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Abstract

We study the stationary states of a Kac equation with a Gaussian thermostat in
the case of a non-cutoff cross section. We investigate the existence, smoothness
and uniqueness of the stationary states. The theoretical results are illustrated
by some numerical simulations.

1 Introduction
We consider the non-cutoff Kac equation with a thermostated force field

Ohf + E 0u((1 —¢(t)v)f) = Qf. ), (1)
where ((t) = [z vf(t,v)dv and

QDo) = [ [ (000 = £t 00,0 0) B o, @)
RJ—7
with
v =wvcosh — v, sinb, v;:fusine—kv*cos@,
and
b(0) = ]6[‘1_‘“, 0 (—mm), a € (0,2). (3)

The right-hand side is the collision term in Mark Kac’s one-dimensional caricature of the
Boltzmann equation, and the left-hand side comes from a thermostated force field, which we
describe next.

Kac’s original equation is derived from the evolution of a stochastic N-particle system,
in which the velocity of an individual particle is one-dimensional, and the positions are
neglected (see [5]). The system is energy conserving, and therefore the phase space is SV 1.
In the original model collisions are modelled by random rotations of randomly chosen pairs
of velocities: (vj,v;) — (vjcos — vy siné,v;sin@ + v, cosf), and originally 6 was chosen
uniformly in [—m, 7] (corresponding to b(#) = 1/(27) in (2)), and the intervals between
collisions were taken to be exponentially distributed, with a parameter proportional to V.
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If the particles are also accelerated by a force field, dv;/dt = E, the system is no longer
conservative, but energy conservation can be recovered by projecting the complete force
field onto the tangent space of S¥~1. This construction is known as a Gaussian isokinetic
thermostat, and has been applied in many fields of statistical physics and molecular dynamics,
as a model for non equilibrium steady states (see [2, 6, 7, 8] and the references therein).

With the thermostated field and the collisions, a phase space density will evolve according

to the following master equation, in which it is assumed that Zl 1 ZQ =N:

N
N (t, V) 28‘9 (1 — Jv;)¥n(t, V)

_ (27)_ S LT (6 Ry O)V) — on (6, V) db, (4)

1<z<g<N T

where V = (v1,...,on), NJ =" v; and R;;(0)V = (v1,...,},.. .,v}, C ., UN).

Equation (1), with b(f) = 1/(27) is obtained by computing the one particle marginals of
the solution 1 to (4), and then letting N go to infinity. In that setting, (1) was considered
first in [9], and the principal result is that the equation possesses a stationary solution, and
that depending on the field strength FE, the stationary solution may be either continuous, or
have a power-like singularity. The reason is that there is a competition between the force
field, which tries to concentrate the distribution function on a Dirac mass at v = 1, and the
collision term which drives the distribution function towards a centered Maxwellian. Details
of the derivation of (1) and some generalizations may be found in [10], which also deals with
the time dependent problem.

A natural generalization of this is to replace the distribution of rotation angles by a den-
sity (), and Desvillettes [3] introduced a model corresponding to the Boltzmann equation
for non-cutoff molecules, in which b(6) ~ 0|71~ with 0 < a < 2. In this case b(6) is not inte-
grable, and the collision frequency is infinite. However, for any 0 < 67 < 65, f91 <16]<05 b(0) deo
is finite, and corresponds to the expected frequency of jumps with 6 in the given interval. In
this way, the collisions still form a Poisson process. Desvillettes, who was the first to consider
this (with no force field), proved that the collision operator is smoothing in this case, and
that the solutions to the time dependent problem immediately become smooth, much like in
the heat equation. Also for the Boltzmann equation, the non-cutoff collision operator has a
smoothing effect (see [1, 4]).

In this paper we consider the stationary case of (1):

B s =eu e, ver )

We are interested in the question as to whether the regularizing effect of the non-cutoff
collision operator is enough to prevent also a very strong force field to yield a singularity
of the stationary solution. We show that this is the case, and in fact, it is not a surprising
result. While with the cutoff collision operator, there are two distinct time scales that can
be directly compared with each other: the mean time between collisions, and a time scale
related to the acceleration of particles, only the time scale related to the acceleration remains
in the non-cutoff case.

We now give a relevant definition of solutions in the non-cutoff situation, and state the
main result of the paper.



Definition 1 Assume that b satisfies (3). A function f € L3(R) is said to be a weak solution
to (5), (2) if it satisfies

! _l " ’Ul — v v (¥ vV Adv
[€o-vrwv@ar=5 [ [ @) ve)ue) i o) fey a6

for every 1 € C2(R) N W2 (R).
Our main result is the following.

Theorem 1 Assume that b satisfies (3). For all field strengths E > 0, there exists a unique
weak solution f to (5), (2) such that moments of any order of f are finite and

/ Fw)do = 1. (7)
R
Moreover, f € C*(R).

The paper is organised as follows. First, in Section 2, we show that a solution to equation
(5), (2) exists if the cross-section b is supposed to be Lipschitz continuous on [—m,7|. The
proof is to a large extent an adaptation to the present case of the techniques used in [9]. As
with the Boltzmann equation for Maxwellian molecules, much is simplified by the possibility
to compute moments exactly.

We then deduce in Section 3.1 the existence of a solution to (5), (2) for a cross-section
b satisfying (3). The smoothness of such a solution is investigated in Section 3.2 by the use
of Fourier transform techniques, much like in [3]. Section 3.3 is then devoted to the proof of
the uniqueness part of Theorem 1.

We also illustrate, in Section 4, the theoretical results by some numerical simulations,
obtained by solving the equation satisfied by the Fourier transform.

2 Cutoff case

We consider here the stationary equation (5), (2) when b : [—7, 7] — R is an even and
Lipschitz continuous function. Without loss of generality, one can assume that fR f(v)dv=1.
Then, the collision operator reads

QU M) =Q (f, Nw) = bl f(v),  veER,

where

Q@ (.00 = [ " P £ b(0) dB o (®)
RJ—7

Since
™

/RQJ“(f,f)(v)vdv—C cos O b(6)de,

—T

we obtain, by multiplying (5) by v and integrating, that ¢ satisfies (2 + (K/E)( —1 = 0,
where K := [T (1 — cos0)b(6) d§. We then deduce that

_ VE24H4E? - K
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is the only root that allows [ v?f(v)dv < 1. We set x = 1/¢ and

_ el
E¢

— 1.

Dividing (5) by (v — k)|v — k|7, we obtain, for v # &,

oo (o 1) == T s QR

o =&Y bl (v = K)o —&[7

Then, any solution to (5), (2) with [ f(v)dv =1 and [, v? f(v) dv = 1 satisfies

f)=A(f)v),  veR\{x}, (9)
where
» | e @i (w<n)
A ) = 1 o= k]
ol © 4
| mmmm @ >
Theorem 2 Let b: [—m,n] — R be an even and lipschitz continuous function. For all field

strengths E > 0, there exists a solution f to (9) such that f € C(R\{k}), moments of any
order of f are finite,

/Rf(v)dvzl, /Rf(v)vdv:C and /RUQf(v)dv:

Moreover, for v >0, f € C(R) and Q" (f, f) € C(R).

The proof of Theorem 2 is similar to that of [9, Theorem 1]. A solution to (9) is obtained
by passing to the limit in the sequence generated by the iteration

fn+1 = A(fn) (10)

Therefore, some estimates on A are needed. We first define

Mo = [ s s, weR
and
K(@D)(v,v*) = 3 A() (V) ||l;(||9L)1 do, (v,v4) € R2.

For ¢ € D(R), we have

[ewan@a = 2= [ /wm ngrqfx>wwmmU

P‘Yb—’i‘_;/ / lw — H’v—i—l QT (f, f)(w) ¢(v) dw dv.

Thus, changing the order of integration, we obtain

dw
v vV = +
[ et A= [ Aw)w) @ (s pw) i
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By (8), we deduce that

/w dv—/RzA(w)(v,v*)f(v)f(v*)dvdv*.

Since, for any bounded measure p1, v — [ A(¢)(v, vs) p(dvy) is a bounded and continuous
function, the mapping f — A(f) extends to a mapping p — A(u) on the space of bounded
measures. A first step in the proof of Theorem 2 consists in a computation of the moments

of A(p).

Lemma 3 Let m € N,. Then, for any measure p satisfying fR p(dv) =1, we have

A(p)(dv) = 1,
R

/R'UA(M)(CZU) = /RU“(dU)JWlH <1_K||(ZH;3)> (C—/Rvu(dv)),
oo - i 25 o) (- [

2 K
EETE K /> ) 2“<1‘ ||b||L1> <C‘/R”“(d“)>]’

/Rv A(p)(dv) = < m+fy+ (cos™ @ + sin™ ) ||bHL1 dG/v w(dv)
+ M1, (11)

where M,,_1 only depends on moments of order < m — 1.

Proof. The proof of this lemma is similar to that of [9, Lemma 2]. Let m € N,. For
Y(v) = v™, we have

m Y _
A('l!))(’l)) = " — |,U_IL{|’\{_’_1/ ”LU — K/|’Y+1U]m 1 dw
K
m m v
N Mn_7+m+1w_”VHWU—Mﬂ4/|W—HWHBnﬂwﬁm
K
where P, o(w) = (w — k)™ 1 — w™ ! is a polynomial of degree m — 2. For m = 1 and

m = 2, we obtain, respectively,

A@)(w) = (1— ! )v—i— ~

v+ 2 v+ 2

2 -2 4 2k2 2k2
A)w) = (1-——) o+ (S 4+ 2 ) (- ),

v+3 y+2 4+3 y+2 ~v+3

Then, Lemma 3 follows easily. g

Remark 4 Lemma 3 ensures that the iteration (10) gives a tight set of unit measures. By
weak compactness, there exists a measure p such that, up to an extraction, f, — pu.

We now investigate the singularity of A(u) at v = k. In the rest of this paper, C' denotes
a positive constant that may vary from one step to the other.



Lemma 5 Let us assume that f € L'(R) satisfies [ v* f(v) dv < oo and f(v) < C'|v—x| 7,
for some constant C' > 0. Then there is a constant C > 0 such that

Q(f, Hw) = C(1+ (loglv = &])*),
in a neighbourhood of v = k. The constant C depends only on k and ||b|| .

Proof. The proof is carried out by rather straightforward estimates of the integrals in QT
similar to that of [9, Lemma 3]. We only need to note that, since b € L (—m, ), we have

QT (. 1)(w) < b1~ /R _” F') £(2) dB dv.
]

Lemma 6 Let f € L'(R) such that [ v?f(v)dv < oo and f(v) < C(1 + (log|v — |)?) for
some constant C > 0. Then, QT (f, f) is bounded in a neighbourhood of v = k.

Moreover, if f € LY(R) N L>®(R) then Q*(f, f) is Hélder-continuous with exponent 1,2
on each ball B(0, R) with center 0 and radius R. The constant of Hélder-continuity depends
only on R, ||f||ze, ||bllLe and the lipschitz constant of b.

Proof. The L*-bound of the cross-section b enables us to proceed as in [9, Lemma 4] to
prove the boudedness of QT (f, f) in a neighbourhood of v = k. However, the proof of the
Holder-continuity of Q(f, f) has to be slightly modified.

For w € R, we set = {(u,us) € R? : u? + 42 > w?}. By a change of variables, the
collision operator Q* can be rewritten as

1o(u, us _
QT (f, [(w) = 29( 2) s fu I (us) b(u, uy, w) du dusy,
U +uy —w
where
_ \/ﬁ
b(%m,w):b(Arccos (uw+u* 2u 4—2u* w >>
u® + uz

u? + u?

_ /32 2 _ .2
+b<Arccos(uw Ue VUT T Uy w))

Thus, for |v| < |w| < M/2,

b(u, Uy, w) — b(u, Uy, v
QW) = QUD€ [ 0] f) oo D=0 g g,
o N
L2252 L2252
+ 2 1b oo/ * — * du du.
171 8] RQ' e




The second integral in the right hand side can be handled as in [9, Lemma 4]. Therefore, we
only consider the first one. Since b is lipschitz continuous, we have

_ /2 2,2 _ ) CRE)
b(Arccos(uw Ue VU T Uy w))b(Arccos<uv Us VU T+ Uy v))

u? +ug u? + u?
UW — U/ U2 + u2 — w? UV — Usr/u + u2 — v?
< C'|Arccos 5 5 — Arccos 5 5
u* + uz u“ + ug

<c /w u/u? + u2 — 22 + ux dx
v Juy/u? +u2 — 2?4 x| Ju? 4 u? — 22

w
gc/ L
v Ju?+u— a2
Similarly,
\/ﬁ *\/m
b [ Arccos U+ U UT U W — b | Arccos Uv F Uy UT U Y
u? 4 u? u? + u?

<C

/“’ dx
v AJut+u—z?

We set G = {(u,us) € Q: |u| < M, |uy] < M} and B=Q\G. Then,

‘b(uv U, 'l,U) _ b(”? U, U)|

1
o /W) bt =

du duy

1 w dx
<2C | f(u) f(us) ———| dudus
R2 VuZ+uZ—w? | Jy u? + u2 — 22
1 w d
+2C [ f(u) f(us) B / 2| dudu,.
R? Vur+u?—w? | Sy yJu?+uZ —a?
But, for (u,u,) € B, we have u? + u2 — w? > 3 M?/4. Thus,
1 w d
fu) fu.) b [ ey | dudu.
R2 VuZ+uZ—w? |Jy Ju? 4 u2— 2?2
< R f(u) f(u*) u2 +UZ — w2 ‘w _v’dUdu* < 3M2 Hf”Ll ’w - U"
Moreover, since
1/2
1 /

|w_v‘1/2

/“’ dz
(u? +u? — w?)l/ v AU+ u2 —x?

Nz

(u2 4+ u2 — w?)1/4

/“’ dx
v A u? 4 u? — 22

|'LU—U‘1/2,




we deduce that

]-G /w dx
Vu2 +u2 —w? |Jy u? + u2 — 22
1
<V7lw-— v|1/2/ F(u) fus) & du du
]RQ

(u2 + uZ — w?)3/4

1/ 1/
S\/ﬂw—vﬂ/z (/R2f(u)l’f(u*)19dudu*> p</R2 ( lc dudu*) q.

u? 4+ u2 — w?)34/4

du duy

fu) f(us)
R2

For ¢ =5/4 and p = 5, we obtain

/ F) f ) du du,
R2

/w dz
v VJu?+u? — 22

< /7 (16m)M/5 (20220 || £33 oy — w] /2,

1c
Vu? + u2 — w?

g

Lemma 7 Let g € L'([0,00)) be a nonnegative function satisfying g(v) < C(1+ (logv)?) for
some constant C > 0. For v > 0, we set

o
F(v):m/ ot 9(w) du,

Then, for v > 0, F(v) < C(1 4 (logv)?) and, if we also assume that g is Hélder-continuous
in v € [0,00) then F belongs to C([0,0)).

Proof of Theorem 2. Let fy € L'(R) be a nonnegative function that has finite moments
of any order and that satisfies

/fo(v) dv =1, /vfo(v) dv=¢ and /112 fo(v) dv = 1.

We consider the associated sequence (fy)nen generated by the iteration (10). As stated in
Remark 4, up to an extraction, this sequence converges to a measure yu. We deduce from
Lemma 3 that u satisfies

/Ru(dv) =1, /Rw(dv) = and /szu(dv)ZL

This measure has a nonnegative density f € L'(R). By induction, we infer from (11) that
each moment of f, is bounded, independently of n and then that each moment of f is
bounded. We now pass to the limit in (10). Since v — [ A(¢)(v,vs) p(dvy) is a bounded
and continuous function, we have

[ R0 ) fu()do — [ R0, 02) i) (),

as n — oo. Then, since [ fn(v)v?dv = [pov?pu(dv) = 1 and (v,v.) — AW)(v,vs) is a
continuous function, we deduce that

A(@) (v, 1) fu(vs) fu(v) dvs dv—/ A@) (v, vs) p(dvs) fu(v) dv| — 0,

R2 R2

8



as n — oo. It then follows readily that

R()(0,02) fu(02) fuv) dvwdo — [ K@) (v, 0.) pldvs) p(dv),

R2 R2

as n — oo. Since Q4 (f, f) € LY(R), A(f) is continuous on R\{x}. The proof of the first
statement of Theorem 2 is now complete. Let us consider the case v > 0. Let k£ € N. By
definition of A and Q, we have

fe(v) < Clv — w71, v ER,
where C denotes some constant that only depends on E and b. Lemma 5 implies that

Q* (fi, fr)(v) < C(1+ (log|v — K|)?),

in a neighbourhood of v = k, where C only depends on E and b. We now deduce from
Lemma 7 that fy1(v) < C(1+ (log|v—k|)?). By Lemma 6, Q% (fri1, frr1) is thus bounded
in a neighbourhood of v = k. It follows from Lemma 7 that fiio is bounded. We infer from
Lemma 6 that Q" (fxi2, frr2) is locally Holder-continuous. Finally, Lemma 7 implies that
fr+3 is a continuous function. Since these estimates do not depend on k, they also hold for
the limit f. O

3 Non-cutoff case

We now consider (5), (2) when the cross section b satisfies (3) and prove Theorem 1.

3.1 Existence

We first investigate the existence of a weak solution to (5), (2) and prove the following
theorem.

Theorem 8 Assume that b satisfies (3). For all field strengths E > 0, there exists a weak
solution f to (5), (2), in the sense of Definition 1, that satisfies (7) and such that moments
of any order of f are finite.

Proof. For n € N, we set b, = b A n, where, for every ¢,d € R, ¢ A d denotes the minimum
value of ¢ and d. We deal with the associated stationary equation

B (1= o) fa®) = @ulfu ) 0),  vER (12)

where ¢, = [z vfu(v)dv and

Qe f)0) = [ [ A aled) = £u(011o(02))Bu(0) 0.

As previously, we obtain that

VEZ +4E? - K,

2F ’

(n:



with K, := [" (1 — cos) b, (6) df. We set r, = 1/(, and

_ [ballz

= —1.
=R

Then, any solution to (12) with [, fn(v)dv =1 and [ v? fn(v) dv = 1 satisfies

where
Y 1
/ T et @ fa)(w)dw (v <in)
Au(f)(o) = 22t Ly e
[[Bnll 7 s . )
/ W Qn (fna fn)(w) dw (U > ’in)
with

QF (for fu) (0) = / " () Fa(0)) ba(0) dO dos.

RJ—

The existence of a solution f, to (13) satisfying [, fo(v)dv = 1 and [ v? fo(v)dv = 1
follows from Theorem 2. Moreover, since -, goes to infinity, there exists ng such that, for
each n > ng, 7y, is positive. Then, for each n > ng, the functions f, and Q; (f,, fn) are
continuous. Thus, for each n > ng, f, € CY(R\{k,}) and, for v # k,,, we have

d Rn,
dv((v - "Qn)fn( )) = B Qn(fnafn)(v)

For ¢ € D(R), we deduce that

L= fato) s rdo="g [ [0 = 00 5a(0)d0 1u(0) fu(v2) dodon. (1)

Since f, has finite moments of any order, classical truncation argument ensures that, for
every integer m > 3,

(m + f :(1 — cos™ @ — sin™ ) b, () d6> /Rvmfn(v) dv = m ky, /Rvmlfn(v) dv

. [(m—1)/2] m x
+fn Z <2k> /ﬂ(cosH)m%(sinQ)Z]C bn(0) d@/Rv%fn(v) dv/Rvmzkfn(v) dv

k=1

where [a] denotes the integer part of a € R. It then follows by induction that, for each m € N,
there exists a constant C),, independent of n such that

/ V" fp(v) dv < Cpy. (15)
R

Consequently, (f,)nen is a tight set of unit measures and, by weak compactness, there exists
a measure p such that, up to an extraction, f, — . Then, we have

/Ru(dv) -1, /RUQ,u(dv) ~1  and /Rvm,u(dv) <c,

10



Moreover, the measure 4 has a nonnegative density f € L'(R).
Let us now pass to the limit in (14). We set, for (v,v.) € R?,

S (v0s) = / ($(0) — (v)) bu(0) dO

—T

1 g 1
= 3 vf/ / (1 — |r]) ¢" (v cos @ + rv, sin @) dr sin® 0 b, (0) df
—mJ—-1

™ 1
—U/ / Y (v+71v(cosf — 1)) dr (1 — cosB)by,(0)db,
—m JO
and

S(v,0) = / (6(v') — 0(v)) b(6) db

—T

1 ™ 1
= 5 vf/ / (1 — |r]) ¢" (v cos @ + v, sin @) dr sin® 0 b(0) df
—mJ—-1

—1}/7r /lwl(v—i—rv (cos@ — 1)) dr (1 —cosf)b(0)do.
—m JO

Then, we deduce that

n_l/(1+a)
|En(v,v:) = E(v,00) | < 207 ||¢”||Loo/ sin” 0 b(6) d0
0
n—1/(1+a)
+2|v| !WIILoo/ (1 — cos ) b(0) db,
0
and
|20 (v, 00) | < Cllpllwzee (02 + ), 20,00 | < C0]lweee (02 + [0]).
We have

/ Z0(0,02) fu(0) fu(v2) dv dv, — / = (0, v4) u(dv) ()
R2 R2

<

L (0.0 = 2(0.0) £u(0) fu(v2) dv

+

RQ

/ E(v, vi) fn(v) fn(v*)dvdv*—/ E(v, vy) p(dv) p(doy)| .
R2

(18)

(19)

Estimates (15) and (16) ensure that the integral (18) tends to 0 as n — +o0. It thus remains
to consider (19). Let n € C*°(R) such that n(v) = 1 if |v| < 1 and n(v) = 0 if |v| > 2. Denote

by ng the function defined by nr(v) = n(v/R), for every v € R. Then,

[ 20,0 o) fuloe) dvdo. = [ Z(0,0.) ) (o)
RQ

R2

<

RQ

+ [ 0= 200 o) falon) dvdo.+ [ (1= nn(v.)

R2

/R 20, 00) 0 (0) ne(04) Fu(0) Fa(v) dv o, / = (0, 0) () 1R (v2) p(dv) (o)

E(v, v4)| pldv) p(dv.)

+ / (1= 1R(0)) |20, 02)] fal(v) fulvs) dvdu, + / (1= 1r(v)) | 20, v2)] (dv) (v,
R2 R2

11



We now infer from (15) and (17) that

’/R? Z(v,ve) fn(v) S (ve) dv dvs — /R2 =(v, v,) p(dv) p(dv)

<

(20)

/R </R E(v, v4) NrR(V) NR(Vx) fr(vx) dvs —/RE(U,U*)UR(U) nR(U*)M(d’U*)>fn(U) do

+\ / = (0, 0) 08 (02) () MR (V) folw) dv — / = (0, 0) i (v2) pldon) R () p(dv)|  (21)
R2 R2

3+ C.
+2C0Wllwaee —5 3

Since (v, v4) — Nr(V) Nr(vs) E(v, v4) is a compactly supported continuous function,

/ = (0, 0) (V) R (02) () dvy — / S(v, 02) () R(0s) f(dvs),
R R

uniformly in v as n — +oo. Consequently, (20) tends to 0 as n — +oo. Moreover, the
function v — [ E(v, vs) Nr(v«) p(dvy) nr(v) belongs to Cp(R) and thus (21) also tends to 0
as n — +oo. Finally, we obtain, for every i) € D(R),

L= =% [ ] @)= v) o) o) uiv.).

where
1 2F 4
K=-= with K = 1 —cosf) 0|71 do. 22
Yy _W( )10] (22)
Therefore, the density f of p satisfies (6) for every v € D(R) and, by density, for every
¥ € C?(R) N W22(R). O

3.2 Smoothness

We now show the following theorem.

Theorem 9 Assume that b satisfies (3). For all field strengths E > 0, if f is a weak solution
to (5), (2), in the sense of Definition 1, then f € C*°(R).

We consider here the Fourier transform f of f defined by

fe = /Re_“’gf(v) dv, ¢eR.

By (6), f satisfies

s

P& +inf©) = ¢ | (F(€cost) flesing) = f(0) f(©)) b(0) db. (23)

where k = 1/(. We set, for every £ € R,

0€) = —5p [ (flesmd) + f(-gsing) ~2/(0)) b(6) v,

KR

& = 5 [ fesmo) (fcoss) - j(©) b(6) db

12



Then, (23) reads

Fo+n(i+2E) fo-2E  eer (24)
Lemma 10 There exists M > 1 such that, for |£| > M,
(> Dyl" with Dy = [ @)oo s/l >0 @)
(] < Gyl with Gy =T [ )00 [ 7] <y 20 5 (26)

Proof. The function ¢; may be written under the form

2 T in 6
= E/Rf(v) /Trsim2 <v§;1n> 16|71~ d6 dv.

Thus, ¢1(&) is real and

w/2 :
> 4/ f(v)/ sin’ <v£ 51n9> 0717 df dv.
E Ju ; 2

The successive changes of variables 2z = sinf and y = |v&| z lead to

E/f /sm<§ )\mlo‘dxdv

l1-« [v€|
2 e /R £(0) o] /O sin®(y/2) [y~ dy do.

Q1(§)

v

Since we have

|Uf| [e'e)
o iIl2 —1—a « iIl2 —1—a
/R £(0) o] /0 sin?(y/2) |yl dy dv — / F(0) [0} do /0 sin?(y/2) [y~ dy,

as |[£] — oo, we deduce that there exists M > 0 such that (25) holds for |{| > M. Since

[l = r2 [ )P
R lv|<R

-2 2dv — v) |v]? dv
(/Rf(v)\v o /|v|>Rf< ) ol d),

the constant Dy is positive. As for g2, we have

K " —1iv — —1l—a
2] < E/R/ f(v)‘e §(cos? 1)—1‘\9| 1= 40 dy
2K /2 g
< [ sw]eenom g dp o + 4 2/m)e
E RJO

The successive changes of variables u = sin(6/2) and y = \/|v {| v imply that

v

v

il
ok

TI'/2 . . o 1/\/i . 2
/ ’621v§sm 6/2) 1’ |0|717a do < 21/2a/ )621|v§|u o 1’ |u|flfa du
0 0
VIvel/2,
< 21/2—a ’§|a/2 |U|a/2/ ‘621312 o 1‘ |y’—1—oz dy
< 2Rl el [Ty,
0

13



Lemma 11 Denote by M the constant given by Lemma 10. There erists some constant
C > 0 such that, for |{| > M,

Clee?,  a<i,

fOr<cle?  and  |f()] < (27)
clele?t, ax>1.

Proof. We deduce from (24) that, for £ > M,

u , ¢ u
f(f) _ f(M) e~ iR(E=M) - f]anql,i ) du, + e—mf/ et o ff feqlT()du g2(n) dn.
M U

Lemma 10 then implies that

. o N €l N
‘f(é-)’ < Cefon\ﬂ /a+Gf efon|);—"| /a/ eDf/W] Ja na/271 dn (28)
M
Similarly, we obtain the same estimate for ¢ < —M. We now check that |£]%/2|f(¢)] is
bounded for |{| > M. By (28), it suffices to show that Fj(£)/F»(€) is bounded, where

[ )
Fi(€) =/M ePrm®lapal2=gy — and  Fy(€) = |72 ePrrlelt/e

Since Fy(£)/F5(&) tends to a constant as |§] — oo, we infer from I'Hospital’s rule that
F1(€)/F»(€) tends to a constant as |{| — oo and thus is bounded for |{| > M. This completes
the proof of the first inequality of (27).

Proceeding as in the proof of (25), we have, for some C' > 0,

@I <" gl =1, (29)
which together with equations (24), (26) and the first inequality of (27) implies that
FOI<Cqe2+=, =,
and, consequently, the second estimate of (27). O

Lemma 12 Denote by M the constant given by Lemma 10. We assume that there exists
0 >0 and C > 0 such that, for every || > M,

fOI<ClE™  and  |fOI<CIET, (30)
if € (0,1] and
fOI<cliE™  and  |f(E)<ClETOT, (31)

if @ € (1,2). Then, for every e < min (a/2,1 — «/2), there exists a constant C(g) > 0 such
that, for [§| = M,

F@OI<CE) |07 and  |f/(§)] < Oe) ¢ 07>, (32)
if a € (0,1] and
FEOI<Cle) gt and  |f/(§)] < C(e) ¢ 7 (ma/zmaterl o (33)
if € (1,2).

14



Proof. We first consider the case a € (0,1]. Let € > 0 be such that 1 — a/2 — e > 0 and
e < /2. Then,

/4 . —a/2—e| 1 a/2+e
@ < Flerre [T [fecoso)—fo] | [ e+ ugtooso— 1) du
x (1= cos)*/%+ |0] 717 df + f(&sing) ||~ do
E Jg+r/a<n/2
+5 f(cost) = f(&)| o7~ ab. (3
3w /4<|0|<7

Since f satisfies (30), we thus deduce that
@(E)] < CLE[TTHEH Ol < C =2, g = M

Similarly to the proof of the first inequality of (27), we obtain

) N N €l N
|f(§)| Ceanf|£| /a_'_CefﬁDf|£| /oz/M eann Ja 7775+oz/2+571d777

IN

IN

C |§|—5—o¢/2+5’
for |£| > M. Consequently, we infer from (24), (29) and the above estimates that
FOI <l =rs g =M,

which completes the proof of (32).
We now turn our attention to the case a € (1,2). Let € > 0 be such that 1 —«a/2—¢ > 0.
Equations (34) and (31) lead to

|QQ(§)| <C ’§|7‘$*a(1*a/275)+a’

and (33) follows as previously. O

Proof of Theorem 9. Let f be a weak solution to (5), (2). It is sufficient to prove that
the Fourier transform f of f satisfies, for every s > 0,

fe) < 28

—_— R 35
STeEe R (35)

where C(s) denotes some positive constant. By induction, it follows from Lemmas 11 and
12 that, for every s > 0, there exists a constant C’(s) > 0 such that

fley<cis)les, |l =M,
Since f € L*(R), f is bounded and (35) holds. O
3.3 Uniqueness

We now show the following theorem.

Theorem 13 Assume that b satisfies (3). For all field strengths E > 0, there is at most one
weak solution to (5), (2) whose moments of any order are finite and such that [, f(v)dv = 1.

15



Let f be a weak solution to (5), (2) such that any moments of f are finite and [, f(v) dv =
1. Then, classical truncation argument ensures that, for every integer m > 2,

(mCE—l—/ﬂ(l—cosm&—sian) |0|1ad9>/Rvmf(v)dv:mE/Rvm1f(v)dv

—T

S (my [ 2% 2% -1 ok ok
3 (o) [t oot oo s o)

where ( = (VK2 +4FE? — K)/(2E). We set wy, := [ f(v) v dv/m!, m € N. Then, we have

wo = 1, wy = and w2 = 5, (37)

and the sequence (W, )men satisfies

[(m—1)/2]
Wy = A Win—1 + Z Bm,k W2k Wm—2k, m > 3, (38)
k=1
where
E

Ap = (39)

mCE+ [T (1 —cos™0 —sin™0) 0]~~~ df’

[T (cos 0)™=2F(sin0)2F |9| =1~ do
Bnr = i - . (40)
’ m¢E+ [T (1 —cos™@ —sin™0) [0~ db

Lemma 14 The coefficients By, i, defined by (40) satisfy
2

Bm,k§m7 1<k<[m/2]-1, m2>3. (41)
Proof. If m = 2p, p > 2, we have
1 — (cos0)? — (sin@)* = (cos? O + sin? )P — (cos )% — (sin §)*
p—1
Z (Z) (cos 0)%P~2F (sin §)%*
k=1

We notice that <§> > pfor 1 <k <p-—1and we thus deduce that

1 — (cos0)% — (sin )% > p(cos 0)*~2*(sin 9) %, 1<k<p-1,

whence By, 1, < 1/p and (41) holds when m is even.
For m = 2p + 1, By, reads
B fjﬂ (cos §)2P+1=2F(sin 9)2F |9| 1= df
R 0p 4 1) CE+ [T (1= (cos6)2+1) 6] 1= df

We have
1 — (cos8)?P > 1 — (cos#)? > 1 — (cos )% — (sin ).

16



Consequently, for 1 < k < p—1, we have

B - J7_(cos 0)?P=2F(sin §)2F |6 1~ db B < 1
LR = 0pCE+ [T (1— (cos6)% — (sin0)2) ] 1=edg "7 = p

which completes the proof of (41). O

Lemma 15 The coefficients Ay, defined by (39) satisfy

1
p>2. (42)

AQpS 57 -

Proof. It suffices to show that A4 < 1/2. We claim that

/ (1= cost0 — sin® 0) |02~ d > % (1 = cos8) 6]~ db. (43)

—Tr

Then, we obtain
E/K
Ay <
' = 4CE/K +3/10°

where K is given by (22). Setting z = E/K, it is easily checked that

x 1
<=, T € Ry,
2V1+ 422 — 17/10 ~ 2 "
and thus that A4 < 1/2.
It now remains to prove (43). We point out that
1
1—cos49—sin49:§ sin?(260), 0 € [—m, 7).

Consequently,
s ™ 2m
/ (1 —cos*® —sin? ) 6|71 dh = / 6172 sin?(26) df = 26“/ 617 sin? 0 dé.
—r 0 0
Moreover, we have

™ T w/2
/ (1 —cosf) 0]~ 17>df = 4/ 617 sin%(0/2) df = 22a/ 617 sin% 0 db.
0 0

-7

We then deduce that

JT.(1—cost —sint0)|0] 7 do ) J25 07170 sin? 0. do
Jo (1 —cos) |0]1=dg S g1-a sin29dp )

But,

21 2 I

61~ sin?0 dh > (2w)—1—a/ sin?0df > (2m) 1T

/2 /2 4’

and, since o < 2,

/2 /2 2—a 1]
—l—a .2 < l—a gg « (T ‘
/0 0 sin 9d9_/0 0 d@_(Q) 7o

17



Thus,
J25, 0717 sin?6.df y N
e e 2 (2T a) 4T o,
Jo /701 sin" 0 db a

and

/ (1—cos" @ —sin"9) |1 df > (4"“1 +(2-a) 832> / (1—cos0) ||~ ds.
. T .
Since o+ 4971 + 3 (2 — a)/(87?%) is a non-decreasing function, we obtain
/” (1~ cos' 6 —sin'0) 0] o > (1 + > /ﬂ (1—cos®) |67~ de.
- —\4 4772 —r

Therefore, (43) holds. O

Lemma 16 The coefficients Ay, and By, i, defined by (39) and (40) satisfy

1 1
Agpi1 4+ w1 Bapyip < 5t TS p>1. (44)

Proof. We first consider the case p = 1. Since ¢ satisfies (? + (K/E)({ — 1 = 0, we have

2K( —2F

A+ wy By = .
3t B = T T (1= o 6) 6] T a0

Making use of the inequalities
1
1—C08392§(1—COSQ), 1 —cos®0 <3(1—cosb), 6 € [0,n],

we obtain
2¢ 2E/K
3CE/K+1/2 3(E/K+3
Let us show that the right hand side of this inequality is less than 1. Setting x = E/K, this
amounts to showing that

\/1+4x2—1+2(\/1+4az2—1) dx

Az +wi1 B3 < ¢+

— <1, xeRy,
2z 3ovI+4da2— 2z 3(VI+4a2+1) -
that is,
2 1+422+1
z (3v1 + 422 4+ 10) <1 z€R,.

3(3V1+422 —2)(V1+422+1) =

Consequently, we want to show that

3(1—2z)V/1 + 422 + 3622 — 202+ 3 > 0, r€R,.

This holds for x € [0,1/2] since 3622 — 20z + 3 > 0. For = € (1/2,00), we use the inequality
V14422 <1+ 2. Tt then suffices to check that

1222 — 10z + 3 > 0, x € (1/2,00),

which completes the proof of (44) for p = 1.

18



We now consider the general case p > 2. We have

1
cos @ (sin§)* < 1 — cos¥, 1 — (cos )2t > 5 (1 —cos#), 0e(0,m), p=>2.
Consequently,
E/K +(

A B < .
2p+1 T W1 B2ptip = (2p+1)CE/K +1/2

Proving that the right hand side of this inequality is bounded from above by 1/2 4 1/(2p) is
equivalent to showing that

VITda? -1 1
+ +2; gp; (2p+ )V1+ 422 —2p), zeRy,

where z stands for F/K. This amounts to proving that

1+422 -1 3 1
V+;«"+2$+<p+1)_(p+2+2p)mgo, T ER,,
Since v
1+422 -1
VITRT L 0 zeR.,
Xz

it suffices to check that ¢p(z) <0 for z € Ry, p > 2, where

3 1
sop(x)=4w+(p+1)—<p+2+2p>m, zeRy, p>2.

For x > 0, we have

1 3. 1Y
S”p@”)g“%(¢<p+3/2+1/<2p>>2—4):p“_\/<p+2+2p) o

Let us check that

3 1)\’
1-— —+—] —4< > 2. 4
p+ \/<p+2+2p> <0, p> (45)
For p =2, it holds. For p > 3, we have p+ 1 < /(p + 3/2)? — 4, which implies (45). O

Lemma 17 The sequence (Wm)men defined by (37), (38) is nonnegative. Moreover, (Wp,)m>2
is bounded from above by 1/2.

Proof. Let us first check that the coefficients B,, . are nonnegative. This is straightforward
when m is even. If m is odd, an integration by parts leads to

2k +1

—2k—-1 [7
+ m%T / (cos 0)™ 20+ (sin 9)20+1) |g|~1=2 4. (46)

/ (cos B)™2(sin 0) 19|12 4 = 22T L) / (cos 0)™~25—L (sin 9)2+1 g2 g
0

—T

For k = (m — 1)/2, we deduce that, for m > 3,

iy 2 1 P
m 0

—T
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is nonnegative. Since the first integral in the right hand side of (46) is nonnegative, it then
follows by induction according to the decreasing values of k that (46) is nonnegative for
1 <k <[(m—1)/2], m > 3. It then implies that the coefficients B,, , are nonnegative and,
then that w,y, is nonnegative for every m € N.

We infer from Lemmas 14, 15 and 16 that the sequence (wy,)m>2 is bounded by 1/2. O

Proof of Theorem 13. Let us assume that there exist two weak solutions f and g to (5),
(2) whose moments of any order are finite and such that

/ fw)dv = / g(v)dv = 1.
R R
Then the moments of f and g both satisfy (36). We then deduce by induction that
U, ::/f(v)vmdvz/g(v)vmdv, m € N.
R R

Since f has finite moments of any order, f € C®(R) and |f(™(£)| < @, where iy, :=
Jz f(w)|v|™dv, m € N. Let r € (0,1) and t € R. The Taylor Lagrange formula reads

< UkHl pk+l peR keN.

. ko fim)

m)!

m=0

By Lemma 17, we know that 0 < w,,/m! < 1/2 for m > 2. Thus, a9,/(2k)! < 1/2, k > 1.
Since |v|?*~! <1+ |[v|?*, we deduce that

Ugk—1 1 Uk, 1
< k k> 1.
k-1 = @k—1) T k=1 S k=1 " =
Consequently, we have, for every k € N,

iy _ k+4
k+1)l— 2

and, for |h| <7,
. Uk+1 k41
1 h =0
h—toe (k + 1))

holds. Therefore, for |h| < r,

m!

The same argument gives

> 5lm) (¢
gty =>"" ) pm p <

Since f(m)(Oz = (=)™, = §(™(0), we deduce that f = § on (—r,r). By bootstrap, we
obtain that f = § on R. The proof of Theorem 9 implies that f and § both belong to L' (R)
and the Fourier inversion theorem gives f = g. U
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4 Numerical experiments

In this section we show the results from some numerical experiments, that were carried out to
illustrate the theoretical results. We solved equation (24) as an initial value problem starting
at & = 0 with f = 1. The equations were solved iteratively by computing first ¢; and go
by standard quadrature routines, and then integrating the ordinary differential equation by
a Runge-Kutta method. Then finally the distribution f(v) was obtained by Fast Fourier
Transform. All was done using standard routines in Matlab in a relatively straight forward
way.

Figure 1 shows the Fourier transform f for « = 1.0 and E = 3.0; obviously, because f
is real, R f is even and <& f is odd. Then Figures 2 and 3 show the result of computing the
inverse transform for obtaining the function f. Figures 2 and 3 illustrate repectively the
influence of the force field E and of the power « in the cross section. In Figure 2, a = 1.0
and the results for three different values of E are shown whereas the plot of the function f
for £ = 5.0 but for three different values of « is reported in Figure 3. By Theorem 1, the
stationary solutions to (5) belong to C**(R) for any E > 0 and any « € (0,2) but, at fixed
a, when E increases, the stationary solution tends to concentrate at one point (see Figure
2). On the oher hand, at fixed F, the stationary solution tends to concentrate at one point
as well when « decreases (see Figure 3).

Figure 1: The Fourier transform of f(v) for E = 3.0 and b(0) = |0| '~ with o = 1.0.
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0.8 i

Figure 2: The solution f(v) for E = 3.0, E = 4.0, E = 5.0 and b(f) = |0|~1=* with a = 1.0.
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Figure 3: The solution f(v) for E = 5.0 and b(#) = |§|~1~* with a = 0.5,1.0 and 1.5.
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