Ot/fs (1+[v]*)" dvdr
5 [ 1l (U 0P do

and (4.7) implies that the right-hand side of the above inequality is bounded. [

13



Lemma 4.6 The function f¢ belongs to L™ (O,T; H! (R3)). Moreover, there exists a con-
stant G depending only on fi,, € and T such that,

1 £\l oo 0,751y < G-
Proof. We first observe that
fa c H2+5’(2+6)/2([0, T} % RS) N H3+6, (3+5)/2([0,T] « Q)

for each bounded domain 2 C R? by [17, Theorem 5.8.1]. We may thus differentiate (4.3)
with respect to v; and obtain

00 fE =V - [(Z"’E + el3)VLfe + 0 ATV — 075 (1 — 2f%) 0 f° — 00" f5(1 — f9)].

Hence,
%% (Opfo)dv = — / (A4 eI3) VO f£ VO f° dv — / LAY fEV O, € dv

+ [a-2m) P Voo ao s [ - o Vo,

and (4.4), (4.5) and Young’s inequality lead to

t t
/|8kf5\2 dv+25/ /|V8kf€]2 dvdr < 325/ /]V&kf€|2 dv dr
0 0

+ C K2 || finll7a IV N 20,7 12y + CT B2 | finllz + | I
Lemma 4.6 then readily follows from the above inequality by Lemma 4.5. [

Lemma 4.7 There exists a constant Cr, depending only on fi,, € and T such that, for all
¢ € C2(R3) and o,t € [0,T],

[ ()= ) oto) o
‘/(fe(l o)t v) = 2 (1= f%)(0,v)) ¢(v) dv

A

Crlellez It — al,

A

< Crlellez [t — ol

Proof. Let ¢ € CZ(R3). Classical truncation arguments ensure that

/fe(t,v dv—/faov dv—/ dT{Z/AQ€ ]godv+/f5§g’6.v¢dv

/f‘E - f9) [ V(pdv—l—s/faA(pdv} (4.9)

The first inequality of Lemma 4.7 then readily follows from (4.8), (4.9) and Lemma 4.4
with
Cr > C1 = C(Kc| finllr + &) [l finll1-

Similarly, we infer from (4.3) that, for ¢ € C#(R3), we have
[ - ewdo- [ £0-)o0) e
- /t dT{ /(ZQ’E el V7 [(1-2f7) Ve — 20V 7| dv
—Q/ff — f9) pb”" Vfgvar/fa )(1-2f€)69’5-wdv}. (4.10)
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With the notation M7 : My = Zij My; jMy; ; for any two matrices My and Mz, we have

/(Z"’f +el3) VI (1—2f)Vpdv = —/ff (1-f9)V- ((Z"’E + el3) w) dv
/fs — f5) B - Vypdv - /ff 19) (A7 +el3) : Vv,

and the identity (4.10) becomes

[ =) el do- / FE(1= 1) (0, 0) () dv = / th{ [ =) B e

/ff ) (A" +ely) : v2¢dv+2/(zg’€+513)Vf€w€¢dv
2 [ )b v [ ) (1—2f5)59’5~Vg0dv}.

The second inequality of Lemma 4.7 then follows with the help of (4.8) and Lemmas 4.4
and 4.6 with
CL 2 Cy = C(Kc| finlpr +€) (I finll o + G?)-

Choosing C, = max(C1, Cs) completes the proof of Lemma 4.7. [

We have thus found 3], D, E, F and Cf, depending only on f,, T and € such that, if
g € C, f¢ € C and the proof of Theorem 4.3 is complete. [

Proof of Theorem 4.2. We fix 8], D, E, F and C, as in Theorem 4.3. For g € C, we
denote by ®(g) the unique solution f& € H2t%(+9/2([0, T] x R?) to (4.3). Then ®(g) € C
by Theorem 4.3 and we now check that ® : C — C is continuous and compact for the
topology of C([O, T7; Ll(R3)).

Continuity of ®. Consider g; € C, g2 € C and put ff = ®(g;) for i = 1,2. Then, u = f{—f5
satisfies

Oru =3 (AL +20iy) 00— > [BY =07 (1= ff = f5)|oju
i, J
FEe i 05 - YW@+ i) Ju=T
J
where

T — Z( 91,5_A92a) f2+z< BIE —Bgz’)ajﬁ
- (b?“ ST (- 2£5)0,55 — (@ —e°) 50 - 1)
J

Since u belongs to H>*+%(2+9)/2([0, T] x R3) and is bounded (Ju| < 1), we infer from
the maximum principle [17, Theorem 1.2.5] that

sup |ff — f <(supf 0)+7 max T)
s (7= 75| < (sup 7 = f0) T e 0

15



with
w = K¢ || finllp1 (1 + 67),
where the constant A is given by Theorem 4.3. Since f5(0,.) = fin, = f5(0,.) and

|T| < Ka}gl - 92‘0([07T];L1)<Zsup ‘azz,gf25’ + 4ZSUP ‘ajf2€| + 1)7
0, J

we deduce that

sup ‘ff — ff‘ < CTe“’T‘gl
0,7 xR?

Now, for R > 0, we have

o [ A=l s [ (5415 o

t€[0,T] t€[0,7)

- 92|C([0,T];L1)'

IN

|f1€ o fg‘c([O,T};Ll)

< CR? Te“’T‘gl — 92’6([0 .01 + 2y eET/ e B2v?/(A+FT) 4.,
Y [v[>R
c(7)
< C(T)RB‘gl - g2|C([O,T];L1) + Fa
whence o
‘fla - fQE‘c([OVT];L” < C(T)‘gl - g2‘C([O,T];L1)’
with the choice

R= }91 - 92‘0_(1[(/),6T];L1)'

Compactness of ®. For m > 4, we have Li(R?) N WL (R3) c L1(R?) c (H™(R3))" with
a compact embedding Li(R3) N WH*°(R3) c L(R?). Since,

®(C) is bounded in L>=(0, T; Ly(R?) N WH(R?))
and 9,®(C) is bounded in L™(0,T; (H™(R?))"), withr > 1,

by Theorem 4.3, we deduce from [27, Corollary 4], that ®(C) is relatively compact in
C([0,T); LY(R3)).

We are now in a position to complete the proof of Theorem 4.2. Indeed, C is a non-
empty, convex, closed and bounded subset from the Banach space C ([O, T]; Lt (R3 )) Since
® is a compact and continuous map from C into C, the Schauder fixed point theorem
ensures the existence of a fixed point of @, that is, of a solution to (4.1). In addition, (4.7)
and Lemma 4.5 warrant that f¢ has the desired properties. [

4.2 Uniform estimates

In order to pass to the limit as ¢ — 0 in (4.3) and obtain a solution to (2.1), (2.2), we first
need to establish uniform estimates on f° which do not depend on €. These estimates are
actually similar to those listed in Section 3. In the following, we denote by C' any constant
depending only on v, M;,, E;, and S;,.

Lemma 4.8 For all o,t € [0,T], 0 <'t, the function f¢ satisfies

/fg(t,v)dv = M, (4.11)
/fg(t, v)\vlzdv = E;, + 6eM;nt < E;p, + 66 M, T, (4.12)
Sin < S(f)(o) < S(f9)(@), (4.13)
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where My, = MO(fzn); By = MQ(fzn) and Szn = S(fzn)

Proof. Since f¢ € C, the first equality holds true. It next follows from (4.4), (4.7) and
(4.9) with op(v) = |v|? that

/fa (t,v \v|2dv/fm|v|2dv_65/ /fedvdr

whence (4.12) by (4.11).
Finally, since f¢ is differentiable with respect to time and satisfies 0 < f¢(t,v) < 1 for
every (t,v) € [0,T] x R3, by (4.7), we have

O[S I fe 4 (L= ) In(1 = f)] = [ f* = (1 = £9)] 07,
Therefore, thanks to (4.1),

S0 = St + [ dr [[A95 =T 1] oy ey o

e[ [T,

= S+ [ dr [ —v(ra- Ve - o fE)fo>

i v fe . IV fe?
<f€(1—f€) fe(i—77) )d“*d”“/ a /fe a7

Since the matrix a is nonnegative, we conclude that the function S(f¢) is non-decreasing
and (4.13) follows. O

We next consider the ellipticity of the diffusion matrix, the propagation of moments
and the smoothness of f¢. Proceeding as in the proof of Proposition 2.3 with the help of
the properties of W, we first have the following results.

Proposition 4.9 Denote by R, the constant given by Lemma 3.1. For every 0 < ¢ <
(3R,)~!, we have

(i) Let f € Y(Eipn, Sin). Then there exists a constant K > 0 depending only on vy, Ei,
and Sip, such that, for every v € R3,

— 2 . - +2
VEER, Y (A, 00) +ediy) && > K (14 o) [min (o)™, 1/2)]* I
1,]
(i) If f(1—f) € L7+2(R3), then there exists a constant C' > 0 depending only on
My12(f) and Mo(f) such that, for every v € R3,

Ve € RS, 0<Z v)+edi;) && < (CA+vT?) +e) €

In fact, the proof of the first point also gives a uniform (with respect to €) ellipticity
estimate.

Corollary 4.10 For 0 < ¢ < (3R.)™ !, there exists a constant x depending only on v, Ej,
and Sin, such that, for every f € Y(Eipn, Sin),

45
1+ |v?”

VEERA Vv eR?, Y (A7 ;(v) +ediy) &&= w

0]
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We next proceed as in the proof of Lemma 3.2 to show the following result.

Lemma 4.11 For all T > 0, s > 1, there exists a constant I' depending only on s, T and
Hfzn”L% such that

2s pre
s 1Ol + / // 0. FE 2= f2) dodo, dr < T( finll s ). (4.14)

Remark 4.12 The constant I' increases with || fin|| L3 -

Finally, a proof similar to that of Lemma 3.4 leads to the following H '-estimate.

Lemma 4.13 For all T > 0, € € (0,1), s > 0, there exists a constant C > 0 depending
only on s and T such that

K/OT/|st|2 (1—|— |v‘2)s+7/2[min ((E\U|)_1,1/2)]7+2dvd7
co [ J] 750 5 D sy

v

+ O+ ) 1 g0y, ) + finllLy, - (4.15)

25+

In particular, for s € [0, 1], we have, for every 6 > 0,

4 €12 2\s+y/21 . -1 v+2
K/o /|Vf| (1+ v]?) [min ((elv])~",1/2)]" " dvdr

< OT(finlly, )+ C U+ 1l peoriny, ) + I finlly, - (4.16)

25+~

Using Corollary 4.10 instead of Proposition 4.9 in the proof of Lemma 4.13 yields

Corollary 4.14 For allT >0, € € (0,1), s > 0, there exists a constant C > 0 depending
only on s and T such that

T
K/ /\foR (14 o) dodr
0
<C/ //fsf* 1= f7) Hmﬁ (14 [v])° " dvdv, dr

+C A+l NremrLy, )+ I finlly -

25+~

Proof of Lemma 4.13. A slight change to the proof of Lemma 3.4 is required here since
we do not have an estimate on f(1 — f¢) in L*(0,T; L2+V(R3)) because V¥, is bounded.
Thus, (3.15) has to be replaced by

‘/fs (Ao (1)) o
<C//f€f* 1 o) ‘“ ,2‘>| P o) dodo, + O 1y, -

which gives (4.15).
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Let s <1and d > 0. We deduce from Lemma 4.11 with s = 1+6/2, Young’s inequality,
(4.11) and (4.12) that

/ / fefei—f5) |(| *|2D wl? (1+[0?)° " dvdu, dr
/ // fsf* * (’ ’2‘) (1+ ‘U*’2+6) d’l)d’l)* dr

v -
<CT ”fEHLoo(QT;L%) + P(HmeL%M)
The formula (4.16) then follows directly from (4.15). O

4.3 Proof of Theorem 2.2

Consider f;, satisfying (2.3) and such that f;, € L%SO (R3), for some sy > 1. There exists
a sequence of functions (fi, x)k>1 in C> (R3) NH! (]R3) N W30 (R3) such that fi, . — fin

in Lj, (R?) and
—0 [v]?
—(5 "Ul < < Ck €
C fznk_ 1+Ck€_5’“|v|2’
for some positive constants Cy, C}., d; and 0}
For every k > 1, we set
1
&= and fe = f°*,

where f* denotes the solution to (4.1) with initial datum f;, , given by Theorem 4.2.

Lemma 4.15 There are a nonnegative function f € Cw([O,T]; L? (RS)) ﬂLOO((O,T) X ]R3)
and a subsequence of (fi)k>1 (not relabeled) which converges to f in L? (O,T; L' (R3)), in
Cw([0,T); L*(R?)) and a.e. on (0,T) x R3.

In addition, 0 < f <1 a.e. on (0,T) x R3.

Here C, ([0, T]; L?(R?)) denotes the space of weakly continuous functions in L?(R?).
Since 0 < fr < 1, it follows from Lemma 4.15 and Hélder’s inequality that (f)r>1
converges to f in LP((0,T) x R?) for any p € [1,00[.

Proof. For m > 4 and r > 0, we have
m /!
H21307277(R3) N L%(RB) C Ll (RB) C (H2+27(R3)) )

the embedding of H21507277(]R3) N LL(R3) in LY(R3) being compact. Since the sequence
(fink)k>1 converges to fi, in L%SO (R3), there exists g such that HfmkHL% < ko, and
> “

L(finkllzy, ) < Do), for k>1, (4.17)
by Remark 4.12. We then deduce from Lemma 4.11 and Corollary 4.14 that
(fi)kz1 s bounded in L2(0,T: Hj,, ., (R*) N L(R)). (4.18)

Next, for ¢ € HﬂQV(R?’), we have

/&tfk@dv—Z// Vi) fi fres (1 fk*)aiz,jSOdvdU*Jrfk/ka@dU
+Z//b§’“(v—v*)fkfk*(1—fk) (Bip — Dipy) dv dvy.  (4.19)
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Hence,

’/@n¢m

Since m > 4, we infer from Lemma 4.11 and the continuous embedding of H™(R?) into
W2 °°(R3) that

< Cllplwe // Yeullo = v e gy fi (1 = fo)dvdo,

+C llellwz kaIILl +C Hs0||H2

242y

3/2
1 Ful135" + ek lellwzos 1 finllr-

(O fi)k>1 is bounded in L (0, T (Hﬁ%(R?’))/) . (4.20)

By [27, Corollary 4], we conclude from (4.18) and (4.20) that (fx)r>1 is relatively
compact in the space L?(0, T; L*(R3)). Therefore, there are a function f € L%(0, T; L' (R?))
and a subsequence of (fi)r>1 (not relabeled) such that (fi)r>1 converges towards f in
L? (O,T; L' (]R3)) and a.e. on (0,7) x R3.

Moreover, we deduce from (4.19) that, for ¢ € C3(R3) with compact support included
in By for some R > 0, we have

‘ [ npdo- [ iitorpds

< Cllellwae / / / . Bello =) |2 e 0 s dr

Iv—v 2

3/2
+ Cllgpllwa It — ol [ufknmw 2 gy + Winllzr |- (121)

From Lemma 4.11, we deduce that, for R’ > 0,
v —v.f?

T v — U«
/ // M |U*|280 fkfk*( fk*) dv dv, dt <F(||fm kHLl ) F(Iio)
[v|<R/, |v«|<R'

We may then pass to the limit as & — +oco thanks to the a.e. convergence of (f)r>1 and
(U,,)r>1 and then as R’ — +oo by the Fatou lemma to obtain

T
/0 // [0 — ve| 7 0|0 f (1 = fi) dvdv, dT < T(ko). (4.22)

Next, it is easy to check, by means of the a.e. convergence and (4.22), that

<//|<R |U — Vs \2 ’)fkfk* (1= fiee) 0a* v dm)

converges towards

k>1

// v — ol [os? ££o(1 — £.) dvdo,
lv|<R

in L1(0,T). Therefore, the Vitali theorem implies that

t
\\
lim wg//y nngl—nQJEE—ﬁﬁwq%wwww—o
[t—o|—0 k>1 [v|<R v «|

We then deduce from (4.21) that the sequence ([ fre dv)k>1 is equicontinuous and
bounded in C([0,7]). The Arzela-Ascoli theorem ensures that it is relatively compact
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in C([0,77]). From the convergence of (fi)i>1 towards f in L'((0,T) x R?), we deduce
that | f¢dv is the unique cluster point of ([ frpdv)g>1. Therefore, ([ fryp dv)r>1 con-
verges to [ fodv in C([0,T7]). Since the sequence (fx)g>1 and its limit f are bounded in
L>=(0,T; L?(R3)), it follows that (fy)k>1 converges towards f in Cy ([0, T]; L3(R?)). O

Lemma 4.16 The limit f of the sequence (f)r>1 s a solution to the Landau-Fermi-Dirac
equation (2.1), (2.2) which satisfies (2.4) and (2.5).

Proof. Step 1: Conservation of mass and energy.
Let ¢t € [0,T]. By Lemma 4.11 and (4.17), we have

/ fre(t,v) |v|**0 dv < /fk(t, v) [v]?*° dv < T'(ko),
lv|<R

for each k > 1. Thanks to Lemma 4.15 and the Fatou lemma, we may let £k — +oo and
then R — +o00 and obtain

/f(t,v)|v[2sodv < I'(ko). (4.23)

Combining Lemma 4.11, Lemma 4.15 and (4.23), we see that (Ma,(fx))k>1 converges
strongly towards Mo, (f) in C([0,T]) for r € [0,s0). Since (fink)k>1 converges to fi, in
L}, (R?) and sp > 1, we deduce

280

lim /fk(t,v)dv: lim /fin’k(v)dv:/fm(v)dv,

k—+o00 k——+o0o

Jim [ 0P o) do = i (Mafine) + 02 Molfins)t) = Ma(fn)

We thus conclude that f conserves mass and energy.

Step 2: Passage to the limit in the weak formulation (4.9).
For all k > 1, p € C2(R3) and ¢ € [0, 7], the functions fy satisfy,

/fk(t,v) o(v) dv—/fm’k(v) o(v) dv
t t
:sz:/o da//a;}}(v_v*)fkfk*(l—fk*)aiz’jtpdvdv*ﬂ—sk/o dg'/kaspdv
t
it = * * - — Jkx 0; xe .
+¥/0 dcr//bZ (v = vs) frefrw (2 — fro = fry) Oipdvdv (4.24)

Our aim is here to pass to the limit as k¥ — +oo in formula (4.24). By Lemma 4.15, it
is obvious for the left-hand side and the second integral in the right-hand side. We thus
have to consider the two remaining integrals. As (¥, )r>1 converges pointwisely towards
W, the functions ai’} and b:* defined at the beginning of Section 4.1 converge towards a; ;

and b; respectively. Consider ¢ € C?(R3) with compact support included in Bp for some
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R > 0. Let R' > 0. We first turn our attention to the integral involving the matrix a®*

t
da

(055 (0 = 0a) fifien (1= fi) = asj(0 = v ) [ 1. (1 = )] 02,0 dv o,

dU

U_U*)fkfk*( — Jha) — a”(’u—v*)ff*(l—f*)} ”godvd’u*

BRXBR/

+C H(pHWQ,oo/ do // U, (|v = v]) frefrow (1 — frey) dv doy
0 {[vI<R, [vs|>R'}

t
+CH<P||W2@°/ do// v — v "2 f (1 = fi) dv do,. (4.25)
0 {|v|<R,|v.|> R}

The a.e. convergence of a®* and fj, the bound on fj, the properties of ¥., and the
Lebesgue dominated convergence theorem imply that the first term of the right-hand side
of (4.25) converges to zero. For the two others, it follows from (4.14) and (4.22) that

t
/ da// |U—U*P+2ff* (1 — fi) dvdv,
0 {|v|<R, [vs|>R'}

t
< 2 [RPR™2%0 4 R* %] / da/ [0 — vV |0u 20 f £ (1 — fi) do dus
0
S 2]?1(%0) [R2R17280 4 R/Q*QSQ]’

and
t
/ do // Ue, ([0 = va]) fiofron (1= fioy) dvdvy < 2T (ko) [RPR'72%0 + R?72%].
0 {|v|<R, |v«|>R'}

We then substitute these estimates in (4.25) and let first & — 400 and then R’ — 400 to
obtain that the left-hand side converges to zero as k — +o0.

We proceed analogously for the integral of (4.24) which involves the function b%*.

'Z/Ot do // [bf’v(v — Vs) frfrw 2= fro—fru) — biv —vs) ffe (2— f—f*)} Dip dv du,

t
do U Fifie @ Fi=fi) = Vi f. @[~ [.)] Do dv do.
BrxBpgr
! (v —vy)
+Clleleee [ do [[ LAl AP
0 {|Iv|<R, |vs|>R'} v — v
t
+CH<p||wz,oo/ da// v — v |"Y f £ dv du,. (4.26)
0 {|v|<R, [v.[ >R}

For the first term of the right-hand side, we use again the a.e. convergence of a®* and fy,

the bound on f, the properties of ¥., and the Lebesgue dominated convergence theorem,
whereas for the two others, we have

t
/ da// |v — v 'Y £ fi dv dus
0 {lI<R, [v.[>R'}

t
< C/ do // (1 + ’v|2)(1+7)/2 (1 + |U*|2)(1+”/)/2ff* dv dv,
0 {lvI<R, v« |>R'}
< OT (U RAT29072 | fL Ly
50
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and

! Pe,, (v — i) 12\ (14+y—2s80)/2 2
do fefiy dvdo, < CT (14 R”) | fell 7
0 {ol<Rjvlzry V=0 20
S CT(l + R/Q)(1+’y—250)/2 F(K/O)27

by Lemma 4.11. Inserting the estimates in (4.26) and letting first k& — +oo and then
R’ — +o00, we obtain that the left-hand side converges to zero as k — +o0.

Therefore, f is a weak solution to the Landau-Fermi-Dirac equation (2.1), (2.2) which
preserves mass and energy. [J

Moreover, we deduce from (4.22) and (4.23) that f satisfies

f(L=f) € Ljgo(Ry; Ly, (R?))  and  f € LS. (Ry; Ly, (R?)). (4.27)

Distinguishing the cases so < 1+ /2 and sop > 1 + /2, we infer from (4.15) and (4.16)
the existence of a constant C(T, ko) such that, for all R > 0, k > R/2,

(—) / / |V fxl (1 + \0\2) Cdvdr < (1+ex) C(T, ko).
2 o Jp<r

Letting first kK — +o00 thanks to a weak compactness argument and then R — +oo by the
Fatou lemma, we conclude that

Vfe L (Ry; L3, (R)). (4.28)
Therefore, the proof of the first statement of Theorem 2.2 is now complete.

We now verify that the entropy of f is a non-decreasing function when f;, € L3 4y (R3),
which corresponds to the second statement of Theorem 2.2. For that purpose, we first
need a smoothness result.

Lemma 4.17 Let f;, € L%_i_q{(]Rg') satisfying (2.3). The weak solution f to (2.1), (2.2)

given by Lemma 4.16 belongs to C([0,T]; L*(R3)).
Proof. Let us first show that

of € 1*(0,T: (M3, (R?))"). (4.29)
Indeed, the function f satisfies, in the sense of distributions,

Of =V - [ZVf—Ef(l —f)}.
Moreover, since the initial datum belongs to L% 4y (]RS), we have

f e L2(0.T5 I, (B) 1 (0, T Y, (2%),

by (4.27) and (4.28). Consequently,

IV - AV f s,y < OIS, IF g,
IV - [Bf (L= D]lla, < CIFIT
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whence (4.29). Since
H21+7(R3) C L%—l—’y(R?)) - (H21+7(R3)),7

with continuous and dense embeddings, and
f e L0, T Hy,(R%) and  Ouf € L*(0,T; (Hy,,(R))),

we have f € C([0,T]; L3, (R?)) by [21, Proposition 1.2.1 and Theorem 1.3.1] (see also [14,

Theorem 5.9.3]). Lemma 4.17 then follows since L%+,Y(R3) C L*(R?). O

Lemma 4.18 Let f;, € L%+,Y(R3) satisfying (2.8). Let f denote the weak solution to
(2.1), (2.2) given by Lemma 4.16. The entropy S(f) is a continuous and non-decreasing
function such that, fort >0,

S(fin) < SU)(E) < Eun + / e d, (4.30)

Proof. We first show the continuity of S(f). Let ¢ > 0 and (¢,),>1 be a sequence

converging to t. Lemma 4.17 implies that (f(¢,))n>1 converges towards f(t) in L?(R3).

One can extract a subsequence f(ty(,))n>1 Which converges a.e. in R? towards f(t).
From the inequality

s(r) < rlvf* + eI for 0 <r <1, (4.31)

where s(r) =r|Inr| + (1 —7)|In(1 — r)|, we deduce that
S (teim) =SB
[ (Otti) = s10)

<

: /|”|>R <f(t¢(n)) " f(t)> o dv +2 /v>R e 1P dy

+ 2R T (ko) + 2/ e 1 do,
lv|=R

<

/|ng (S(f)(ts@(n)) - S(f)(t)) dv

hence the convergence of (S(f)(t,(n)))n>1 towards S(f)(t). Since (S(f)(tn))n>1 is bounded
by (2.5) and (4.31) and has a unique cluster point S(f)(t), we conclude that (S(f)(tn))n>1
converges to S(f)(t).
Let us now prove the monotonicity of S(f). Consider h > 0 and 0 < o < t. We deduce
from (4.13) that
o+h t+h

RS (fins) < / S(fmdr< [ S () dr. (4.32)

o t

As previously, (4.31) imply that

/ |50 = 500 < / ' /| (sth) =s()) av

and thus that (S(fi))k>1 converges to S(f) in L'(0,T). Similarly, (S(finx))k>1 converges
to S(fin). We may then pass to the limit as £ — 400 in (4.32) to obtain

dt + 2T R T'(ko) + 2T/ e 1P gy,
[v|>R

1 t+h

o+h
sUn <3 [ sn@ar<g [ s

t

Letting h — 0 thanks to the continuity of S(f) completes the proof of the monotonicity
of S(f) and the first inequality in (4.30). Finally, the second inequality in (4.30) follows
from (4.31). O
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5 Uniqueness

In this section, we are concerned with the uniqueness issue. As previously mentioned, we
first need an embedding lemma for weighted Sobolev spaces because of the non-quadratic
nature of the LFD collision operator.

Lemma 5.1 For all v > 0, € > 0, there exists a constant C' > 0 such that, for every
function h € H3.(R3), we have

Ihlls < Ce¥/4Rll .+ C4Vhs .

The proof of Lemma 5.1 is an easy extension of [26, Lemma 3.6.7] where the above
inequality is established for r = 0.

Theorem 5.2 Let f;, € L (R3) with 2s > 4y + 11, satisfying (2.3). Then there is a
unique weak solution f to (2.1), (2.2) (in the sense of Definition 2.1) such that

f € Lig(Ry; L3, (R)) N Lo (Rys Hyo(R?)).

Remark 5.3 Since 0 < fin < 1, fin belongs to L3, (R3) as soon as it belongs to L} (R3).
Thus we do not need any extra assumption in a weighted L*-space as in [10].

Proof. We only give formal computations in order to highlight the difference with the
proof for the classical Landau equation performed in [10, Theorem 7]. Let f; and f2 be

two solutions to (2.1), (2.2) satisfying the requirements of Theorem 5.2. We set u = f1 — fa2
and w = f1 + fo. The function u satisfies, in the sense of distributions,

Bpu = %v. {Z“(H“) Vu+ (A" + A Vu -5 [0 = fi) + (1 - £2)] =5 u(1 —w)}.
Then, for every q > 0,

%/umﬂw)qd@ _ /Z“ G0 Vu(l + [v]2)7] dv (5.1)

/ A" AP Vu Y [u(L + o) dv (5.2)

+/ [f1(1 = f1) + fo(1 = f2)] V[u(l+ |v]*)¥]dv  (5.3)

+ [ bu(1 V [u(l + [v]*)]dv. (5.4)

\

We first consider (5.2) and (5.4),
e
_/ A"+ AR vuvu (14 |“|2)qdv+%/5w‘v(u2)(1+ [0*)" dv

— /quw -V (1 + |v|*)%dv + 2q/u2 (1—w)d” v (1+ ]vlz)qfl dv.
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With the ellipticity of the diffusion matrix and an integration by parts in the integrals
involving the term V(uQ), we find

(5.2) + (5.4) < —2K/\vu|2 (1+ [v2) "% dv + q/u2 [Efl +§f2} o (1402 do
+q/u2 (@ 2] V(0 ) o] - %/u%w@ o) du
—q/uﬂf-Uu+¢m%¢*mp:/uw?%vuu+mm%qm
+2q/u25w-v(1+ [0]2) " dv — 2q/u2w5w-v(1+ 10]2)7" do.

Hence,

(5.2) + (5.4) < —2K/|Vu|2 (1+|v|2)‘1+”/2 dv+/u2Edv

+ '/uwgw - Vu (1 + |v]?)?dv

+2¢q ’/u2w5w o (1+ |v\2)q_1 dv|,
where

Lav (1),

E=q[B" +B" 40" v (1+ )" +q[ A" + A7) 9 [(14 o) 0] - 5

Now,
E o= q [ [0 fu)+ 2l fo]lo - o (L4 )
x{ — 2\v|2(v “vy) + 2q|v|2]v*|2 —2(qg—1)(v- v*)2 — 2V -0+ 2 \v*|2} dvs
+ o= (U )6+ 8 = 20l + 2 (000 +9 + 8} dos,

and choosing 2¢ > v + 3, we deduce that E' < C(1+ |[v|?)? since f; € L2 (Ry; L#+2(R3))
for 1 = 1,2. Consequently,

(5.2) 4 (5.4) < —2K/yvu|2 (1+ o) do + C/u2 (1+ [v*)" dv

+ ‘/uwgw - Vu (14 [v]?)%dv| + 2¢ ‘/uzwgw v (1+ \v|2)q71dv (5.5)
From Hoélder’s inequality and Lemma 5.1, we deduce that for every € > 0,
W 2\q < 1/2
[uwd u s pPra] < Clullf IVl Tl
< 4 2 2 .
> CeHwHquHﬂ{H”uHqu +e HV“”quﬂ? (5.6)
and
Tw -1
’/Iﬂwb Y (1 + |v‘2)q dv| < CHU)HL%(]_FQWHUH%%Q
< 4 2 2
< Colwlly |l +elVull, - (57)
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Finally, substituting (5.6) and (5.7) in (5.5), we find

(5:2)+ (5.4) < ~2(K &) [Vul?y + Cellullly (1+lwllis

2q+27+4>

(5.8)

It remains now to consider (5.1) and (5.3). In the sequel, we use the notation II for
II(v — v4). We have

(5.1) 4+ (5.3) = — //H\v — 02U (1 — we ) VwVu (1 + [v]?)? do do. (5.9)
—2q//H|v — 070 (1 — w) Vw uwo (14 [0]?) dv d, (5.10)

-2 //(v —vy) - Vu v — vy Ty [fl(l — f1) + fo(1 — fg)] 1+ [v[*)?dvdv, (5.11)
—461//(1) — i) v |v = v Tus [f1(1 = f1) + fo(1 = fo)]u(1+ [o)7t dv dvy5.12)

Using successively the Cauchy-Schwarz inequality, [v — v.|?" < C (1 + \v|2)r (1 + \v*|2)r

and the Fubini theorem, we find

1/2
69 < o { [[lo-or 2l 9uP 0+ o) oo}

1/2
X {// v — v |72 Ju| [Vwl? (14 \v[2)q+1 dv dv*}

Cllullys,, IVullyz, [Vwllyz,

IN

1/2
(5.10) < o{//|v—v*|v+2|v12|u*||vw|2 (1+|v2)q1+”/2dvdv*}

o 1/2
X {// v — v |72 | ful? (1 + o))" 2 gy dv*}

Cllull e, lullzg, IVl

IN

2 )
2q+2v+2

1/2

(5.11) < c{//w—vm“\u*uw\? (1+|v2)qdvdv*}
1/2

x {/ o — a7 [u] [Vaf? (1 + \v[2)qdvdv*}

Clullge,, IVullz,, ol

IN

2 )
2q+v+2

1/2
(5.12) < c{//\v—vm”\u*uw\? (1+\v12)q1”/2dvdv*}

1/2

% {/ ‘U . U*|’Y |U’2 ‘U*| |U’2 (1 + ’v|2)q—1—w/2 dv dv*}
< C ”UHLg+2 HUHqu ”"UHquﬂw'

Since v < 1, we thus obtain
G +63) < OB lullp,, IVullgy , +CB@)[lullr:, lullg,
+C Al Vullz, +C Allulls, ulls

< C(A+B®) luly,, (IValzg, +llulz ).
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where A = sup¢jo 1) [[w(t) and B(t) = [|[Vw(t)|| 12

‘|qu+2’v+4 2q+v+4"
Now, for 6 > 0, we have HuHLl+2 < CéHUHLg e and thus, for 2¢g > 2y + 7,
vy 2l

(5.1)+ (5.3) < e \|Vu||igw +C.(1+ A% + BQ(t))||u|\§§q. (5.13)

From (5.8) and (5.13), we infer that
t
Iy <0 [ (1 424 A%+ B20) k3 (5) o

Since A is finite and B belongs to L (Ry), we may use the Gronwall lemma and
conclude that u =0= f1 — fo. O

A Well-posedness of (4.3)

We give here further details for the proof of the well-posedness statement of Theorem 4.3.
In order to apply [17, Theorem 5.8.1], we introduce the quasilinear problem

{ Of =V - ((Zg’f +513)Vf> (=25 V=L o)) A

where the function 6 is defined on R by

1 i £<0
0(f)=2 1—f if 0<f<l1
0 if f>1

Let § € (0,1). Then, f;, € H**9 (RS). Owing to Lemma 4.4 and the uniform ellipticity
(4.5), the functions o; and « defined by

ai(t,v,§) =Y (AT7 +e6;;)& and  alt,v, f£,€) = (1 —2f) > by &+ f0(f)
k

J

satisfy the assumptions of [17, Theorem 5.8.1], which implies the existence of a solution
f¢ to (A.1) belonging to the Holder space H2+% (219)/2([0, T] x R3). Moreover, there exists
a constant A depending only on f;,, §, T, ¢ and C}, such that

ll.f HH2+5,(2+5)/2 < A.

It remains to prove that 0 < f¢(¢,v) < 1. To this aim, we consider the linear operator

L1 defined by

Liu=0u—Y (Zi{f + eam) Pu—Y [Ef"f B - 2f9)] G + 29 0(fF) w.
2,] 7
Let R > 0. As soon as
C > 6K.| finllpr + 6+ 12(1 + A2 K2|| finl3:  and A > 1+ K| finllp,

we deduce from the comparison principle [17, Theorem 1.2.1] that

A
fe(t,v) > — 2 (|v|2 +C’t)e>‘t, Y(t,v) € [0,T] x Bg.
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We let R — +o00 and obtain f¢(t,v) > 0 for every (t,v) € [0,T] x R3.

Next, we introduce the quasilinear operator Lo defined by

Lou=du—Y (ij + sam-) Ru—Y [Ef’f (- zfg)} Oy + 29° 1 0(u).
2,7 7
Let R > 0. For
C > 6K | finllpr + 66+ 12 (1 + A2 K2| finll 1,

it follows from the comparison principle for quasilinear equations [19, Theorem 9.1] that
A
ft ) <1+ 25 (Jo]* + Ct)e',  V(t,v) €[0,T] x Bpg.
Letting R go to infinity, we obtain that f°(¢,v) < 1 for every (¢,v) € [0,T] x R3.

Consequently, there exists a solution to (4.3) in H2+% (2+9)/2([0, T] x R?). The unique-
ness of such a solution follows easily from the comparison principle [17, Theorem 1.2.5].
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