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Overview: Quantum Gravity as Combinatorial QFT

Quantum Gravity and Random Geometry

Feynman's quantization: functional integral

Quantizing Gravity ~ Randomizing Geometry
7 ~ / e Js Aen(g)

But what is the measure Dg? On which underlying space-time 57 Should one
also sum over topologies? How to put sources for observables? How to connect
to our classical space-time and to general relativity?
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Gromov-Hausdorff Space

Random Geometry ~ Gromov-Hausdorff geometry

Probabllity measure on the space of all spaces...

In practice: space of all spaces = set of isometry classes of metric compact
spaces with Gromov-Hausdorff distance (Polish space).

sup inf d(x, )
rEX ¥EY

sup inf d(z,y)
yey TEX
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QFT OF Space-time

Proposal: QG is QFT of space time, not on space-time

Indeed QG should not depend on any preferred space-time background
—> QFT of space time — “zero-dimensional’, “combinatorial” QFT
What remains of QFT if fields no longer depend on space time?

Answer: combinatorics of Feynman graphs, hence combinatorial QFT

Remark: Feynman graphs are metric spaces (for the graph distance) hence sum
over Feynman graphs can in principle lead to random metric spaces as desired
for quantizing gravity.
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Overview: Quantum Gravity as Combinatorial QFT

Combinatorial QFT

Our universe large = field must have many components
Relativity principle = invariance under some symmetry

Largest invariance: (¢, @;), i = 1--- N invariant under U(N) change of basis
(= vector models)

Smaller invariance: matrix models = string theory

Large N behavior studied with 1/N expansion
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Vector Models

Canonical propagator, inverse of the quadratic form ZJ. q3j¢j which pairs
components together as independent fields.

1 —(3-d) 4T
Zfree(N): W/e (@ d))dqﬁdqﬁ

Looks a bit trivial: e~ (?%) ~ mass term, no analog of propagation

Invariant interactions: (¢ - @) factorized, hence . For p =2,
interacting ¢*-type vector model

1 (B —=NB-B)2 =
Z;,,t()\,N):W/e (&0)-NE4F g3
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Symmetry breaking

The giant initial U(N) symmetry should be responsible for future symmetries
(reparametrization of general relativity, gauge symmetries). Hence it should be

broken.

Interactions: from vectors to matrices and tensors

from models to QFT with renormalization group flow
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Symmetry breaking

What distinguishes from vector models?

Suppose N = N1 N,. Matrix models means symmetry breaking of interactions
from U(N1N2) to U(Ny) ® U(N-)

Smaller symmetry means there are more invariants available for interactions

(Single) Matrix Models have exactly one connected invariant interaction at
every (even) degree, namely Tr(MMT)P.
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Symmetry breaking

What distinguishes rank-D tensors models from vector or matrix models:

Further breaking of the symmetry: N = NyN>Njs - - - Np, symmetry breaking to

Many connected invariant interaction at every (even) degree.

= 1,0,0,0,0,...

= 1,1,1,1,1,1,1,...
1,3,7,26,97,624,4163, ...
1,7,41,604,13753, ...
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Symmetry breaking

What distinguishes rank-D tensors models from vector or matrix models:

Further breaking of the symmetry: N = NyN>Njs - - - Np, symmetry breaking to

Many connected invariant interaction at every (even) degree.

Z(n) 1,0,0,0,0, ...

Zs(n) = 1,1,1,1,1,1,1,...

Z5(n) = 1,3,7,26,97,624,4163,...
Z£(n) 1,7,41,604,13753, ...

Remark: symmetry of interactions could be interpreted as pre-geometric
locality.
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For many reasons we would like a generalized Laplacian (or Dirac operator) for
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A rank D tensor ®; ... i, can also be viewed as Fourier truncation (N
ultraviolet cutoff) of a function of D variables ®(xi, - ,xp), xi € G compact
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Symmetry breaking of Propagator

Since tensorial invariance corresponds to locality it should be
, the breaking going to zero in the ultraviolet regime.

For many reasons we would like a generalized Laplacian (or Dirac operator) for
pre-geometric propagation.

A rank D tensor ®; ... i, can also be viewed as Fourier truncation (N
ultraviolet cutoff) of a function of D variables ®(xi, - ,xp), xi € G compact
Lie group (simplest case: G = U(1)...). We can use — 3", Af + m? as
propagator (instead of m?), where A€ is the Laplacian on G.

This launches a renormalization group analysis (evolution of physics with
observation scale N = M*)

If we apply this idea to matrix models we obtain
. If we apply this idea to tensor models we obtain a higher category
of quantum field theories which we call
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Random (Metric) Spaces

Right now (2013) probabilists know essentially two main universal non-trivial
large (continuous) random spaces:

@ The Continuous Random Tree (Aldous, ~ 1990) = Continuous critical
limit of Feynman Graphs for Vector models

@ The Brownian Sphere (Le Gall, Miermont ~ 2011) = Continuous critical
limit of of Feynman Graphs for Matrix models
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Random (Metric) Spaces

Right now (2013) probabilists know essentially two main universal non-trivial
large (continuous) random spaces:

@ The Continuous Random Tree (Aldous, ~ 1990) = Continuous critical
limit of Feynman Graphs for Vector models

@ The Brownian Sphere (Le Gall, Miermont ~ 2011) = Continuous critical
limit of of Feynman Graphs for Matrix models

The second space can be seen as a set of random labels living on the first.
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The number of plane trees with n edges is Catalan number
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The 5 plane trees at n =3

The generating function of Catalan numbers is
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The Continuous Random Tree

The number of plane trees with n edges is Catalan number

YK/\)\V

The 5 plane trees at n =3

The generating function of Catalan numbers is

T()=Y Gz" = é[l _VI—42]

The equidistributed measure on plane trees converges (in Gromov-Hausdorff
sense) to a universal object as n — oo, namely the Continuous Random Tree
(CRT).
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Main Properties of the Continuous Random Tree

The Dyck walk of a CRT (i.e. turning around the tree) is exactly a Brownian
excursion. The tree is this walk, quotiented by an equivalence relation.

Vincent Rivasseau Quantum Gravity, Random Tensors and Renormal



Overview: Quantum Gravity as Combinatorial QFT
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The Dyck walk of a CRT (i.e. turning around the tree) is exactly a Brownian
excursion. The tree is this walk, quotiented by an equivalence relation.
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Main Properties of the Continuous Random Tree

The Dyck walk of a CRT (i.e. turning around the tree) is exactly a Brownian
excursion. The tree is this walk, quotiented by an equivalence relation.

123 <(T) 123 #(T)-1

tree t contour function height function

In physics, the CRT is called the branched polymer phase (of space-time).
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Main Properties of the Continuous Random Tree

The Dyck walk of a CRT (i.e. turning around the tree) is exactly a Brownian
excursion. The tree is this walk, quotiented by an equivalence relation.

123 <(T) 123 #(T)-1

tree t contour function height function

In physics, the CRT is called the branched polymer phase (of space-time).

dHausdorff = 2, dspectral:4/3-
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Simplest interacting complex ¢* vector model: conjugate vector fields

(p={pi},d={di},i=1,---,N, X\(¢ - $)? interaction.
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CRT and Vector Models

Simplest interacting complex ¢* vector model: conjugate vector fields

(p={pi},d={di},i=1,---,N, X\(¢ - $)? interaction.
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Z(A, N) = (M)N/e (@) =22 g dd
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CRT and Vector Models

Simplest interacting complex ¢* vector model: conjugate vector fields

(p={pi},d={di},i=1,---,N, X\(¢ - $)? interaction.

_ 1 ~(3-6)-AF-6P 43
Z(A,N)_W/e( =X ddd g

N — oo regime? Use intermediate field o:
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CRT and Vector Models

Simplest interacting complex ¢* vector model: conjugate vector fields

(p={pi},d={di},i=1,---,N, X\(¢ - $)? interaction.

_ 1 ~(3-6)-AF-6P 43
Z(A,N)_W/e( =X ddd g

N — oo regime? Use intermediate field o:

702/2 _ ) _ _
Z(\N) = 2/7r / ef(¢-¢)+:\/ﬁ(¢-¢)ad¢d¢

—02/2 N log(1— I\/7(7)

f
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Single Scaling

Rescaling A — A/N and ¢ — 7 = o/v/N, and defining z = —2X:

Z(LN) = %/(ﬁ>

dr 2
\/N/ e—N[T /2+log(1—+/z7)]
V2
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Single Scaling

Rescaling A — A/N and ¢ — 7 = o/v/N, and defining z = —2X:

Z(LN) = %/(ﬁ>

dr 2
\/N/ e—N[T /2+log(1—+/z7)]
V2

Ke—Nf(Tc)

Saddle point evaluates this integral as o
Tc
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Single Scaling

Rescaling A — A/N and ¢ — 7 = o/v/N, and defining z = —2X:

Z(LN) = %/(ﬁ>

dr 2
\/N/ e—N[T /2+log(1—+/z7)]
V2

Ke—Nf<7'c)

P
Saddle point of f(7) = 72/2 + log(1 — 1/z7)] at 7 with f’(7c) = 0 hence
Te = 2\%[1 — /1 —4z]. Second derivative f"(7c) = 1 — z(1 — /z7c) 2.

Saddle point evaluates this integral as
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Single Scaling

Rescaling A — A/N and ¢ — 7 = o/v/N, and defining z = —2X:

Z(LN) = %/(ﬁ>

dr 2
VN / o~ NIr2/2+Hog(1—/Z7)]
V2r

Ke—Nf<7'c)

i)

Saddle point of f(7) = 72/2 + log(1 — 1/z7)] at 7 with f’(7c) = 0 hence
Te = 2\%[1 — /1 —4z]. Second derivative f"(7c) = 1 — z(1 — /z7c) 2.

We recognize 7c(z) = /2T (z) where

Saddle point evaluates this integral as

lim Lzﬁ’ N) ) = —72/2— log(l - vr)]

= - VI 4z 22 —log[(1+ VI 42)]

Vincent Rivasseau Quantum Gravity, Random Tensors and Renormalization |



Overview: Quantum Gravity as Combinatorial QFT

Remarks

Vincent Rivasseau Quantum Gra: Random Tensors and Renormalization |




Overview: Quantum Gravity as Combinatorial QFT

Remarks

@ The two point function is simpler (providing a root for the tree):

G =
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Remarks

@ The two point function is simpler (providing a root for the tree):

G =

@ )\ > 0 corresponds to a stable ¢* interaction (hence alternating sums),
whether z > 0 corresponds to ordinary sums.
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Remarks

@ The two point function is simpler (providing a root for the tree):

G =

@ )\ > 0 corresponds to a stable ¢* interaction (hence alternating sums),
whether z > 0 corresponds to ordinary sums.

@ (1/N)P-sub leading term correspond to add exactly p loops. Double
scaling would include all graphs hence unstable at z > 0.
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The Dyck Map

One can understand the metric properties of the CRT via a nice

Using the Dyck walk turning around the tree to identify the tree to its height
function quotiented by an equivalence relation. The height function is exactly a
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The Dyck Map

One can understand the metric properties of the CRT via a nice

Using the Dyck walk turning around the tree to identify the tree to its height
function quotiented by an equivalence relation. The height function is exactly a
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Overview: Quantum Gravity as Combinatorial QFT

The Dyck Map

One can understand the metric properties of the CRT via a nice

Using the Dyck walk turning around the tree to identify the tree to its height
function quotiented by an equivalence relation. The height function is exactly a

121 122,
11\ 12] 13, 2 2
1 9 1 1
1] Thy T T E s FT-1
tree t contour function height function

This Dyck map easily proves dhausdorr = 2; with further work dspect,a,:4/3.
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Brownian Spheres and Random Matrices

Planar Rooted Quadrangulations

Planar maps, such as planar rooted quadrangulations, are natural combinatoric
objects

Vincent Rivasseau Quantum Gravity, Random Tensors and Renormal



Brownian Spheres and Random Matrices

Planar Rooted Quadrangulations

Planar maps, such as planar rooted quadrangulations, are natural combinatoric
objects

Vincent Rivasseau Quantum Gravity, Random Tensors and Renormal



Brownian Spheres and Random Matrices

Counting Planar Rooted Quadrangulations

Q»= number of rooted planar quadrangulations with n faces
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Counting Planar Rooted Quadrangulations

Q»= number of rooted planar quadrangulations with n faces

Adding boundaries Tutte found in 1962 a quadratic recursive equation (2 la
Polchinski),
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Counting Planar Rooted Quadrangulations

Q»= number of rooted planar quadrangulations with n faces

Adding boundaries Tutte found in 1962 a quadratic recursive equation (2 la
Polchinski),

Oe0 @
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Brownian Spheres and Random Matrices

Counting Planar Rooted Quadrangulations

Q»= number of rooted planar quadrangulations with n faces

Adding boundaries Tutte found in 1962 a quadratic recursive equation (2 la
Polchinski),

@ oo

and solved it, getting:
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Brownian Spheres and Random Matrices

Counting Planar Rooted Quadrangulations

Q»= number of rooted planar quadrangulations with n faces

Adding boundaries Tutte found in 1962 a quadratic recursive equation (2 la
Polchinski),

SQe0ed

and solved it, getting:

2 1 2n
n:3n .
@ n+2n+1<n>
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Simplest interacting complex matrix model:
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Planar Graphs and Matrix Models

Simplest interacting complex matrix model:

Z = /de/\?/ exp(f%Tthl\_ﬂJr %Tthl\_/IMtl\_ﬂ)
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Brownian Spheres and Random Matrices

Planar Graphs and Matrix Models

Simplest interacting complex matrix model:

Z = /de/\?/ exp(f%Tthl\_ﬂJr %Tthl\_/IMtl\_ﬂ)

2-2
= E ang NN
ng
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Brownian Spheres and Random Matrices
Planar Graphs and Matrix Models

Simplest interacting complex matrix model:

Z = /de/\?/ exp(f%Tthl\_ﬂJr %Tthl\_/IMtl\_ﬂ)

2-2
= Ean,g)\"N €
8

2—-2g=V—-L+F=—-V+F , since L=2V.
hence planar graphs lead at N — oo ('t Hooft, 1974).
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Brownian Spheres and Random Matrices

Single and double scalings for matrix models
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Brownian Spheres and Random Matrices

Single and double scalings for matrix models

@ Single Scaling (Brezin, ltzycson, Parisi, Zuber): N — oco-limit at fixed .
Only spheres survive:

—1— 36\ + (1+24))°?
G2,planar(>\) - 216()\2 ) .
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Brownian Spheres and Random Matrices
Single and double scalings for matrix models

@ Single Scaling (Brezin, ltzycson, Parisi, Zuber): N — oco-limit at fixed .
Only spheres survive:

—1— 36\ + (1+24))°?
G2,planar(>\) - 216()\2 ) .

o Double scaling: N — 0o and A — Ac = 1/24, k71 = N°/4(\ — \.) fixed

2h
G?,doub/e scaling(A) = g ank
h

includes all graphs, at A > 0, hence unstable.
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The Schaeffer Map

One can understand the metric properties of the Brownian sphere via a nice
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Brownian Spheres and Random Matrices

The Schaeffer Map

One can understand the metric properties of the Brownian sphere via a nice

(n+2)Qn=2-3"Cy,

The Schaeffer map identifies planar quadrangulations with
well-labeled, oriented rooted plane trees.
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The Schaeffer Map
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Brownian Spheres and Random Matrices

The Schaeffer Map
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The Schaeffer Map
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The Schaeffer Map
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The Schaeffer Map
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The Schaeffer Map
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The Schaeffer Map
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The Schaeffer Map
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Brownian Spheres and Random Matrices

The two-Dimensional Brownian Sphere

Theorem (Le Gall, Miermont (2007-2011)
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Brownian Spheres and Random Matrices

The two-Dimensional Brownian Sphere

Theorem (Le Gall, Miermont (2007-2011)

Equidistributed planar quadrangulations of order n converge in the
Gromov-Hausdorff sense (after rescaling the graph distance by n_1/4), towards
a universal random compact space, called the two-dimensional Brownian sphere.
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Brownian Spheres and Random Matrices

The two-Dimensional Brownian Sphere

Theorem (Le Gall, Miermont (2007-2011)

Equidistributed planar quadrangulations of order n converge in the
Gromov-Hausdorff sense (after rescaling the graph distance by n_1/4), towards
a universal random compact space, called the two-dimensional Brownian sphere.

This space has Hausdorff dimension 4 and is almost surely homeomorphic to
the two-dimensional sphere.

Vincent Rivasseau Quantum Gravity, Random Tensors and Renormalization |



Brownian Spheres and Random Matrices

The two-Dimensional Brownian Sphere

Theorem (Le Gall, Miermont (2007-2011)

Equidistributed planar quadrangulations of order n converge in the
Gromov-Hausdorff sense (after rescaling the graph distance by n_1/4), towards
a universal random compact space, called the two-dimensional Brownian sphere.

This space has Hausdorff dimension 4 and is almost surely homeomorphic to
the two-dimensional sphere. It is expected to have spectral dimension 2.
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Brownian Spheres and Random Matrices

A Look at Large Random Quadrangulations

The Probabilist's View: The Brownian Snake, Head on
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A Look at Large Random Quadrangulations
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Brownian Spheres and Random Matrices

A Look at Large Random Quadrangulations

The Probabilist's View: The Brownian Snake, Profile
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Brownian Spheres and Random Matrices

A Look at Large Random Quadrangulations
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Uniformized Through Riemann Mapping Theorem
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Brownian Spheres and Random Matrices

A Look at Large Random Quadrangulations

o7 »
Using the Circle Packing Theorem (Courtesy: Krikun)
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Brownian Spheres and Random Matrices

A Look at Large Random Quadrangulations

| |
The Liouville Theory (Courtesy: Duplantier)
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Physical Consequences: the KPZ relations

Kazakov, Knizhnik, Polyakov, Zamolodchikov, David, Distler, Kawai,
Duplantier, Sheffield...
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Brownian Spheres and Random Matrices

Physical Consequences: the KPZ relations

Kazakov, Knizhnik, Polyakov, Zamolodchikov, David, Distler, Kawai,
Duplantier, Sheffield...

There exists a deep relationship between critical exponents x and /A of matter

on a fixed and on a geometry: quantum gravity changes the critical

behavior of matter.
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Brownian Spheres and Random Matrices

Physical Consequences: the KPZ relations

Kazakov, Knizhnik, Polyakov, Zamolodchikov, David, Distler, Kawai,
Duplantier, Sheffield...

There exists a deep relationship between critical exponents x and /A of matter
on a fixed and on a geometry: quantum gravity changes the critical
behavior of matter.

2 2
7 A2 i
= — 1——
x= + ( 4)

and x are scaling Euclidean dimensions or not to quantum gravity
plus matter with conformal central charge ¢ (for pure gravity ¢ = 0,y = 1/8/3;

for Ising, ¢ = 1/2,v = +/3).
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Lessons from 1D and 2D Random Geometry
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Brownian Spheres and Random Matrices

Lessons from 1D and 2D Random Geometry

@ The simplest random geometry is the CRT (branched polymers, QG1). It
has Hausdorff dimension 2, spectral dimension 4/3, and corresponds to the
1/N limit of
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Lessons from 1D and 2D Random Geometry

@ The simplest random geometry is the CRT (branched polymers, QG1). It

has Hausdorff dimension 2, spectral dimension 4/3, and corresponds to the
1/N limit of

@ The next simplest random geometry is the Brownian sphere (QG2). It has
Hausdorff dimension 4, very probably spectral dimension 2, and
corresponds to the 1/N limit of
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Brownian Spheres and Random Matrices
Lessons from 1D and 2D Random Geometry

@ The simplest random geometry is the CRT (branched polymers, QG1). It
has Hausdorff dimension 2, spectral dimension 4/3, and corresponds to the
1/N limit of

@ The next simplest random geometry is the Brownian sphere (QG2). It has
Hausdorff dimension 4, very probably spectral dimension 2, and
corresponds to the 1/N limit of

@ This Brownian sphere is best thought of as a CRT equipped with
fluctuation fields, the Schaeffer labels, which add loops, hence space-time
shortcuts.
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Brownian Spheres and Random Matrices
Lessons from 1D and 2D Random Geometry

@ The simplest random geometry is the CRT (branched polymers, QG1). It
has Hausdorff dimension 2, spectral dimension 4/3, and corresponds to the
1/N limit of

@ The next simplest random geometry is the Brownian sphere (QG2). It has
Hausdorff dimension 4, very probably spectral dimension 2, and
corresponds to the 1/N limit of

@ This Brownian sphere is best thought of as a CRT equipped with
fluctuation fields, the Schaeffer labels, which add loops, hence space-time
shortcuts.

@ What about higher dimensions QG3, QG4... ?
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