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ABSTRACT

The purpose of these lectures is to provide an overview of the rational equivalence
for polynomial Poisson algebras arising from deformation theories. More precisely, we are
interested in the algebraic study of some commutative polynomial algebras S appearing as
semiclassical limits of noncommutative polynomial algebras U, with a Poisson structure
on S derived from the commutation bracket in U. In the significant situations, U can be
of “classical” type (differential operator algebras, enveloping algebras,...) or “quantum”
type (algebraic quantum groups,...), giving rise to two main types of Poisson structures
on S (“Poisson-Weyl” type or “Poisson-quantum” type). This Poisson structure can be
canonically extended to the field of fractions @ of S and our general problem concerns
the separation or the classification of the fields of rational functions ) up to Poisson
isomorphism.

The first part is devoted to exposing the necessary notions on Poisson algebras and
their fields of fractions, with examples, basic properties and first general results about
Poisson-rational equivalence.

The second part deals with the situation where S is the symmetric algebra S(g) of a
finite dimensional complex Lie algebra g, equipped with the Poisson bracket deduced from
the Lie bracket on g. Then the question of the rational equivalence or not of S(g) with a
Poisson-Weyl algebra appears as a Poisson-analogue of the classical problem of Gel’fand-
Kirillov about the noncommutative rational equivalence for the enveloping algebra U(g).
Positive answers are given for nilpotent g (M. Vergne 1972) and more recently solvable g
(P. Tauvel and R. Yu, 2010).

A similar formulation makes sense for quantum algebras, with results (K.R. Goodearl
and S. Launois, 2011) concerning wide classes of Poisson algebras defined as semiclassi-
cal limits of quantized coordinate rings. In this context, the main tools are a general
algorithmical method to reduce by localization the algebraic rules in the definition of
Poisson brackets, and the study of some suitable actions of algebraic tori by Poisson
automorphisms on the algebras under consideration.

The third part concerns the fields of invariants Q¢ under the action of a group G of
Poisson automorphisms of S. In the philosophy of Noether’s problem in classical invariant
theory, an improvement (taking in consideration the Poisson structure) of a theorem of
Miyata can be proved to obtain a Poisson-isomorphism of Q¢ with a field of fractions
of a Poisson-Weyl algebra, in the case of the Kleinian surfaces (J. Baudry 2009), and
for diagonalizable actions of G. Exploratory results about the Poisson-quantum situation
in dimension two lead to consider the action of Poisson-quantum automorphisms in the
Cremona group.

Acknowledgements: 1 would like to thank Patrick Le Meur for his careful reading of some parts of theses
notes, and Jacques Alev for many useful discussions about “Poisson noncommutativity” and around.



1 POISSON STRUCTURES ON RATIONAL FUNCTIONS FIELDS

1.1 Poisson polynomial algebras
1.1.1 Basic notions on Poisson structures

DEFINITION. A commutative k-algebra A is a Poisson algebra when there exists a bilinear
skew-symmetric map {-,-} : A x A — A satisfying the two conditions:

- Leibniz rule: {ab,c} = a{b,c} + {a,c}b for all a,b,c € A;
- Jacobi identity : {a,{b,c}} + {b,{c,a}} + {c,{a,b}} =0 forall a,b,c € A.

Then the Poisson bracket {-,-} defines a structure of Lie algebra on A and acts as a
biderivation. It’s clear that a Poisson bracket on a finitely generated algebra A is entirely
determined by the values of {z;, x;} for i < j where z1,...,xy generate A.

EXAMPLE 1. The commutative polynomial algebra in two variables S = k|z,y] is a
Poisson algebra for the bracket defined on the generators by:

{l‘,y} =1, (1)

or equivalently for any P,Q € S :
(PQt=—-5 — 5.5 = PQy— Q' P (2)

More generally, for any n > 1, S = k[z1,...,2,,y1,...,Yn] is a Poisson algebra for the
“symplectic” bracket defined on the generators by:

{zi,y;} = 6;; and {x;,2;} = {y;,y;} =0, foralll <i j<nmn, (3)

or equivalently for any P,Q € S :

n OP 0 00 oP
(pQy=y 2P0@ 00

=1 0z; Oy; a Ox; ayi‘

(4)

We refer to this Poisson algebra as the Poisson-Weyl algebra, denoted by S, (k).

EXAMPLE 2. For any A € k, the commutative polynomial algebra S = k[, y] is a Poisson
algebra for the “multiplicative” bracket defined on the generators by:

{z,y} = Azy. (5)

More generally, for any n > 2 and for any n x n antisymmetric matrix A = ();;) with

entries in k, S = k[xy, ..., z,] is a Poisson algebra for the bracket defined on the generators
by:

{zi,x;} = Nijaiz; foralll <i,j<n. (6)
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We refer to this Poisson algebras as the Poisson-quantum plane and Poisson-quantum
space respectively, denoted by Py(k) and P (k) .

ExXAMPLE 3. Let F be a fixed element of the polynomial algebra in three variables
S = k[z,y, z]; then there exists a Poisson bracket on S defined for any P,Q € S by :

{P,Q} = Jac(P,Q, F)
= (PQ — QyP) FY + (B3Q) — Q3P Fy + (PIQy — Q1 P) .
The brackets on the generators are then {x,y} = Fi, {y,z} = F], {z,2} = F}.

More generally, one can prove (see [7] for complete detailed calculations) that S =
k[zi,...,zy] is a Poisson algebra for the Poisson bracket defined (when N > 3) for
any P,Q € S by: {P,Q} = Jac(P,Q, Fi,...,Fy_3), where Fy,..., Fy_o are arbitrary
chosen polynomials in S.

REMARK 1 : Poisson structure on quotient algebras. An ideal I of a Poisson algebra A is
a Poisson ideal when {a,z} € I for any a € A,z € I ; in this case, we also have {z,a} € T
and the trivial observation {a, b} —{a’,t'} = {a—d’,b} +{da’,b—V'} for all a,b € A allows
to define on the algebra A/I the induced bracket {@,b} = {a,b}.

REMARK 2 : Poisson structure on localized algebras. Let X be a multiplicative set
containing 1 in a Poisson algebra A. Then there exists exactly one Poisson bracket {-,-}
on the localization XA extending the bracket of A. It is given by:

{as71,bt71} = {a,b}s 1 — {a,t}bs™ 72 — {s,b}as?t 1 + {s,t}abs™ 2
for any a,b € A,s,t € X. In particular, if A is a domain, the Poisson bracket on A
extends canonically in a Poisson bracket on the field of fractions of A.

REMARK 3 : Poisson structure on invariant algebras. Let G be a group of algebra
automorphisms of a Poisson algebra A. An element g € G is said to be a Poisson
automorphism when g{a,b} = {g(a),g(b)} for all a,b € A. If any g € G is a Poisson
automorphism, then the Poisson bracket of two elements of the invariant algebra A% also
lies in AY. We say that A% is a Poisson subalgebra of A.

REMARK 4 : Poisson center. The Poisson center of a Poisson algebra A is defined as the
set Zp(A) = {c€ A; {c,a} =0 for any a € A}. It is a Poisson subalgebra of A satisfying
{Zp(A), A} C Zp(A).

EXERCISE 1. Prove that the unique Poisson bracket on k[z] is the trivial one.

Prove that, for any polynomial P € k[z, y], there exists a Poisson bracket on k|x, y]
defined by {x,y} = P.

Prove that, for any polynomials P, @, R € k|x,y, z], there exists a Poisson bracket
on k[z,y, z] defined by {z,y} = R, {y,z} = P, {z,2} = Q if and only if, denoting
curl (P, Q, R) = (R — Q%, P — R}, Q) — P3), we have (P,Q, R) - curl (P,Q, R) = 0.



EXERCISE 2. Prove that the group SLa(k) acts linearly by Poisson automorphisms
on the Poisson-Weyl algebra S;(k), defined by:

gxr=ax+ By and g.y =~yx+ dy, for any g = (3‘?) € SLa(k).

Prove more generally that the symplectic group Sp,, (k) acts linearly by Poisson
automorphisms on the Poisson-Weyl algebra S, (k).

EXERCISE 3. Prove that the Laurent polynomial algebra k[z*!, y*!] is a Poisson
algebra for the Poisson bracket defined by (5), with A fixed in k. We name it the
Poisson-quantum torus, denoted by T3 (k).

Prove that the group SLz(Z) acts by Poisson automorphisms on Ty (k), defined by:

gx =z’ and gy =2°? for any g = (‘; Z) € SLy(Z).

1.1.2 Poisson-Ore polynomial algebras

We need firstly some precisions about the terminology.

TERMINOLOGY. Let A be a Poisson algebra. A derivation of A is a k-linear map o : A —
A such as o(ab) = o(a)b+ac(b) for all a,b € A. A Poisson derivation of A is a derivation
o of A satisfying moreover:

o({a,b}) ={o(a),b} +{a,o(b)} forall a,be A. (7)

If 0 is a Poisson derivation of A, a Poisson o-derivation of A is a derivation 6 of A
satisfying moreover:

d({a,b}) ={d(a),b} +{a,0(b)} + c(a)o(b) — d(a)o(b) for all a,b € A. (8)
EXAMPLES.

a. For any fixed element u € A, the map o, : a — {u,a} is a Poisson derivation; such
o, are called Hamiltonian derivations.

b. If 0 =0, a Poisson o-derivation is just a Poisson derivation.

c. It is an easy exercise to check that, for any Poisson derivation ¢ and fixed element
u € A, themap § : A — A defined by §(a) = o(a) u—{u, a} is a Poisson o-derivation.
Such Poisson o-derivations will be called here Hamiltonian Poisson o-derivations.

We expose now a canonical way to extend a Poisson structure from an algebra A to the
polynomial algebra A[z]. This construction introduced by Oh in [27] is somewhat similar
to the classical noncommutative notion of Ore polynomial algebra.

PROPOSITION AND DEFINITION (S.-QQ. Oh). Let A be a Poisson algebra. Let 0,9 be k-

linear maps on A. Then the polynomial ring A[x] becomes a Poisson algebra with Poisson
bracket defined by {a,b} = {a,b}4 and

{z,a} =oc(a)x +(a) forallae A 9)
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if and only if o is a Poisson derivation and ¢ is a Poisson o-derivation. In this case, the
Poisson algebra A[zx] is said to be a Poisson-Ore extension of A and is denoted by A|x],.s.

PROOF. Suppose that A[z] is a Poisson algebra satisfying (9). By identification in the Leibniz
identity:

o(ab)z + d(ab) = {z,ab} = a{z,b} + {z,a}b = (ac(b) + o(a)b)x + ad(b) + d(a)b,
for all a,b € A, the maps o, are derivations of A. On the same way, Jacobi identity gives:

0={z,{a,b}} + {{z,b},a} + {b,{x,a}}
=o({a,b})x+ d({a,b}) + {o(b)x,a} + {(b),a} + {b,o(a)z} + {b,d(a)}
= [o({a,b}) — {o(a), b} — {a,0(b)}] =
+0({a,b}) —{d(a),b} — {a,d8(b)} — a(a)d(b) + d(a)o(b).

Hence o and ¢ satisfy (7) and (8). Conversely, assume now that (7) and (8) are satisfied. We
define a k-bilinear map {.,.} : A[z] x A[zx] — Alz] by

{az™, bz™} = ({a,b} + mbo(a) — nac(b))z™ " + (mbd(a) — nad(b))z™ "1 (10)

for all monomials az™ et bx™ in A[z]. Note that the case m = 0,n = 1,b =1 is just (9). It is
clear from (10) that {f,g} = —{g, f} for all f,g € A[z]. Since o and § are derivations of A, the
k-linear maps g — {f,¢} and g — {g, f} are derivations of A[x] for any fixed f € Alz]. Finally,
it follows by induction on ¢, m,n (see [27] for more details) from (7) and (8) that

{{az’ bx™}, ca™} + {{bx™, cz"}, az’} + {{ca™, az’}, bz™} = 0

for all a,b,c € A and all nonnegative integers ¢, m,n, which is enough to prove Jacobi identity.

O]

REMARK 1. This proposition shows in particular that, if A[x] is a Poisson algebra such
that A is a Poisson subalgebra and {4, z} C Az + A, then A[z] is a Poisson-Ore extension
Alzx], s for some well chosen o, 0.

REMARK 2. The construction of Poisson-Ore extensions can be easily iterated. We
start with the commutative polynomial algebra k[z;]. This is a Poisson algebra for the
trivial Poisson bracket. Hence conditions (7) and (8) are trivially satisfied for any deriva-
tions o9, dy in k[z1] and we can consider the two variables Poison-Ore polynomial algebra
k[z1][z2])ss.6, Wwith Poisson bracket defined by (9) from relation {z1, z2} = o(z3)x2+ 0(x2).
By iteration, we can consider iterated Poisson-Ore extensions:

k[xl][xQ]@ﬁz [1‘3]03753 s [xn]ﬂnﬁn (11>
with o; a Poisson derivation of A, = k[z1][%2]sys, - - - [Tiz1]o; 16, , and ¢; a Poisson o;
derivation of A;, for any ¢ = 2,...,n.

ExaMPLE 1. The Poisson-Weyl algebra introduced in example 1 of 1.1.1 is an iterated
Poisson-Ore extension:

Sn(k) =Kkly1, .-, ynl [xlz]lo’ayl [.Qfg]o’ayZ o [xn]o,ayn, (12)



the bracket being trivial on K[y, ..., y,] and satisfying {z;,y;} = 0 x y; + 9,,(y;,) for all
1<i j<n.

ExAaMPLE 2. The Poisson-quantum space introduced in example 2 of 1.1.1 is an iterated
Poisson-Ore extension:

Py (k) = k[z1]o, 0[22]05.0 - - - [Tn]on 0, (13)

with o; = Zl§j<i AijT 0y, the bracket being defined from {z;, x;} = A\j;x;2; + 0.

REMARK 3. The localization of a Poisson-Ore extension A[z], s with respect to the powers
of x is by remark 2 of 1.1.1 a Poisson algebra for the bracket extended by relation

{r7'a} = —o(a)z™' — 6(a)x™? for any a € A. (14)

We denote it by A[z*!], 5.

EXERCISE 1. Let A be a Poisson algebra, ¢ a Poisson derivation of A and ¢ an
Hamiltonian Poisson o-derivation (in the sense of point ¢ in the terminology above).
Prove that, up to a change of variable, A[z], s = A[z']5.0.

EXERCISE 2. Let A be a Poisson algebra, o a Poisson derivation of A and § a
Poisson o-derivation of A. Check that o(Zp(A)) C Zp(A). We suppose moreover
that A is a field K. Prove that, if there exists some ¢ € Zp(K) such that o(c) # 0,
then ¢ is the Hamiltonian Poisson o-derivation determined by u = §(c)o(c)~! € K,
and then, up to a change of variable, K[z, s = K[2']5,0.

EXERCISE 3 (see proposition 2.9 of [36]). Let K be a Poisson algebra which is a
field and 6 a non Hamiltonian Poisson derivation of K. Prove that the Poisson-Ore
algebra S = Klxz]o s is Poisson simple (i.e. there is no nonzero proper Poisson ideal
in S). [Hint: suppose that there exists a Poisson ideal I of S such that I # (0)
and I # S; define n = min(degp;p € I) > 1 and take p € I of degree n with
leading coefficient 1; for any a € K, compute {p,a} € I and deduce that {p,a} = 0;
conclude that ¢ is Hamiltonian, so a contradiction].

EXERCISE 4. Consider the Poisson-Weyl algebra S, (k) = k[z1,...,Zn,y1,-- ., Yn]
with Poisson bracket (3). For any 1 < ¢ < n, set w; = x;y;. Prove that:

{zs,wi} =z, {xs,w;} = {ws,w;} = {x;,z;} =0if j #4,

Prove that the localization of S, (k) with respect of the powers of the x;’s is the
localized Poisson-Ore iterated extension:

Sy, (k) o= k[wi, wa, ..., wl[27 o, 025 0,0 - [ 0w, 0-
Show that, setting t; = —a:i_lwz- for any 1 < i < n, we also have:

S, (k) =kl 23t [0, [t2lo.o, - [tnoon,
5



1.1.3 Deformations and semiclassical limits

We fix a commutative principal ideal domain R containing k and an element A € R with
hR a maximal ideal of R. Suppose that B is a non necessarily commutative torsion free
R-algebra for which the quotient A := B/hB is commutative. Thus any u,v € B satisfy
(u+ hB)(v+ hB) = (v+ hB)(u + hB) and then [u,v] := uv —vu € hB. We denote by
v(u,v) the element of B defined by [u,v] = hy(u,v). We set:

{w,7} = vy(u,v) for any w,v € A.
This is independent of the choice of u,v.
If Y = u+ hw with w € B, we have [u/,v] = [u,v] + h[w,v] since h is central;

thus hy(u',v) = hy(u,v) + h%y(w,v), then ~v(u',v) = y(u,v) + hy(w,v) and so
v(u',v) = v(u,v). The result follows by antisymmetry.

This defines a Poisson bracket on A.

Jacobi identity holds for [-, -], thus for v(, -) because h is central, and then for {-,-}.
Using again the centrality of h, the Leibniz rule for {-,-} follows from [uv,w] =
u[v, w] + [u, w]v for all u,v,w € B.

DEeFINITIONS. With the previous data and notation, we say that:

- the noncommutative algebra B is a quantization of the Poisson algebra A, and A is
the semiclassical ltmit of B,

- for any A € k such that the central element h — A of B is non invertible in B, the
algebra A, := B/(h — \)B is a deformation of the Poisson algebra A.

quantization

deformation
Ay = B/(h— \)B

EXAMPLE 1. Let g be a complex finite dimensional Lie algebra. Let B be the homoge-
nized enveloping algebra Uy(g) of g, that is B is the C[h]-algebra with generators a basis
{z1,...,2,} of g and relations: z;x; —x,;x; = h[x;, x;],. It’s clear that B is a quantization
of the algebra o = Clxy,...,x,] ~ S(g) ~ O(g*) with the so-called Kirillov-Kostant-
Souriau Poisson bracket defined on the generators by {z;,z;} = [z;,z;];, and that the
enveloping algebra U(g) ~ B/(h — 1)B is a deformation of <.



quantization

S(g) s.c. limit h(g)
deformation
U(g)
ExampLE 2. Let A, (k) be the n-th Weyl algebra, i.e. the algebra generated over k by
2n generators qi,...,qn, P1,- - -, P With relations:
i@l =1, [pig]l = pipj] = @, 4;] = 0 for i# j, (15)
where [., .] is the commutation bracket (i.e. [a,b] = ab — ba for all a,b € A, (k)).

The monomials (¢i* ... g Pl - DI )ir, i v, jnen are a K-left basis of the algebra A, (k).
For any nonnegative integer m, denote by #,, the k-vector space generated in A, (k) by

monomials qi' ...q¢"p) ... pJr such that iy + -+ + 4, + J1 + -+ + Jp < m. We have:
fogﬁlga%ggz‘ln(k), An(k)zulzoﬁu ﬁlﬂ]gﬁl"-j

In other words, .# = (.%,);>¢ is a filtration of A, (k), called the Bernstein filtration. We
define ¥, = %;/.%,_1 and the k-vector space gr (A, (k)) := D,-,(F/Fi_1), with con-
vention .%_; = 0, is an algebra for the product defined on each homogeneous component
G, .= F;/F;_1 (and then linearly extended) by:

(CLZ' + }2;1)(01]' + ?j,l) = ;4 + :JOZ.iJrj,l, for all Z,j Z O, a; € yz‘, a; S gzj (*)

We have ¢,%; C ¥, ; for all nonnegative integers 7, j, and an easy calculation from relations
(15) shows that the graded algebra S := gr,(A,(k)) is isomorphic to the commutative
polynomial algebra in 2n variables k(x1, ..., 2, Y1, ..., ys). Using the fact that [.%#;, .%;] C
Firjq for all 4, j > 0, we can apply the semiclassical limit process, with R = k[h] and B
be the Rees algebra of A, (k) related to the filtration .#, to build a Poisson bracket on S:

{ai + ﬁi,l,aj -+ gjfl} = [ai,aj] -+ gzqrj,g for all ’l,j Z O, a; € yz‘, Q; € yj. (**)

PROOF. By definition, B is the subalgebra ;- -Z;h’ in the algebra A, (k)[h] =
A, (R) with R = k[h], with central indeterminate h.

e The linear map ¢ : B — S defined by a;h’ — a; + F;_1 is clearly surjective
and a morphism of algebras for the product (x) in S. It is clear that hB C ker ¢
because p(h) = 1+ %y = 0 in S. Conversely, take f = ag + aih + -+ + a;h’ in
B with ag, a1, ...,a; be elements of %y, %1,...,.%; respectively and suppose that
o(f) = 0. Then: a9+ -1 =0, a1 + % = 0,...,a; + F;—1 = 0, that means
ao = 0,a1 € Fg,...,a; € Fi_1. Thus f = h(aj + ash + - + a;h*~1). We conclude
that ker o = hB and ¢ : B/hB — S is an isomorphism of algebras.

e The linear map 1 : B — A, (k) defined by a;h’ — a; is clearly surjective and a
morphism of algebras. We have ¢y(h—1) = 1—1 = 0in A, (k) thus (h—1)B C ker.
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Now consider f = ag + a1h + --- + a;h' € B with ag,a1,...,a; be elements of
Fo, F1, - - ., Fn respectively such that ¢(t) = 0. Then: ap + a1 + -+ a; = 0.
Therefore f = ag(1 — k%) +a1h(1 —hi=Y) + .- +a;_1h*"1(1 - h) € (h — 1) B. Hence
kert) = (h — 1)B and 9 : B/(h—1)B — Ay (k) is an isomorphism of algebras.

e For a; € F;, aj € F; we have [a;h', a;h7] = [a;,aj]h = hy(a;h?, a;h7) with
notation y(a;h%,a;h’) = [a;, a;]h" 71 = a4 ;1AL where a;qj_1 = [a;, a;] lies
in %41 because of the property [%;, #;] C %;;;j_1 of the Bernstein filtration.
Thus the Poisson bracket defined on B/hB by deformation process is given by
{a;h! + hB,a;h? + hB} = [a;, a;]h"T~! + hB whose image by @ is (x). O

The calculation of this bracket of S on elements of %y gives {z;,z;} = [pi,p;] = 0,
{vi,u;} = lai,¢;] = 0 and {=;,y;} = [pi,q;] = d;;. We conclude that S is Poisson
isomorphic to the Poisson-Weyl algebra S,,(k) defined in example 1 of 1.1.1.

quantization

deformatio
A, (k) =~ B/(h—1)B

In the “classical” examples 1 and 2, the principal ideal domain R was just k[A]. In quantum
algebra construction, a standard choice is R = kg, ¢~!] and h = ¢ — 1 when the relations
laws depend on a single quantification parameter. In the multiparamater cases, it is more
convenient to take R = k[[h]]. We will use the notation e(«) = exp(ah) = >, za'h’ for
any « € k, observing that e(a + 3) = e(a)e(f). -

EXAMPLE 3. Let A = (\;;) a n x n antisymmetric matrix with entries in k. Denoting
¢i; = e(N\ij) € R = k[[h]], the matrix g = e(X\) = (g¢;;) is multiplicatively antisymmetric
with entries in R. We can consider the multiparameter quantized coordinate ring of affine
n-space (or simply quantum n-space) B := Og(R") = Ry4[t1, ..., t,], which is by definition
the algebra generated over R by n generators tq,...,t, with relations:

tﬂfj = q”t]tz for all 1 S Z,] S n. (16)

Observe that AR is maximal in R and B is a free R-module. Denoting by S = k[z1, ..., x,]
the commutative polynomial algebra in n indeterminates over k, the additive map ¢ :
B — S defined by o(r(h)t{™ ... t") = r(0)z{" ... 2" is a ring homomorphism (because

e(Xi;)(0) = 1), surjective, with ker p = hB. We compute:

AR AP pm
[ti, 15] = (g — 1)tjts = 2; =ortiti = h(Agtsti + Z mmrtiti):
m>1
Hence, applying the semiclassical limit process, we introduce 'y(ti,tj) = h't;,t;] € B

and define in A ~ B/hB the Poisson bracket:
8



{zi,x;} = {ti, t;} = y(ti, t;) = Nijwix;  for any 1 <i,5 <n.
We recover relations (6) and conclude that S is Poisson isomorphic to the Poisson-quantum
space PA(k) defined in example 2 of 1.1.1.

quantization
......................................... -

P(k) ~ B/hB Ocn (K[[M]") = B

semiclassical limit

EXAMPLE 4. Let p = (p;;) a n X n antisymmetric matrix with entries in k, and A € k.
Denoting ¢;; = e(p;;) € R = k[[h]], the matrix g = e(X) = (g;;) is multiplicatively
antisymmetric with entries in R. We also introduce p = e(\) € R and consider the
multiparameter quantum n x n matrix algebra B := 0y ,(M, (R)), which is by definition
the noncommutative algebra generated over R by n? generators t;;, 1 < 4,5 < n, with
relations:

R

QiGjm tijtim + (10— 1)@ timty; if | >4 and m > j,
timli; = § L Qudjm tijlim if { >4 and m <y, (17)
@jm tijtim if =4 and m > j.

The standard single parameter relations are recovered when u = ¢~2 and ¢;; = ¢ for all

i > j. When u = 1, we just have a multiparameter quantum affine n?-space ﬁq(R”Q)
in the sense of previous example, for suitable q. It is easy to observe that B is a free
R-module (for instance viewing B as an noncommutative iterated Ore extension of R).
By calculations similar to those in example 3, we check that B/hB = O(M,(k)) is the
commutative algebra B/hB = O(M,(k)) in n? generators z;; (1 < 4,7 < n) over k, and
the Poisson structure deduced on it by the semiclassical limit process is defined by:

(Pti + Djm)TijTim + ATim @y, ifl >7and m > j
{$lm7 xij} = ()\ + pu + pjm)IijIlm ifl >4 and m < j (18)
DimTijTim if l=14and m > j.
Using notation & (M,,(k))p.» for this Poisson algebra, we have:

quantization

Oc(p) e (M (K[[R]]")) = B

REMARK. An important observation on relations (18) is the fact that, if (7,7) <jex
(I,m), then z;;x, = axyy,+b where a, b are polynomials in the generators zy;, where
(k,h) <jex (I,m). Hence, when the z;;’s are adjoined in lexicographic order, the
Poisson algebra &'(M,,(k))p » can be described as an iterated Poisson-Ore extension:

ﬁ(Mn(]k))p)\ = k[xll][x12]012,512 [$13]013,613 v [xnn]annﬁnnv (19)



where oy, is the Poisson derivation and 6;,, is the Poisson oy,,-derivation of the
subalgebra generated by the z;;’s with (4, j) <jex (I, m) defined, for any 1 < I,m < n,

by:
(Pii + pjm)Tij if I > ¢ and m > j,
Oim(zij) = A+pu +pjm)zi; ifl>iand m <j (20)
PimTij if l =14 and m > j,
) Awimay; if 1 >4 and m > g,
Oum (:7) = { 0 in other cases. (21)

EXAMPLES 5. In the continuation of examples 3 and 4, the article [20] studies Pois-
son analogues of some others significant families of multiparameter quantum algebras
(quantum symplectic spaces, quantum even or odd-dimensional euclidian spaces, quan-
tum symmetric and quantum antisymmetric matrices), which are described in terms of
semiclassical limits and as iterated Poisson-Ore extensions.

1.2 Rational equivalence of polynomial Poisson algebras

Let A and A’ be two Poisson algebras which are domains, with respective fields of fractions
K and K’ equipped with the canonical extensions of the Poisson brackets. We say that A
and A’ are rationally equivalent (as Poisson algebras) is there exists a (ring) isomorphism
¢ : K — K’ which is a Poisson morphism, i.e. ¢({a, b} k) = {p(a), ¢(b)} k: for all a,b € K.

REMARK. In most cases studied in the following, we will have A = kz1, ..., 2]
and A" = k[z],...,]] with Poisson brackets defined on the generators:

{zi,x;}a = fij(x1,... @) and  {z}, 2%} 4 = gi(2), ..., 27,)
for some f;; € A, gi; € A’ for all 1 <+i,j < n. Then a necessary and sufficient con-
dition for A and A’ to be rationally equivalent is the existence of elements y1, ..., y,

in K =k(x1,...,z,) such that:
K:k(yl77yn> and {ylvy]}K :glj(y177yn) for all 1 S Z?] S n

which allows to make explicit a Poisson isomorphism K — K’ (defined by y; — «/
for any 1 <7 <n).

1.2.1 Poisson-Ore rational functions fields

NOTATION. Suppose that A is a domain with field of fractions K. If o is a Poisson
derivation and 0 is a o-derivation of A, their canonical extensions into derivations of
K also satisty (7) and (8) for all a,b € K and for the Poisson bracket extended to K
by remark 2 of 1.1.1. Hence we can consider the Poisson-Ore extension B = K|x],.
Applying again remark 2 of 1.1.1 to Frac B, we obtain a Poisson-Ore structure on the
field of rational functions K (z) and we naturally denote it by:

Frac (A[z],s) = Frac (K[z],s) = K(2)ss. (22)
10



LEMMA. We suppose here that the base field k is of characteristic zero. Let K be
a commutative field with a structure of Poisson algebra over k. Let o be a Poisson
derivation of K. If o is not Hamiltonian, then the Poisson center of the field K (), is:

Zp(K(x)sp0) = Zp(K) Nkero.

PROOF. Let f be a nonzero element of K(xz). We can develop it canonically in K((z)) as a
Laurent series f =) -,  a,z™ where m € Z is the valuation of f and a, € K for any n > m
with a,, # 0. Since {z,a} = o(a)x for any a € K, the Poisson bracket on K (z) can be extended
naturally to K ((x)). In particular, for any a € K, we have:

{f,a} = Z {apx",a} = Z ({an,alz™ + nap{z,a}z"1) = Z ({an,a} +nano(a))z".

n>m n>m n>m

If f € Zp(K(2)sp), then {f,a} = 0 for any a € K and therefore na,o(a) = {a,a,}. Since
o is not Hamiltonian and chark = 0, it follows that a, = 0 for any n # 0. In other words,
f =ao € K, and more precisely f € Zp(K). Now the condition {x, f} = 0 implies o(f) =0. O

REMARK. It is proved similarly in proposition 2.9 of [36] that: if § is a non Hamiltonian
Poisson derivation of K, then the Poisson center of K (x)os is Zp (K (x)o,s) = Zp(K)Nker 6.

EXAMPLE 1 (first Poisson-Weyl field). We consider, as in example 1 of 1.1.1 or (12),
the first Poisson-Weyl algebra S;(k). Its field of fractions (with the extended Poisson
structure) will be named here the first Poisson-Weyl field and denoted by Fy (k):

Fi(k) = FracS, (k) = k(y)(2)o.o, = k(2)()o,-o,- (23)

It would be useful in many circumstances to give another presentation of Fy(k). Set
w = xy; of course k(z,y) = k(x,w) and relation {x,y} =1 becomes {x,w} = x. Hence:

Fi(k) = FracS; (k) = k(w)(x)a,.0 = k(z)(w)o,—z02- (24)
Applying the lemma above, we obtain:
if k is of characteristic zero, then Zp(F(k)) = k. (25)

EXAMPLE 2 (first Poisson-quantum field). We consider, as in example 2 of 1.1.1 or (13),
the Poisson-quantum plane Py (k) for some A € k. Its field of fractions (with the extended
Poisson structure) will be named here the first Poisson-quantum field parametrized by A
and denoted by Q3 (k):

Q3 (k) = Frac Py (k) = k(y)(x)x0, 0- (26)
Applying the lemma above, we obtain:

if k is of characteristic zero, and \ # 0, then Zp(Q5(k)) = k. (27)
11



Then we can give the following classification up to rational equivalence of quadratic Pois-
son polynomial algebras in two variables (see also exercise 1 below).

PROPOSITION. We suppose here that k is algebraically closed. Let S = k[z,y| with a
Poisson bracket defined from {z,y} = P(z,y) for some polynomial P of total degree < 2.
Then, Frac S = k(z,y) is Poisson isomorphic to (k) or to Q3 (k) for some A € k.

PROOF. The proof is by direct calculation of adapted rational generators. We denote P(z,y) =
ax? + Byx + yy? + Ax + py + n with a, 8,7, A\, u,n € k.

e Case 1.1: @ = 0 and B # 0. The element 2’ := z + (By + N\)"'(yy? + py + n) satisfies
k(y)[z] = k(y)[2'] with {2/,y} = (By + A)2’. Then ¢ := By + X satisfies k(y)[2'] = k(y')[2'] and
{/,y'} = Ba'y’. We conclude that k(x,y) = k(z’,y’) is Poisson isomorphic to Qg(k).

e Case 1.22 a = B = 0 and A # 0. The element 2’ := x + A\"'(yy? + puy + n) satisfies
kly, ] = kly,2'] with {2’,y} = A2’. Then y := A\~(z') "1y satisfies k(2)[y] = k(2')[y/] and
{z/,y'} = 1. We conclude that k(z,y) = k(z’,y’) is Poisson isomorphic to F; (k).

e Case 1.3: « = B = X = 0. The element 2’ := (yy? + puy + n) "'z satisfies k(y)[z] = k(y)[2’]
with {2/, y} = 1. We conclude that k(z,y) = k(2/,y) is Poisson isomorphic to Fy (k).

We suppose in the following that o # 0. We have: {z,y} = a(z+ 6%2/\)2— (5y4+)\)2 +yy+ny+p.

Q

The element 2’ := x + ’By+>‘ satisfies k[y, 2] = k[y, '] and we compute:
2—4 A—2 A2—4
{.Z‘7y}:{l’,y}:0[$ _547(;”?/2_ k 2aomy_ 40ca‘u'

e Case 2.1: 32 # 4ay. Then this bracket can be rewritten:

24 A— A2—4
() = a0 - Sk [ phken ) ot
The element y' := y + gé‘ za" satisfies kly, 2'] = k[y/,2'] and {2/,y'} = {2/, y} = aa”? — (y? + &,

where ( = 522% € C* and £ € C deduced from the resting terms. We choose o/, (' € C* square
roots of «, ¢ and we define 2" := /2’ — 'y and ¢y’ := o/’ + 'y, so that k[y/, 2] = k[ " x| with
relation {z”, 9"} = 2a/¢'{2’,y'} = 2a/C'x"y" +20/(’€. A last change of variable " := 2" 4 &y}
leads to k(y") (") = k(y”)(2"") and {z"",y"} = 2a/{'2""y"”. We conclude that k(z, y) k(2" y")

is Poisson isomorphic to ng‘lg (k).

e Case 2.2: B? = 4ay and BN # 2an. We have {2/, y} = 20”7 w‘y + az’? )‘QZia“. By a first

polynomial change of variable y' = y + (a2’ — )‘QZéa“ )(5/\3%0”7), we have kly, 2] = kly', 2]
and {2/,y'} = 2%~ w‘y’. Setting 2 := (5/\Ea2an)y’ L' we obtain k(y')[2'] = k(y')[2"] and

{", 9/} =1. Hence k(az y) = k(2”,y') is Poisson isomorphic to Fy (k).
e Case 2.3: 32 = 4ay and B\ = 2an. The bracket {2/, y} = ax’? — % reduces to {z/,y'} =1

2 Adapy—
4o

by the rational change of variable y' = (ax 1y, and we conclude that k(x,y) =

k(z',y") is Poisson isomorphic to Fy (k). O

EXAMPLE 3 (Poisson-Weyl fields). The n-th Poisson-Weyl field F, (k) is the field of
fractions of the n-th Poisson-Weyl algebra defined in example 1 of 1.1.1 or by (12):

Fn(k) = FracS,(k) =k(y1, - -, ¥n)(®1)0,, (2)0,0,, - - - (¥n)0.8,, (28)
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The products w; = z;y; for all 1 <7 < n satisfy the relations
{mi,wi} = Ty, {.’ﬂi,w]'} = {wi,wj} = 0 lfj 7é 7;, (29)

and provide an alternative presentation as a field of fractions of an iterated Poisson-Ore
extension:

Frn(k) = k(wy, w2, . . ., wn)(21) 0, .0(T2)8,,.0 -+ * (Tn)o,, 0- (30)

If we replace k by a purely transcendental extension K = k(z1, 29, ..., 2;) of degree t of
k, the Poisson field IF,,(K) is denoted by .%, (k). By convention, we set .%;(k) = K. To
sum up:

Fnr(k) =TF,(k(z1,...,2)) forall t>0,n>0. (31)

One can prove using inductively the lemma above that:
if k is of characteristic zero, then Zp(.Z,+(k)) =k(z1, ..., 2). (32)

EXAMPLE 4 (Poisson-quantum fields). For any n x n antisymmetric matrix A = (\;;)
with entries in k, the n-th Poisson-quantum field Q> (k) is the field of fractions of the n-th
Poisson-quantum space defined in example 2 of 1.1.1 or by (13):

Q) (k) = k(21)0,.0(2) .0 - - - (Tn)a,.05 (33)
with o; = Zl§j<i AijT 0y, traducing the brackets {z;, z;} = Ajjz;2; + 0.

It will be useful in the following to observe that the bracket of two monomials in Q2 (k)
can be expressed by:

{z", 2"} = ) abpdma™™ = (@A) 2™ for all a,b € Z", (34)
1<l,;m<n
with the global notation &® = x{'z5? ... 2% for a = (a1, az, ..., a,).

EXERCISE 1 (example in degree 3 on the plane). Let S = kz, y] with bracket:
{z,y} = Ay —a)(y - Bz,

for some a, B, A € k, A # 0. Prove that FracS = k(z,y) is Poisson isomorphic to

F (k) when o = 3, and to Q3 (k) for X = A(a — 8) when a # .

Hint: in the first case, take k(z,y) = k(x,y’) for y = (y — a)x and then k(z,y') =

k(z',y) for 2/ = A 1oy’ ™% ; in the second case, take k(z,y) = k(z,y") for y" =

(y— )y —B)"a

EXERCISE 2 (2 x2 matrices). Let S be the Poisson algebra defined on the coordinate
algebra k[x, y, z, t] of the 2 x 2 matrices with entries in k (see [27], or above example
4 of 1.1.3 with particular values n = 2,p1a = =2 = —p91, A = —4) by:

{‘T7y} = 2l’y, {.’E, Z} = 21’2, {Q?,t} = 4y2,
{y,2} =0, {y,t}=2yt, {zt} =2zt
13



Prove that F' = Frac S is Poisson isomorphic to Q3 (K) for A = 2 and K a purely
transcendental extension of degree 2 of k.

Hint: check that u := xt — yz € Zp(S) and v := y~ 'z € Zp(F); deduce that
F =k(u,v)(y)(x)e,0 for o = 2y0,.

EXERCISE 3 (semi-classical limits of 3-Calabi-Yau algebras). Two types of Poisson
algebras arise from the classification of [§]:

the “jordanian” A = k[x,y, 2] with {z,y} = 222, {2,2} =0, {y, 2} = 22,
the “multiplicative” S = k[x,y, z] with {z,y} = zy, {y, 2} = yz, {z,2} = 2.

Prove that Frac A is Poisson isomorphic to .#7 1 (k), and Frac S is Poisson isomorphic
to Q3(K) for A = 1 and K a purely transcendental extension of degree 1 of k.

Hint: check that u := 22z lies in the Poisson center of A, and v := xyz lies in the
Poisson center of S.

1.2.2 Rational classification and rational separation results

In all this section, we suppose that the base field k is of characteristic zero.

We address here the question of when Poisson-Weyl fields or Poisson-quantum fields are
Poisson isomorphic or not. Most results come from [20] and can be viewed as Poisson
analogues of noncommutative similar problems studied in [1], [29] or [31]. We start with
the following observation:

OBSERVATION. Poisson-Weyl fields %, (k) and #,, (k) are Poisson isomorphic if and
only if m =n and s = t.

PROOF. By (31) and (32), 2n-+t is the transcendence degree of .%,, +(k) and ¢ is the transcendence
degree of its Poisson center. O

The same question for Poisson-quantum fields is of course more difficult since dimensional
invariants are not sufficient to take into consideration the complexity of the n? parameters
of the matrix A encoding the Poisson structure. We will see that it is necessary in this
case to consider the set of all matrices B B for B € M, (Z) as an invariant of Q) (k).
The first step is the following key result:

PROPOSITION 1. Let A and p two n X n antisymmetric matrices with entries in k. If there
exists A € GL,(Z) such that p = AXNA™, then Q(k) and Q*(k) are Poisson isomorphic.

PROOF. Let aq,...,a, be the rows of A, set y; = % for 1 <i < n and observe using (34) that:
{yi, yita = (@Xal)yiy; = pijyiy; for all 1 <4, j <n. (35)

A being invertible, the z;’s lie in k(y1,...,yn), so the y;’s are algebraically independent over k
and k(y1,...,yn) = k(x1,...,2,). The k-algebra automorphism ¢ defined by y; — x; for any
1 <i < n becomes a Poisson isomorphism Q2 (k) — Q% (k) since we have:

o({yir yita) = d(pijyiys) = 1ijd(yi)o(y;) = pijwizy = {xi, x5} = {0Wi) ¢(Y5) s
14



U
NoOTATIONS. We introduce for a Poisson-quantum field Q> (k) the two following adapta-
tions of the noncommutative rational invariants of [1].
(i) Bax is the k-vector space %y Nk, where % = {Q) k), Q)(k)} is the k-subspace of
QX (k) generated by all brackets {f, g} for f,g € Q)k).

(i) Cy is the subset 6 N M, (k), where %) is the subset of M, (Q}(k)) whose elements
are all matrices ({fi, f;}/i ' f; ")1<ij<n for all nonzero elements f1, ..., f, in Q) (k).

PROPOSITION 2. Let A be a n x n antisymmetric matrix with entries in k. Then:
Bx=(0) and Cx={AXA"; Ae M,(Z)}.

Proor. Here K = Q) (k) = k(z1,...,,) with Poisson bracket (6), or more generally (34). Put
the lexicographic order on Z" and denote by L the corresponding Hahn-Laurent power series field

in z1,...,2,. The elements of L are formal series ) acl @ax® where I is a well-ordered subset
of Z™ and the coefficients o, lie in k. The field L contains the subring of Laurent polynomials
k[zF, ...,z (corresponding to the series whose support is finite) and then its field of fractions

K. The Poisson bracket (6) extends to L by setting:

ij=1
which is well-defined in L because the supports of z;0,,(f) and z;0,,(g) are contained in those
of f and g.
elet f=> craqx®and g=73, ; Bpx? be two elements in L, for I,J well-ordered subset of
Z"™ and ag, By € k. Since z;0,,; (aqx®) = a;a,x®, we have:

{f,g} = i )\U( Z aiozaaca)( Z bjﬁbacb) = Z ( i )\ijaibj)aaﬁbma"‘b. (36)

ij=1 a€El beJ aclbe ij=1

Denoting by 7 : L — k the k-linear map that gives the constant term (i.e. the coefficient of x°
in the development), we deduce that:

m{f,9})= 2 (i Aijaibj)eaBy = Y (- i Aij@ia;) g

acljet ij=1 acIn(-J)  ig=1

a+b=0
Since A is antisymmetric, we have A;ja;a; + Aj;aja; = 0 for all 7,5 = 1,...,n and then each of
the sums > !'._; Ajja;a; is zero. Thus ({f,g}) = 0. We conclude that By = (0).

e The identity (35) doesn’t depend on the the property for A to be invertible or not. Therefore
we have AAA™ € M, (k) for any A € M,,(Z). Hence it suffices to show that for any (y1,...,yn) €
(LX), the matrix (7({yi, y;}(viy;)~")) has the form AXA' for some A € M, (Z).

Write each y; = 3¢ ;) @i,a@® where I(i) is a well-ordered subset of Z" with minimum element
m(i) and coefficients ;o in k such that a; ;) # 0. Then y; L = 2 beJ (i) Bipz® where J(i) is
a well-ordered subset of Z" with minimum element —m(i) and coefficients f;; in k satisfying
Bi,—m(i) = a;rln(i). For all 1 <i,j < n, any element ¢ € Z" in the support of the series {y;,y;}
satisfies ¢ > m(i) + m(j), see (36), and so applying (34), we have:

m({yi yiHyiyy) ") = {20, @)= O7m0) = m (i) xm(j)".
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Finally (7({y;, yj}(yiyj)_l))1gi,jgn = AXAY™ where A is the matrix with rows m(1),...,m(n).
O

COROLLARY 1. Any Poisson-quantum field Q}(k) is not Poisson isomorphic to any
Poisson-Weyl field %, (k) such that m > 1.

PRrOOF. It follows from equality By = (0) that Q) (k) doesn’t contain elements a,b such that
{a,b} = 1. O

Observe that the proof of the corollary shows more generally that a Poisson algebra
containing two elements a,b such that {a,b} = 1 cannot be embedded in a Poisson-
quantum field.

COROLLARY 2. Let A\, uu be two elements of k. Then Q3(k) and Q4 (k) are Poisson
isomorphic if and only if A = +pu.

PROOF. Assume \ = —pu. The k-algebra automorphism ¢ of k(z,y) defined by z + z,y +> y~!

becomes a Poisson isomorphism of Q3 (k) onto Q% (k) because

{o(2), d(W)}tu = {2,y = —{z,y}luy ? = —pay ™" = Aay™! = Ad(2)d(y) = d({z, y}x)-

Conversely assume that Q3 (k) and Q% (k) are Poisson isomorphic. By second point of proposition

2, we have {AXNA"; A € My(Z)} = {BuB"; B € My(Z)}, with A = (_()’QO) and g = (9,150)'

From which we see that ZA = Zu, and finally A = —pu.

Thus, the answer to the question of the converse of proposition 1 above is complete
for n = 2. For arbitrary n, three significant particular situations are addressed on the
following theorem.

THEOREM (K. Goodearl, S. Launois). Let XA and p be two antisymmetric n X n matrices
with entries in k. Assume that one of the following holds:

(i) A € GL,(k);
(ii) the additive subgroup of k generated by the n? entries of X is cyclic;

(iii) the additive subgroup of k generated by the n? entries of A is free abelian of rank
n(n—1)
e
Then, Q) (k) and Q¥(k) are Poisson isomorphic if and only if there exists A € GL,(Z)
such that p = AXNA"™

Proor. We follow [20]. Sufficiency is given by proposition 1 independently of assumptions (i),
(ii) or (iii). So we suppose that Q}(k) and Q4 (k) are Poisson isomorphic. Hence by second
point of proposition 2, there exists A, B € M,(Z) such that p = AXA"™ and A = BuB". Then
A = (BA)X(BA)™.

(i) Assume X € GL,, (k). The identity A = BAX(BA)'Y implies det(BA)? = 1,50 A, B € GL,(Z).
16



(ii) Assume that there exists some A € k such that »;; <, ZAij = ZA. If A = 0, then A = 0;
the Poisson bracket on Q) (k) is the trivial one, and similarly the Poisson bracket on Q% (k) by
isomorphism, i.e. g = 0. Finally A = I, ul".

We suppose now that A # 0. Since \;; € M for all 1 < 4,5 < n, the matrix A~ 1\ is antisymmetric
with integer entries. By a classical argument of linear algebra on integer matrices?, its rank is
even (denote it by 2r) and there exists a matrix C' € GL,(Z) such that

0 di 0 - e 0
—dy 0
cA Iy = (-) = A0 with A € GL2,(Z)
: 0 dnr ’ 0 0/’ S
—d, 0
0
- 2o
for some nonzero integers di, ... ,d, (satisfying moreover di|dyy1 for k = 1,2,...r — 1). Since

C € GL,(Z) we may replace A by C(A~!X)C™ and there is no loss of generality assuming that
A= (49). The equations p = AXA"™ and XA = BuB" imply that X and p have the same rank
2r, and that } 3y o; o, Ziij = D 1< j<p ZAij = ZA. On the same way, we assume without loss
of generality that pu = (]\6[ 8) for a suitable matrix M € GLo, (k). Write A, B in block form as:

An A12> <Bll B12>
A — N B =
(A21 Ao Ba1 Bao
where A11, B11 € My, (Z). The equalities p = AXA"™ and XA = BuB"™ become :

M 0\ _ (AnAAf A AAY - A 0\ _ (BuMBY BuMBY
0 0 Ay AAY Ay AAY 00 ByMBY, By MBY )

A first consequence is that M = A1 AAY,, and then g = EAEY™ with F := (Aél In? r) € M, (Z).

2
A second consequence is that A = (B11A11)A(B11A11)" and then (using the determinant) A €
GL2,(Z). We conclude that E lies in GL,(Z) and the proof of (ii) is complete.

(iii) We suppose now that the abelian group G := },; ., Z\;; is free of rank n(n—1)/2. Since
A is antisymmetric, G is generated by the \;;’s for ¢ < j, the assumption of rank n(n — 1)/2
implies that B = {\;;; 1 <1i < j < n} is a Z-basis of G. As noted in the proof of part (ii), we
have also G = 3, i<, Zpij and then C' = {y;;; 1 < i < j < n} is another Z-basis of G.
Identify A with the k-linear map k™ — k" given by left multiplication of A on column vectors.
Let a = (a1,...,a,) an element of Z"Nker A. We have Ajgas+- - -+ A1pa, = 0. Since A2, ..., A,
are Z-linearly independent, it follows as = - -+ = a,, = 0. Similarly, Ao1a1 4+ Aogas +- - -+ Aopa, =
A21a1 = 0 implies a1 = 0 since Ag; = —A12 # 0 (as an element of the basis B). We conclude that
Z" Nker A = {0}. Since A = BAX(BA)™, we deduce Z" Nker(AB)"™ = {0}. But (BA)" is an
integer matrix, so we obtain det(BA)"™ # 0 and thus det(BA) # 0. Write (BA) = (dij)1<ij<n
and compare entries in equation A = BAX(BA):
Aij = > dagdimdim = Y, dagdimdim + Y. dadimdim = Y. (dadjm — dimdj) Nim

1<l;m<n 1<l<m<n 1<m<I<n 1<l<m<n

2see for instance theorem IV.1 in: M. Newman, Integral Matrices, Academic Press, New-York, 1972
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for all 1 <4,j <n. The A\j;,’s such that [ < m being Z-linearly independent, we obtain:
dildjm — dimdﬂ = (5l-ldjm forall 1 <4 <j<n and 1 <[l <m<n.

It follows from Laplace relations that all the 2 x 2 and larger minors of BA for which the row
and column index sets differ must vanish. In particular, this implies that the adjoint matrix
D = adj(BA) is diagonal. Since BAD = det(AB)I,, and det(AB) # 0, we conclude that BA is
diagonal. The equation A = BAX(BA)' reduces to Aij = diNijdj; for all ¢, 7 whence dj;dj; = 1
for all i < j. Since n > 2 and the d;;’s are integers, d;; = £1 for all i, whence BA € GL,,(Z).
We conclude that A € GL,,(Z), and the proof is complete O

To the best of our knowledge, the natural question of a similar result for any arbitrary
antisymmetric matrices A, g remains still open.

2 POISSON ANALOGUES OF GEL’FAND-KIRILLOV PROBLEM

2.1 Rational equivalence for semiclassical limits of enveloping
algebras

The framework of this section is the Kirillov-Kostant-Souriau Poisson structure defined in

example 1 p. 6. We fix a finite dimensional Lie algebra g over k (supposed of characteristic

zero). The symmetric algebra S(g) is the quotient S(g) = T'(g)/(x®@y—y®x) of the tensor

algebra T'(g). For any k-basis (z1,...,x,) of g, the monomials (21" ... 20" ), . m,en are

a k-basis of S(g). Hence S(g) is isomorphic to the commutative® polynomial algebra
k[zi,...,x,]. The Poisson bracket on S(g) is defined from:

{z,y} = [z, vlq for all z,y € g,

extended by Leibniz rule into:
{z, 2. . 2"} =3 mi(H#i x;nj)x:”_l{x,xz} forall z € g, my,...,m, €N, (37)
i=1

and finally by linearity and antisymmetry to define {z,y} for all z,y € S(g). Following
remark 2 p.2, the Poisson structure also extends canonically to the field of fractions
k(z1,...,z,). We denote by L(g) the field Frac S(g) with this extended Poisson structure.
2.1.1 Problem

We start with some toy examples.

EXAMPLE 1 (Solvable case). We consider the nonabelian twodimensional Lie algebra
g2 = kz @ ky, the symmetric algebra S = S(g2) = k[z,y| and its field of fractions

3Similarly, for the enveloping algebra U(g) = T(g)/(z®y —y®@x — [x,y],), the Poincaré-Birkhoff-Witt
theorem asserts that U(g) is the noncommutative polynomial algebra with k-basis (7™ ... 2 ), .. m.eN
and multiplication defined from the commutation law zy — yz = [z, y], for z,y € g.

18



L(g2) = k(x,y) with the Poisson bracket defined from {z,y} = z. Introducing (see
proposition 1.2.1) the rational variable ¥’ = yz~! which satisfies k(z,y) = k(z,y’) and
{z,y'} =1, we conclude that L(gs) is Poisson isomorphic to Fy (k).

ExampPLE 2 (Nilpotent case). We consider the 3-dimensional Heisenberg Lie algebra
sli = ke @ky dkz, the symmetric algebra S = S(sly) = k|2, y, 7] and its field of fractions
L(sly) = k(x,y, z) with the Poisson bracket defined from {z,z} = {y,2} =0, {z,y} = 2.
L(sld) is the Poisson-Ore rational functions field k(z,y)(x)os where the Poisson bracket
on k(z,y) is the trivial one and § = 29,. Then L(sl]) = k(z,y,2’) for 2/ = xz~! with
{a/,2} ={y,2} =0, {a/,y} = 1. Hence L(sl]) is Poisson isomorphic to .7, ; (k).

EXERCISE. Set b, the (2n 4+ 1)-dimensional Heisenberg Lie algebra, the symmetric
algebra S(b,) = k[z,y1...,Yn,,@1..., 2] and L(b,) = k(2,91 ..., Yn,, 1 ..., Tp)
its field of fractions, with Poisson bracket defined from {;,z} = {yi,2} = 0 and
{zi,y;} = di jz for 1 <i,5 < n. Prove that L(b,) is Poisson isomorphic to .%#, 1 (k).

EXAMPLE 3 (Semisimple case). We consider here the Lie algebra sl = ke @ kh @ kf, the
symmetric algebra S(sly) = kle, h, f] and its field of fractions L(sly) = k(e, h, f) with the
Poisson bracket defined from {e, f} = h, {h,e} = 2e, {h, f} = —2f. The Casimir element
w = def+h*+1 lies in the Poisson center of S(sls). Observing that e = (w—h?—1) 7!, we
have L(sly) = k(w, h, f) with Poisson structure L(sly) = k(w, h)(f)s0 where the Poisson
bracket on k(w,h) is the trivial one and o = 20 is a nonzero derivation (i.e. a non
Hamiltonian Poisson derivation) of k(w,h). Hence Zp(L(sly)) = k(w) by lemma 1.2.1
and, up to the change of h into h' = 1h, we conclude using (30) that L(sl,) is Poisson

isomorphic to %7 1 (k).

PROBLEM. Let g be an algebraic Lie algebra over the base field k (supposed of character-
istic zero). Let S(g) be its symmetric algebra with the Kirillov-Kostant-Souriau Poisson
structure, and L(g) its field of fractions.

Do we have a Poisson isomorphism L(g) ~ %, (k) for some integers m,t >0 ?

By (31) and (32), such an isomorphism implies that L(g) is purely transcendental of
degree 2m + t over k, and the Poisson center of L(g) is purely transcendental of degree ¢
over k.

This question naturally appears as a Poisson formulation of the well known Gel’fand-
Kirillov problem.

CoMMENT. This is not about to give here a comprehensive presentation of this
deep and difficult problem. We recall only that the original article [19] makes
the conjecture that, for any finite dimensional algebraic Lie algebra g over k of
characteristic zero, the skewfield of fractions of the enveloping algebra U(g) is k-
isomorphic to the field of fractions %, (k) of the Weyl algebra A,,(K) over some
purely transcendental extension K of k of transcendence degree t. The conjecture
was proved by I. M. Gel'fand and A. A. Kirillov in [19] for nilpotent g, for gl,, and sl,,
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(1966). It was confirmed to by true for solvable g in three simultaneous independent
papers (1973-1974) by A. Joseph, by J. C. McConnell, and by W. Borho, P. Gabriel
and R. Rentschler. After several partial results, a step was taken with the first
counterexamples produced by J. Alev, A. Ohms and M. Van den Bergh (1996).
The situation where k is of characteristic p was studied by J.-M. Bois (2006). A
major step forward is the recent article [30] by A. Premet which proves, using by
reduction modulo p results for modular Lie algebras, that the original conjecture in
characteristic zero fails for simple g of types B,, forn > 3, D,, for n > 4, Fg, Fv, Eg
or Fy. We refer for details to [30], [38], [36] or [13] 1.2.11, and their bibliographies.

It is addressed by M. Vergne in [38], which gives a positive answer in the case where
g is nilpotent. Another reference on the topic is the article [23] by B. Kostant and N.
Wallach. Our goal here is to outline the methods used by P. Tauvel and R. Yu in [36] for
the case where g is solvable and in a generalized form, i.e. not only for S(g) but also for
all quotients S(g)/@ by a prime Poisson ideal Q.

OBSERVATION (about the condition on g to be algebraic or not). We adapt to our Poisson
context the last examples of [19].

(1) Let g be the solvable Lie algebra g = kx @ ky @ kz with [z,y] = v, [y,2] = 0 and
[z, z] = az for some fixed nonzero scalar a. It is clear that S(g) = kly, z][z]os for § =
y0, + az0,. Applying the remark in 1.2.1 p. 11, the Poisson center of L(g) = Frac S(g) is
Zp(L(g)) = k(y, z)Nker §. The derivation ¢ being homogeneous with action on monomials
defined by d(y"z"™) = (n 4+ am)y™z", two cases may occur:

(i) o = § for relatively prime nonzero integers p,q. Then kerd = k(t) for t := y P29,
Denoting by u,v integers such that pu + gv = 1, we can define s := y”z". Since
z = t's? and y = t7%s9, we have k(y, z) = k(s,t). Therefore L(g) = k(s,t)(x)os
with {t,z} = {t,s} = 0 and {z, s} = d(s) = (v+au)s, with v+au # 0. Replacing =
by 2/ = (v+au)'s 1z, we conclude that L(g) = k(t, s)(2'),0, is Poisson isomorphic
to ﬂ1,1<k).

(ii) @ ¢ Q. Then kerd = k. Hence L(g) is of transcendence degree 3 over its Poisson
center. Consequently, L(g) cannot be Poisson isomorphic to a Poisson-Weyl field.

As proved in example 24.8.4 of [35], the Lie algebra g is algebraic in the case (i) and non
algebraic in the case (ii). So: the answer to the problem p.19 can be negative for non
algebraic solvable Lie algebras.

(2) Let b be the solvable Lie algebra h = ka & ky & kz & kt with: [z,t] = (1 + a)t,
[y, t] = [2,t] =0, [x,y] = v, [y, 2] =t and [z, z] = az for some fixed nonzero scalar a.. For
any «, a direct calculation proves that the elements: z; := yt ™1, y; := 2, o := (1 + )¢
and yy 1= ayzt—2 — a7t satisfy k(z,y, z,t) = k(xy, y1, T2, y2) and {x1,y1} = {z2, 0} =1
and {z1, 22} = {y1,92} = {z1,92} = {22,151} = 0. So L(h) is Poisson isomorphic to
Foo(k) for any a € k*. However, since h/kt ~ g, the Lie algebra b is not algebraic for
a ¢ Q. So: the answer to the problem p. 19 can be positive for non algebraic solvable Lie
algebras.
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2.1.2 The case of solvable Lie algebras

We present only the broad outlines of the study [36] by P. Tauvel and R. Yu and we refer
the interested reader to the original article and the papers cited in references. Many of
them concern the study of the same question for enveloping algebras and it seemed difficult
to give in these notes all details and complete proofs for many specialized Lie-theoretical
results. Through the end of this section, k is algebraically closed of characteristic zero.

(i) The Poisson semi-center of the prime quotients of S(g). Let g a finite
dimensional Lie algebra over k. The adjoint action g X g — g is defined by x -y = ad,(y)
for all z,y € g, with notation ad, : g = g,y — [z,y]y. For any = € g, the endomorphism
ad, extends by Leibniz rule into the Hamiltonian Poisson derivation o, : S(g) — S(g),y —
{z,y} of S(g), in the sense of the first example p.3. Hence g acts on S(g) by:

g x S(g) = S(9), (v,y) = x-y=0.(y) (38)

The invariant algebra S(g)? := {y € S(g); {z,y} = 0 for all € g} is no more (by Leibniz
rule) that the Poisson center Zp(S(g)) = {y € S(g); {z,y} =0 for all z € S(g)}.

e Let @ be an ideal of S(g). It is clear (as above) that @ is g-invariant [i.e. 0,.(Q) C @
for all € g] if and only if @ is a Poisson ideal [i.e. 0,(Q) C @ for all x € S(g)].

In this case S(g)/Q is a Poisson algebra (see remark 4 in 1.1.1). For any x € g, the map
g, :5(9)/Q — S(9)/Q, a— {T,a} is well defined (with 7,(a) = {z,y} for a =7) and is
an Hamiltonian Poisson derivation.

To simplify, we denote B := S(g)/Q. The g-action on B is defined by:

r-a=70.(a)={T,a} forzeg, ac B. (39)
Reasoning as above, the Poisson center of B is:

Zp(B)=B*={a€B;xz-a=0forany z € g} =), kera,. (40)

reg

A semi-invariant for this action is an element a € B such that g-a € ka. For any nonzero
semi-invariant element a, there exists a linear form A € g* such that - a = A(z)a for any
x € g. We say that )\ is the weight of a. We denote

E(B) := the set of nonzero semi-invariants of B. (41)
Conversely, for any A € g*, we set:
By :={a € B;z-a= \z)a for any = € g}, (42)

which is a subspace of B. An linear form A such that B, # (0) is a weight of the action.
We denote the set of weights by

A={Xeg"; By # (0)}, (43)
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which is stable by addition [since a € By and b € B,, implies ab € By;,]. We define the
Poisson semi-center of B by:

SZp(B) := >, B, = the subspace of B generated by F(B). (44)

Aeg*
Since By = Zp(B), we always have:
Zo(B) € S0 (B) (45)

and the equality holds when g is nilpotent® (because in this case, the g-action on B is
locally nilpotent; see also 4.3.2 in [17]).

e We suppose moreover that @ is a prime ideal. We denote L := Frac B = Frac (S(g)/Q).
The g-action extends to L:

z-ab™t =7,(ab”") = ({7, a}b— a{Z,b})b™> forzeg, a,be B, b#0. (46)

and we consider in the same way as above:

Ly:={ceL;z-c=\x)cfor any z € g}, for all \ € g*,

N :={Xeg*; Ly # (0)}, which is an additive subgroup of g*,
p(L):=Ly=L"={ce L;x-c=0for any z € g} = the Poisson center of L,
E(L) := (Uxeg- L) \ {0} = the set of nonzero semi-invariants of L,

Zp(L) := > Ly = the subspace generated by E(L) = the Poisson semi-center of L.
AEg*

N

w2

e We suppose now that g is solvable®. This assumption occurs in the proof of the following
lemma, which links together the weight in A and A’.

LEMMA. Any ¢ € E(L) can be written ¢ = ab~! with a,b € E(B). More precisely, for
A € g* and ¢ € Ly, there exist u € g*, a € Byy, and b € B,, such that ¢ = ab™'.

PROOF. Let A be an element of g* and ¢ € Ly. Let I be the set of u € B such that uc € B.
It is clear that I is a nonzero ideal of B. We claim that I is g-stable: for any x € g, we have
(x-u)e=x-(uc) —u(xz-c) =z (uc) — ANx)uc, with uc € B and then z - (uc) € B, so (z-u)c € B,
and consequently x - u € I. So I is a g-submodule of B.

Denoting by V;, the image by the canonical map S(g) — S(g)/Q of the subspace of polynomials
of total degree < n, it follows from (37) that each V,, is stable under the g-action. Hence denoting
W, = I NV, for any integer n > 0, the g-module I appears as the increasing union of the finite
dimensional g-submodules W,,. By Lie’s theorem®, each of them admits a flag of g-submodules.

4The central descending series of a Lie algebra g is the decreasing chain of ideals: C(g) = g, C%(g) =
[9,9], ..., C"F(g) = [9,C%(g)], . . . By definition, g is nilpotent if C*(g) = (0) for some positive integer k.

®The derived series of a Lie algebra g is the decreasing chain of ideals: D%(g) =g, D'(g) = [g,49], - - -
D*1(g) = [Di(g), D(g)],. .. By definition, g is solvable if D¥(g) = (0) for some nonnegative integer k.

6Let (V,0) a finite-dimensional representation of a solvable Lie algebra g over an algebraically closed
field of characteristic 0. Then there exists a flag (0) = Vo Cc V4 C --- C V,, = V, with dim V; = 4, such
that o(g)(V;) CV; for any 0 < i < n; (see for instance [36] or [16]).
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In particular, there exists some nonzero element b in I such that g-b = kb. In other words there
exist b € I,b # 0 and p € g* such that b € B,. The element a := bc satisfies b € B because
belandxz-a=(z-b)c+b(x-c)=pu(x)bc+ A(x)bc. Hence a € By, O

e This lemma is a crucial ingredient for a sequence of technical and non obvious lemmas
(5.6 to 5.11 in [36]) which leads to the following two propositions (see also 4.3.5 in [17]).
PROPOSITION 1. The Poisson semi-center SZp(B) is a Poisson subalgebra of B, whose

Poisson structure is the trivial one.

For the second proposition, we first observe that the lemma implies that A’ is the additive
subgroup of g* generated by A. So we can consider the subspace of elements of g which
are annihilated by all weights of the g-action on B, or equivalently on L:

g:=[)ker A= [) ker\. (47)

XEA AEA!
Let z,y € g and A € A. There exists a € By, a # 0. In particular, we have [z, a] = A(z)a,
[y7 a] = )\(Q)CI anda using Jacobi 1dent1ty )\([‘/Ea y])a = Hma y]7 a] = _[[ya a]a l’] o [[a7$]7y] =
—[My)a, x] + [A(z)a,y] = 0. Therefore [z,y] € ker \. Hence we have proved:
[g.0] €5
In particular, § is an ideal of g. We consider Q := Q N S(g) and B := S(§)/Q identified
with a subalgebra of B. More generally, for (z1,...,2,) a k-basis of a complementary

subspace of g in g, the subspace g + kz; + - -+ + kz; is an ideal of g for any 1 < i < r
and it can be proved (see 5.13 in [36]; see also 14.4.5 in [25] in the context of enveloping
algebras) that, with the notations of 1.1.2 for Poisson-Ore extensions:

PROPOSITION 2. We have the Poisson-algebra isomorphism:

B =~ Blzos, [22)05 - - - 205,
where 9; is the Hamiltonian derivation determined by z;, with:
SZp(B) C SZp(B) = Zp(B).

e Another application of this lemma is the next proposition. Denoting m = dimg, we
can consider (see 19.4.5 in [35]) a Jordan-Hoélder chain (0) = go C g1 C ... C gm = @
of ideals of g with dimg, = i for any 0 < ¢ < m. Each g;/g;_1 being a one-dimensional
g-module, it defines a linear form v; € g*, for any 1 <i < m (if (y1,...,ym) is a basis of
g such that (y,...,y;) is a basis of g; for any 1 < i < m, we have [z, y;] = v;(2)y; + gi—1
for all x € g). By Jordan-Holder theorem, the composition factors g;/g;,—1 are uniquely
determined up to order and isomorphism (see [25], 0.1.3 and 14.4.10, or [36], 6.1, or [17],
1.2.6); hence the set {v1,...,v,,} is independent of the choice of chains of ideals. These
eigenvalues are called the Jordan-Holder weights of g on g. Then it can be proved ([36]
lemme 6.2, see also [25] lemma 14.4.10) that:

AC N+ -, N (48)
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It follows by the above lemma that A" C 141Z+- - - v,,,Z. We have seen that A’ is a subgroup
of g*, and chark = 0 implies that g* is Z-torsion free. Hence A’ is free of finite rank,
say with a basis (u1, ..., t¢). Applying again the lemma, there exist Aj,..., Ay € A such
that pu; = ijl n;;A; for some n;; € Z. Let us choose an nonzero element e; € By, for
each 1 <7 < s. The product e := e ...¢es generates a multiplicative subset in B and

we consider the Poisson algebra B.. In the group of units of B., generated by ey, ..., e,
there are monomials wy, . .., wy which are semi-invariants of weight p, ..., uy respectively.
Denoting by W the multiplicative subgroup of B, generated by wq,...,w,, we can see

that, for any w € W, the set of all nonzero semi-invariants in B, having the same weight
as w is wZp(B,). It is now possible to describe the semi-center of B,:

PROPOSITION 3. There exist a nonzero semi-invariant element e in B, and nonzero semi-
invariants elements wy, ..., w, in B, algebraically independent over Zp(B,), such that:

SZp(B.) = Zp(Be)[wit, ..., wil].

We refer for more details to 6.2 and 11.1 in [36] (see also 14.4.12 in [25] for a noncommu-
tative analogue).

EXERCISE 1. Prove that, with notation L = Frac B and L = Frac E, we have:

~

Zp(L) C Frac (SZp(B)) C Frac (Zp(B)) = Zp(L).
[Hint: use the lemma p. 22 for Lo to check that Zp(L) C Frac (SZp(B)), and simi-

~ ~ ~

larly Zp(L) C Frac (Zp(B)). Observing that the inclusion Frac (Zp(B)) C Zp(L) is
trivial, use proposition 2 to achieve the proof].

EXERCISE 2. We consider the example (1) p. 20, i.e. g = ke ®kydkz with [z,y] = v,
[y, 2] = 0 and [z, z] = az for some fixed nonzero scalar a. We take Q = 0 so that
B = S(g) = ky, z][z]o,s with 6 = y0y + @20, and L = Frac B = Ly = Frac S(g).

a) Prove that, if o ¢ Q, each distinct monomial in y, z is an eigenvector for a different
eigenvalue, and E(B) = {\y'z’; i,j € N,A € k*}. Prove that, if € Q7, there are
distinct monomials having the same eigenvalue, and then their k-linear combinations
belong to E(B). [Hint: consider y*24 and yP2%? for p,q € N, a = pg~1].

b) Prove that, if & ¢ Q or o € QX, then Zp(B) = k. Prove that, if o € QX, then
Zp(B) # k. [Hint: consider y?z? for a = —pq~ !, p,q € N]. Using example (1) p. 20,
deduce that Zp(Frac B) = Frac Zp(B) if and only if a ¢ Q or a € Q7.

c¢) Prove that, if « ¢ Q, then A ~ {i+j«; i,j € N} which is a free abelian semigroup
of rank 2, and A’ is a free abelian group of rank 2. [Hint: show more explicitly that
A = 11N+ poN where 1 = 2* and pg = az* in g*]. Prove that, if o = pg~! with
p, q relatively prime, then A’ is free abelian of rank 1 generated by ¢~!
d) We assume that ¢ Q. Observe that SZp(B) = kly, 2], g = ky ®kz, B= k[y, =],
and compare the expression B = kl[y, z][z]o s with proposition 2.

e) We assume a ¢ Q and choose e := yz in E(B). Prove that B, = k[y*!, 2F][z]0.s,
Zp(B.) =k, SZp(B.) = k[y*!, 2*!], and compare with proposition 3.

T*.

24



(ii) Poisson-analogues of McConnell algebras. Let V be a k vector space of finite
dimension n. Let w a linear alternating bilinear form on V. Let GG a free finitely generated
subgroup of rank m in the additive group V*. Denoting by S(V') the symmetric algebra of
V' and by k|G| the group algebra of G, we have an isomorphism of commutative algebras:

S(V) @k k[G] > k[z1, .. 2, 47 Y ) (49)
e There exists a unique Poisson structure on S(V') ®y k[G] such that:
{v,w} =w(v,w), {g,h} =0, {g,v} =N\(v)g, forallv,weV, ghecG, (50)

where the notation ), is for the linear form associated with g. The so-defined Pois-
son algebra is denoted by %y (V,w,G). It appears as a natural Poisson analogue of the
noncommutative algebras introduced in the seminal work of J.C. Connell on the prime
quotients of enveloping algebras of solvable Lie algebras (see chapter 14.8 of [25]).

Let S, (V) be the Poisson-subalgebra of % (V,w, G) generated by V. Denoting by 2¢ the
rank of w, and by V“ the kernel of w, we have clearly the isomorphism of Poisson algebras:

Su(V) =~ Sy(k) @, S(V*), (51)

where Sy(k) is the Poisson-Weyl algebra defined in 1.1.1. In order to characterize the
property for &y (V,w, G) to be Poisson-simple (i.e. to admit non nontrivial proper Poisson
ideal, see exercise 3 of 1.1.2), we introduce the following notations. The orthogonal of G
inVis V¥ := gec KerAg. For any g € G, there exists a unique derivation D), in the
polynomial algebra S(V') such that Dy, (v) = Ay(v) for any v € V. This derivation is
locally nilpotent and we define the automorphism ¢y = exp D, of S(V). Then it can be
proved (see 7.5 in [36]) that the following conditions are equivalent:

(a) Hx(V,w,q) is Poisson-simple ;

(b) the set of € S(V*) such that y,(r) = r for all g € G reduces to k;

(c) V¥NVe =(0).
In such a Poisson-simple %y (V,w, G), the Poisson-centralizer C' of the “group part” k[G]
is S, (V%) @, k[G] (see 7.6 in [36]), and so:

d(%(V,w,G)) =dimV +1k G, dk[G]) =1kG, d(C)=dimV®+1kG,

where d is the Gel'fand-Kirillov dimension (see [19] or [25]), that is in the case of a
commutative finitely generated domain A the transcendence degree of Frac A. The simple
algebras %y (V,w, G) are naturally connected with the Poisson-Weyl algebras and with the
prime quotients S(g)/@, as shown by the following two observations.

OBSERVATION 1. We suppose that By (V,w,G) is Poisson-simple. We denote: n =
dimV, 2¢ = rkw, t = dim V¥ = n — 2¢, and m = rkG. Then there exists a
Poisson-algebra embedding By (V,w, G) — Sp(k) ®x S, (k).

PrOOF. We recall that Sy(k) is the Poisson-Weyl algebra defined in 1.1.1 and
S.,(k) is its localized form defined in exercise 4 of 1.1.2. We denote Sy(k) =
k[z1,...,20,y1,. ..,y and S, (k) = k[w1, ..., wpy, zfﬂ, ..., 251, with brackets:
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{zi,y5t = 04, {zi, x5} =A{wi,y5} =0, {zi, w5} = b4z, {2025} = {wi, wj} = 0.
Let (u1,...,up,v1,...,0s81,...,5) be a k-basis of V' adapted to w, i.e. (s1,...,S¢)
is a basis of V¥ and the bracket of the Poisson subalgebra S,, (V') of Zk(V,w, G) is:

{us, v} = 8ij, {uwi,u;} ={vi,v;} =0 and {s;,u;} = {si,v;} = {ss,s;} = 0.
Let (g1, ..., 9m) a basis of the Z-module G. There exist scalars (\j;), (1) and (vj)
such that, forall 1 <i</,1<j<m,1<k<t:

{95, ui} = Njigss {95 vi}t = wjigj, {95, sk} = vjrg;-
Hence the k-algebra homomorphism 60 : Zx(V,w,G) — Si(k) ® S/, (k) define from:

uj — T + Z§:1 Njiwj, v = Yi + Z§:1 [LjiWg, Sk DI Vigwy, g e 2

is a Poisson-morphism, which is injective by Poisson-simplicity of %y (V,w,G). O

OBSERVATION 2. We suppose that By (V,w,G) is Poisson-simple. We denote: n =
dimV, 2¢ = rkw, t = dim V¥ = n — 2¢, and m = rkG. Then there exists a
solvable Lie algebra g and a Poisson ideal ) in S(g) such that #x(V,w, G) is Poisson-
isomorphic to the localization (S(g)/Q)r of S(g)/Q by the subset E of its nonzero
semi-invariants.

PRrOOF. With the same notations as in previous lemma, the Lie algebra g of dimen-
sion 2¢ +t + m + 1 defined adjoining a one-dimensional subspace kw to the space
V@(@Tzl kg;), for the Lie bracket (where 1 <i,j < ¢, 0 <k, k' <¢, 1 <p,g <m):

[ui, uj] = [vi,v;] = [sk, ws) = [sk,vj] = [sk,s17] =0, [u;,v;] = djjw,
[gpvgq] =0, [gpa U] = /\gp (U)gp for any v € V,
[w,u] =0 for any u € V& (DjL, kg)).

Then g is solvable, @ := (w — 1)S(g) is a g-stable prime Poisson ideal of S(g),
and the set F of nonzero semi-invariants of S(g)/Q is the multiplicative semi-group
generated by the elements g, (1 < p < m). By Poisson-simplicity of %(V,w,G)
the localized algebra (S(g)/Q)E is Poisson isomorphic to % (V,w, G). O

e Conversely, a fundamental result of [36] consists in a description of the prime quotients
S(g)/Q for any solvable g in terms of Poisson-simple algebras %y (V,w, G). The strategy,
similar to that developed in McConnell’s work for enveloping algebras (see chapter 14 of
[25]), is in two steps.

— In the case where g is nilpotent, denoting by F the set of nonzero semi-invariant elements
of B = S5(g)/Q and by K the Poisson-center of L = Frac B, it is proved in section 8 of
[36]) that there exists an integer n > 0 such that the localized algebra Bp is Poisson
isomorphic to S, (K) = K ®x S, (k).

This result is actually obtained as a corollary of the following more general key result
(8.2 and 8.3 in [36]; also 14.6.8 and 14.6.9 in [25] for the noncommutative analogue),
devoted to situations where the Poisson semi-center and center are similar:

MAIN LEMMA. Let g be a finite dimensional solvable Lie algebra over k, and B =
S(g)/Q a quotient by a g-stable prime ideal of S(g) satisfying SZp(B) = Zp(B).
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Suppose also that g is an ideal of some solvable Lie algebra h and that s is a
subalgebra of ) acting semisimply on g. Then:
(i) there exists a nonzero element e € Zp(B) such that B, is Poisson isomorphic
to Zp(B). ®k Sp(k) for some integer n > 0;
(ii) Zp(Be) = Zp(B). Is finitely generated over k.

Moreover, the following additional details hold (which will be useful in the case

where g is algebraic):

(iii) e can be chosen to be an h-eigenvector;

(iv) generators z;,y; of S, (k) in B, satisfying relations (3) can be chosen to be
s-eigenvectors.

— In the case where g is solvable with abelian maximum nilpotent ideal, it is proved in
section 9 of [36]) that there exist suitable V,w, G such that Zk(V,w, G) is Poisson-simple
and isomorphic to Bg (as Poisson-algebras over K).

Combining these two particular situations with a decomposition g = n @ a where n is the
maximum nilpotent ideal of g (see for instance section 1.4 of [17]) and a a complementary
subspace of n in g, section 10 of [36] finally prove:

THEOREM (P. Tauvel, R. Yu). Let g be a finite dimensional solvable Lie algebra over
an algebraically closed field k of characteristic zero. Let () be a g-stable prime ideal of
S(g). Let us denote by E the set of nonzero semi-invariant elements of S(g)/Q and K
the Poisson center of Frac (S(g)/Q). Then, the localized Poisson algebra (S(g)/Q)g is
Poisson isomorphic over K to a simple Poisson algebra Xy (V,w,G).

(iii) The case where g is algebraic. The Lie algebra g is algebraic when it is the
Lie algebra of a linear algebraic group. We need here the following facts about solvable
algebraic Lie algebras (see [36] 11.3, or [25] 7.2):

(a) g = n @ s where n is the maximum nilpotent ideal of g and s is an abelian Lie
subalgebra of g acting semisimply’ on n;

the rank ot the Z-submodule 1'(g) of g* spanned by the Jordan-Holder weights of g
b) th k of the Z-submodule ' fg* d by the Jordan-Hold ights of
[see (48)] is the dimension of the k-subspace W (g) of g* spanned by these weights.

EXERCISE 1. With the notations of point (b), prove that dimy W’ = rkyz I for any
k-subspace W' and Z-submodule I" of I'(g) such that kI = W’. [Hint: choose
simultaneous bases for I and I'(g) over Z].

EXERCISE 2. For g the solvable algebraic Lie algebra of lower triangular n x n
matrices with entries in k, prove that: the Lie subalgebra n of strictly lower tri-
angular matrices is nilpotent, the Lie subalgebra s of diagonal matrices is abelian,
g = n® s, and the action of an element s = diag(ai,...,a,) € s on each matrix
ei; of the canonical basis of n is given by s - e;; = (a; — ;)e;; [hence each e;; is

"The action of 5 on n is semisimple when n is a semisimple s-module, i.e. a direct sum of simple
s-modules; the field k being algebraically closed, this is equivalent here to the existence of a basis of
s-eigenvectors in n (see [17] 1.2.7, 1.2.9 and 1.3.13).
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an s-eigenvector with eigenvalue \;; : diag(a,...,ap) — a; — o). Deduce that
dimy W(g) =rkzI'(g) =n — 1.

EXERCISE 3. For g the solvable algebraic Lie algebra defined in example (1) p. 20,
prove that n = ky + kz and s = kz.

For algebraic solvable g, the following improvement of proposition 2 holds.

PROPOSITION 4. We have: SZp(B) = SZP(LA?) = ZP(E).

PROOF. Let (p1,...,ue) be a basis of the Z-submodule A" of g* (see p.24). Using exercise 1,
(i1, ..., pe) is also a basis of the k-subspace genetared by A’. By (47), we have g = ﬂle ker pu;.
Let us consider a decomposition g = n @ s in the sense of point (a) above. For any 1 <i </,
there exists a nonzero element ¢ € L such that x - ¢ = p;(x)c for any = € g; in particular,
the action of an element x € n being locally nilpotent, we have p;(z) = 0. Hence n C g. We
consider t a complement to g N s in s, so that g = g @ t where the abelian Lie subalgebra t
acts semisimply on g. Therefore t acts semisimply on B. Hence any element of ZP(E) is a sum
of t-eigenvectors. Since g acts trivially on Zp(g), these t-eigenvectors are g-eigenvectors. This
shows that Zp(ﬁ) C SZp(B). By proposition 2, the proof is complete. O

We recall the notations S,(k) for the Poisson-Weyl algebra (1.1.1), Sj(k) for its localized
form (exercise 4 of 1.1.2), and F, (k) for the field FracS, (k) = FracS/ (k) (see 1.2.1).

THEOREM (P. Tauvel, R. Yu). Let g be a finite dimensional algebraic solvable Lie algebra

over an algebraically closed field k of characteristic zero. Let () be a g-stable prime ideal
of S(g). We denote by B the Poisson algebra S(g)/Q and by L its field of fractions. Then:

(i) there exist a nonzero semi-invariant element e of B and uniquely determined integers
p, ¢ such that we have the following isomorphism of Poisson-algebras:

Be ~ Zp(B.) © S, (k) @ S;(k);
(ii) consequently, we have: L ~ T, (K) for K =Zp(L) and m = p + ¢.

PROOF. We start with the decomposition g = gt seen in the proof of proposition 4, where t is
an abelian Lie subalgebra acting semisimply on g. Applying the main lemma p. 26, there exists

~

a nonzero element e € SZp(B) such that we have the Poisson algebras isomorphism:

B ~ Zp(B.) @k Sp(k) (52)
for some p > 0. Moreover, we can choose generators z1,yi, ..., Zp,yp of Sp(k) in Ee satisfying
relations (3) which are t-eigenvectors. Let us denote v, 601, ..., 1, 8, the linear forms in t* defined

by {t,z;} = v;(t)z; and {t,y;} = 6;(t)y; for all 1 < i < p and t € t. It follows from relations
{xil\yi} =1 that v; = —6; for any 1 < i < p. For any ¢ € t, the element ¢’ := ¢ — >0 | v;(t)z;y;
in B, satisfies: {t/,z;} = {t/,y;} =0 for any 1 <i < p, and {t, s} =0 for any s € t. Since B, is
generated by B, and the elements ¢ € t, or equivalently by B. and the element ¢’ for ¢t € t, we
deduce from proposition 2 that, for (z1,...,z) is a basis of t, we have:

Be = Zp(Be)[21los (220, - - - [2rlos, @ Sp(k). (53)
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By proposition 3, there exists a nonzero semi-invariant element f € B such that SZp(Be) ~

Zp (Be)[wfcl, . ,wzﬂ], where wy, ..., w; are nonzero semi-invariants elements in B algebraically
independent over Zp(By). Up to replace f by ef, we may suppose that we have:
SZp(Be) ~ Zp(Be)[wi, ..., wf'] ~ Zp(Be) @k klwil, ..., wil]. (54)

More precisely, we have seen in the proof of proposition 4 that g = ﬂle ker pu; where (1, ..., tr)
is a basis of the Z-submodule A’ of g* (or equivalently of the k-subspace generated by A’). The
semi-invariants wi, ..., wy are of weight w1, ..., pe respectively (see proposition 3). For any A in
A, we have g C ker A and so X is uniquely the extension of an eigenvalue of t on B. It follows
that the k-subspace of t* spanned by the restrictions to t of uq, ..., ¢ has dimension £. By an
elementary argument of linear algebra®, it must equal t*. Thus the restrictions of 1, . .., py form
a basis for t*. Denote by (v1,...,vy) its dual basis in t, and set t; = wi_lvi for any 1 <4 < /.
For all 1 < 4,5 </, we calculate:

{ti,wi} = wi i, wi} = wi (vi - wy) = wi g (v)wy = dywi wy = .

We have {w;, w;} = 0 by propositions 1 and 3, and {v;,v;} = 0 because t is abelian; consequently
{ti,t;} = 0. Hence, by (54) and proposition 4, we have the isomorphism of Poisson algebras:

Zp(Be)[z1log (2200, - - - [2r]0s, ~ Zp(Be) @k k[wi, ... wi[ti]o6,, [t2l00,, - - [tdos,, (55)
We conclude with (53), (55) and exercise 4 of 1.1.2 that B, ~ Zp(B.) Qk Sj(k) ®k Sp(k). The
proof of (i) is complete. Point (ii) follows using (22) and example 3 p. 12. O

LAST COMMENT. By point (ii) of the theorem, the field L(g) = FracS(g) is Poisson
isomorphic to a Poisson-Weyl field F,,(K) for K = Zp(L(g)). The answer to the problem
p.19 will be complete after proving that K is a purely transcendental extension of k.
This question (which is not addressed in [36]) can be solved at least in two ways: by
repeating mutatis mutandis the proof of the similar result for the enveloping algebra?,
or by deducing it directly by symmetrization!'® from the similar result for the enveloping
algebra. After this final step, we deduce:

CONCLUSION. For any finite dimensional algebraic solvable Lie algebra g over an al-
gebraically closed field k of characteristic zero, the field L(g) = FracS(g) is Poisson
isomorphic to a Poisson-Weyl field .#,, (k) for some integers m,t > 0.

8From [25] 14.1.20: let V be a finite dimensional k-vector space and A a subspace of V* such that no
nonzero v € V is annihilated by all a € A; then A = V'*.

9The center of the field of fractions of the enveloping algebra U(g) for solvable g over an algebraically
closed base field k of characteristic zero is a purely transcendental extension of k of degree < dimg
(proposition 4.4.8 in [17]). More generally, the field of fractions of any prime quotient U(g)/P is an
extension of finite type of k (proposition 4.4.11 in [17]).

OFor any finite dimensional Lie algebra g, there exists a canonical bijection ¢ (the symmetrization)
from the symmetric algebra S(g) to the enveloping algebra U(g), which is a g-module isomorphism.
We have then ¢(Zp(S(g))) = Z(U(g)) but the restriction ¢z, (s(g)) is not in general an isomorphism of
algebras (see 2.4.10, 2.4.11 and 4.9.6.b in [17]) from Zp(S(g)) to Z(U(g)). However, Zp(S(g)) ~ Z(U(g))
can be proved when g is nilpotent (see 4.8.12 in [17]), more generally solvable (see 6.6.9 in [17]), or for
arbitrary g when k is algebraically closed (see 10.4.5 in [17]).
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2.2 Rational equivalence for semiclassical limits of quantum al-
gebras

The problem discussed in the previous section can also be formulated for Poisson algebras
S arising from semiclassical limits of quantum polynomial algebras. In this context, the
question becomes:

PROBLEM. Do we have a Poisson isomorphism FracS ~ QX(k) for some
integer n > 2 and some n X n antisymmetric matrix X with entries in k 7

This question must be seen as a Poisson analogue of the noncommutative quantum ver-
sion of Gel'fand-Kirillov problem (see [1], [32] or sections 1.2.11 and I1.10.4 of [13] for
references). We present here an outline of the paper [20] which gives a complete answer
for large classes of such Poisson-quantum algebras. The main tool is an adaptation to the
case of iterated Poisson-Ore polynomial algebras of an algorithmic method invented by G.
Cauchon (see [14]) for noncommutative iterated Ore extensions, which consists in deleting
the “0-part” by localization. Some specific assumptions are necessary for applying this
process, which are satisfied for the algebras under consideration because they support
some suitable rational action of a torus.

2.2.1 Poisson-derivations deleting method

We start with a Poisson-Ore extension A = B[z],s in the sense of 1.1.2 over a k-algebra
B. The construction of the d-deleting map, denoted by 6, proceeds in two steps (we refer
to the paper [20] for the details of calculations which are only sketched in the following).

LEMMA. Assume that 0 is locally nilpotent, and that there exists s € k* such that
0§ = (o + s). Let us define, for any b € B:

o) = 3 4 () (0
n>0
Hence we have:

(i) @ defines a k-algebra homomorphism B — B[z*!],
(ii) {x,0(b)} = 0o (b)x for any b € B,

(iii) 6 is a Poisson homomorphism from B to B[z*!], .

PROOF. The linearity of 6 is clear and equality 6(a)0(b) = 6(ab) for all a,b € B is easily deduced
from Leibniz rule. Point (ii) follows from:

{z,6(b)} = Z L () "z, 8" (b)}a " = Z L (Z)" (06" (b)x + " (b))x™"
n>0 n>0
=00(b Z ni ?1 5" (o + ns)(b)zt™™
n>0

= 05(b) + 0o (b)z — > CE= (=) 16" (b)a' " = 05(b) + G (b)x — 5(b) = B0 (b)a.

n=1
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The nontrivial point is assertion (iii). We compute:

O} =>4 (E) 0@z 00} =D & (51) (6" (a), 0(b) }a ™ — 16" (a) {z, 6(b) }2~' 1)

120 >0
_Zu ?1 ({6%(a),0(b)} — 16'(a)fo (b))z 1
>0
= > ma (9710 @). 6" )z} 18 (@)oo (D))
[,m>0
= Y i ()T (Co + Di)z
[,m>0

with notations:

= {6%(a), 8™ (D)} + mdlo(a)d™(b) — 16 (a)d™a (b)),
Dy = Imsé' (a)d™(b) + mdé™ (a)d™(b)x ™

We check that Y iy (%)H_lemx_l_m = 0 and use the auxiliary (nontrivial) calculation:
[,m>0

0"({a,0}) = > (}({8'(a), 6™ (1)} + md'a(a)d™ (b) — 16'(a)s" o (b))
l+m=n

to conclude that:

I,m>0 n>0 l+m=n
=D a2 dwm (5D Cma =5 (5D Y. (1)Cm
n>0 l+m=n n>0 l+m=n
= w ()" ({a,b})z™" = 0({a,b}),
n>0
and the proof is complete. O

PROPOSITION. Assume that § is locally nilpotent, and that there exists s € k* such that
00 = 6(c+ ). Then there exists a Poisson isomorphism 0 : Bly*'], o — Blz*!], s defined
by:
O(y) =z, and 0O(b) = Z L (=2)"6"(b)z™™ for any b € B.
n>0

PROOF. It is clear that the Poisson homomorphism 6 : B — B[z*!] of the lemma extends by
setting f(y) = z into an homomorphism of k-algebras B[y™!] — B[z*!]. Concerning the Poisson
structure, the forms 0({—, —}) and {6(—),0(—)} agree on pairs of elements of B by point (iii)
of the lemma, and on pairs of elements of B U {y*!'} since we have by point (ii) of the lemma:

0({y,b}) = 0(o(b)y) = 0(a(b))0(y) = O(c (b)) = {z,0(b)} = {6(y),0(b)}
From which we deduce that they agree on pairs of elements of B[y*!],o par derivation et
linearity. Hence 6 is a Poisson morphism B [yil]a,o — B[xﬂ]gvg.
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For surjectivity, we already have 6(y*!) = z*! and we just need to see that B is contained in

the image of 6. Let b be a fixed nonzero element of B. Since § is locally nilpotent, there exists
an integer [ > 1 such that 6(b) = 0, and we proceed by induction on I. If [ = 1 then §(b) = 0
and in this case 6(b) = b. Now let [ > 1 and write:

-1

oB) = b+ X & ()" 6" (b,

n=1
We have §'=1(67(b)) = §"H=1(b) =0 forn =1,...,1—1, then (5’1 (b)) = §'(b) and therefore
§'7H(b) € Imf. Since 0(8'72(b)) = 6'72(b) — 1571(b)a~1, we also have 6'2(b) € Imf. By
induction with respect to [, we deduce that 6'~1(b), ..., 6'(b) lic in Imé, then 6(b) — b lies in Imé,
and finally b € Im#.
For injectivity, we take a nonzero Laurent polynomial p € B[y*!] developed as p = S byt
with b; € B and some integers [ < m such that by, # 0. Each of the terms 0(b;y') is a Laurent
polynomial of the form b;3*+ [lower terms]. Hence 8(p) = b,,2™+ [lower terms]. Thus (p) # 0
(because by, # 0), and consequently @ is injective. O

We can now apply the method to iterated Poisson-Ore polynomial algebras in the sense
of (11) in order to obtain the following Poisson version of theorem 6.1.1 of [14].

THEOREM (K. Goodearl, S. Launois). Let A = k[z1][%2)0y.6,[%3]05.85 - - - [Tnon.s, be an
iterated Poisson-Ore polynomial algebra satisfying the three conditions:

(a) 9, is locally nilpotent for any 2 < i < n;

(b) there exists s; € k* such that 0;0; = §;(0; + ;) for any 2 < i < n;

(c) there exists \;; € k such that o;(x;) = \jjx; forall 1 < j <i<n.
Then Frac A is Poisson-isomorphic to the Poisson-quantum field Q) (k) for X the n x n
antisymmetric matrix whose entries below the diagonal agree with the scalars \;j in (c).

PRrROOF. We proceed by a double induction: first, with respect to the number d of indexes i for
which §; # 0, and second (downward) with respect to the maximum index ¢ for which §; # 0
(with convention ¢t = n + 1 if d = 0 ; there is nothing to prove is this case).

Case 1: t = n, ie. §, # 0. Set B = k[z1][z2]oy,6, - [®n—1lo,_1,6,_,- By the proposition
above, the localization Blz,',, s, of A = Blzyl,,.s, is Poisson isomorphic Bly*'],, 0. Thus
the iterated Poisson-Ore extension A’ := Blyl,, 0 is such that Frac A" and Frac A are Poisson
isomorphic. Since the number of nonzero maps among ds, ...,d,—1 is d — 1, we can apply the
first induction to the algebra A’ and the expected result for Frac A is proved in this case.

Case 2: t < n, i.e. 6, = 0.. Since {x,, 1} = Ap1x12,, We see that {x,, k[z1]} C k[z1]z,, and

so k[z1,x,] is a Poisson-Ore algebra of the form k[zi][xy]s 0. For i = 2,...,n — 1, we have
{l’i, k[l’l, e ,1'1;1]} g k[,Il, e ,l’ifl]xi + k[ml, e ,171;1] and {SEI', xn} == _)\m'$i$n == )\maznm,
from which it follows that {x;, k[x1,...,zi—1, 2.} C K[x1, ..., zim1, xp)zi + K21, .00y 2im1, T

Hence, we may rewrite A in the form:

A = K[z][zn]or, o[2loy 5 [Tn-1]or 6
for suitable o} and 9§}, such that o}(z;) = \jjz; for j < i and for j = n. Note that o and J;
restrict to o; and ¢; on klx1,...,x;—1], and that 0}(xz,) = 0. It follows easily that ¢} is locally
nilpotent, and that ¢0; = 0/(0} + s;). Finally, the map d; is nonzero because it restricts to J,
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and it occurs in position ¢ + 1 in the list 0,0,05,...,0,, ;. Thus, the second induction yield the
result. O

REMARK. The previous theorem is in fact a slightly simplified version of the result of [20],
which establishes such a rational Poisson-isomorphism not only for the Poisson algebra A
itself, but also for all its quotients by Poisson prime ideals.

2.2.2 Rational Poisson-actions of tori and applications

(i) A general argument. Our goal is to show (following [20]) that the existence of a
suitable action of a torus on an iterated Poisson-Ore algebra implies condition (b) in the
previous theorem. We recall some preliminary results([13] pp. 149-150, or [20]).

We fix a torus H = (k*)", with » > 1 and denote by H the group of all characters of H
(i.e. all morphisms of groups x : H — k*).

e We suppose that H acts by automorphisms on a k-algebra A, by H x A — A, (h,a) —
h.a. An H-eigenvector is a nonzero element a € A such that h.a € ka for all h € H; we
associate to a the character y, € H defined by h.a = x,(h)a for all h € H.

Conversely, for any x € H, we define A, ={a € A; h.aa= x(h)a for any h € H}. When
A, # 0, we call it the H-eigenspace associated with the eigenvalue x.

e We suppose moreover that the action of H is rational;, because H is a torus, that
means that A is a direct sum of its H-eigenspace (semisimplicity) and the corresponding
eigenvalues are rational characters (i.e. morphisms of algebraic varieties). Let us denote
by X (H) the group of rational character of H. The base field being infinite, X (H) is free
abelian of rank r with a basis consisting of the r projections (k*)” — k*. It could be
useful to identify X (H) with the additive group Z" via the isomorphism ¢ : Z" — X (H)
defined for any z = (21,...,2.) by x == ¢(2) : (h1,...,hy) — h{* .. hZ.

Denoting by § the k-vector space k", we set:

n.a = (n|x)a forall nebh, xe€ X(H), a € A,,

where (n|x) is the ordinary scalar product (n|x) = mz1 + -+ +n.2. of n = (m1,...,n,) by
0o Yx) = (z1,...,2). The action of H being rational thus semisimple, we can define:
na= >, (nx)ay forallneh, a= > a, € A, with a, € A,.
XEX(H) XEX(H)

It is clear that the so-defined map h x A — A, (n,a) — n.a is an action of the additive
group b (it could be viewed from a more theoretical point of view as the differential action
of the Lie algebra h deduced from the rational action of the algebraic group H). We claim
that bh acts by derivations on A, i.e. n.(ab) = (n.a)b+ a(n.b) for all n € h,a,b € A.

Take 7 € b, a in some eigenspace A, and b in another one A, where x, x’ € X(H).

Since H acts by automorphisms on A, we have h.(ab) = (h.a)(h.b) = x(h)x'(h)ab

for any h € H, and then the element ab lies in the eigenspace A,,s. Therefore,

n.(ab) = (nlxx')(ab) = ((nlx) + (Ix'))ab = (nlx)ab + a(n[x")b = (n.a)b + a(n.b).

The same identity holds for all a,b € A by semisimplicity, hence the claim is proved.
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The differential h-action commutes with the rational H-action (an easy calculation shows
that n.(h.a) = h.(n.a) for all n € h,h € H,a € A).
e We suppose moreover that A is a Poisson algebra and that the rational action of H is a

Poisson action, i.e. h.{a,b} = {h.a, h.b} for all h € H,a,b € A. We claim that b acts by
Poisson derivations on A, i.e. n.{a,b} = {n.a,b} + {a,n.b} for all n € h,a,b € A.

Take 1 € b, a in some eigenspace A, and b in another one A,, where x,x" € X(H).
Since h.{a,b} = {h.a,h.b} = {x(h)a,x'(h)b} = x(h)Xx'(h){a,b} for any h € H, the
element {a,b} lies in the eigenspace A,,s. Therefore, n.{a,b} = (n|xx'){a,b} =

((lx) + (x)){a. b} = {(nlx)a, (nx" )0} = {n.a,b} + {a,n.b}. The same identity
holds for all a,b € A by semisimplicity, hence the claim is proved.

LEMMA. Let A = k[x1][%2]0y.6,[%3) 05,65 - - - [Tn]on.6, be an iterated Poisson-Ore polynomial
algebra supporting a rational action by a torus H := (k*)" such that xi,...,xz, are
H-eigenvectors. We assume that there exist 1y, ...,n, € § satisfying, for any 2 < i < n:

ni.x; = o;(x;) for all j < i, and n,.x; = s;x; for some s; # 0 in k.
Then 0;0; = 0;(0; + ;) for any 2 <i < n.
PROOF. Fix 2 <14 < n. There exists x; € X (H) such that z; € A,,, hence n;.z; = (1;|xi)zs, and
therefore (;|x;) = s; # 0. By assumption, the derivations a — n;.a and o; agree on z1,...,T;_1

hence agree on the algebra A;_1 = k[z1,...,z;—1]. Then for any element f € A;_; taken in an
H-eigenspace A, for some y € X(H), we have:

{@i, f} = o3(f)zi +0i(f) = (i f)ws + 6:(f) = (nilx) fos + 6i(f)

As noted above, z; € Ay, and f € A, imply z;f € A, 4+, and {z;, f} € Ay, +y, and consequently
0 (f) = {xs, f} — (milx) f; lies in Ay, . We calculate:

0:6i(f) = mi-0i(f) = (i | xi + x)0:(f) = 6:i((milx) f + ilxi) ) = 0i(mi- f + sif) = di(oi + si)(f)-

The result follows by semisimplicity of the H-action. O

(it) Application to the semiclassical limit of quantum matrices. We consider
here the Poisson algebra A = (M, (k)))p. defined in example 4 of 1.1.3. We suppose
A # 0. We have seen that, adjoining the n x n generators x;; in lexicographical order, A
can be described as an iterated Poisson-Ore extension (19). We claim that A satisfies the
three assumptions (a), (b) and (¢) of the main theorem of 2.2.1.

Condition (c) is clearly given by relations (20). We deduce immediately from (21) that
Sin(Tij) =0 for all (i,7) <jex (I, m),

hence (a) is satisfied. We set H = (k*)?" and define an action of H on A by automorphisms
from:
h.ﬂ?l’j = hithrjxij for all h = (hl, RN hgn) < H, 1< Z,j <n. (56)
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. mMiq . .
For any monomial =[], _, i<n Qi where a;; € k and my; nonnegative integers, the

ij

action of an element h € H on @ is given by h.x = ([, <, b~ hyy;)®, from which we
deduce that x is an H-eigenvector and that the action is rational. We check moreover by
direct calculations using (18) and (56) that this is a Poisson action.

By definition, the rational character h — h;h,; is an eigenvalue for ;;, which corresponds
in the identification of X (H) ~ Z" detailed in the previous paragraph (i) to the element
€ + €nqj of b = k2", where (€;)1<i<on denotes the canonical basis of h. Hence the bh-
action by Poisson derivations on A obtained as the differential of the rational H-action

by Poisson automorphisms is defined by n.z;; = (1| €; + €,4;)%;j, or equivalently:

N.xij = (M + Nntj)Tij forall n=(m,...,mm) €h, 1 <i,5<n. (57)

Now, using the parameters p and \ of the definition of A, we define for all 1 <I,m <n
the following element in b :

Mm = (?ll) CIEI) plgv Pims -+ -5 Pm—1,m, )\a A +pm+1,m7 ceey A +pnm)
n m—1 n—m-—1

By construction, we have for all 1 <[, m <n from (20) and (57):

Mim-Tij = o (xi;) for (4, J) <iex (I,m), and Mim-Lim = ALim-

Thus the lemma in previous paragraph (i) applies, we have 0,05, = O (0pm + A) for any
(1,1) <iex (I, m) <jex (n,n), and the assumption (b) in theorem 2.2.1 is satisfied.

So we have proved that, for any p and A # 0, this theorem hold for the Poisson algebra
O (M, (k))p. Since the case A = 0 corresponds to the situation where & (M, (k))p» is
simply a Poisson-quantum space, we conclude:

THEOREM (K. Goodearl, S. Launois). Let p = (p;;) a n X n antisymmetric matrix with
entries in k, and A € k. Then there exists a n? x n? antisymmetric matrix X with
entries in k such that the field of fractions of (M, (k))p » is Poisson-isomorphic to the
Poisson-quantum field Q, (k).

More precisely, Frac 0(M,,(k))p >~ k(yij)1<i j<n With Poisson bracket:

= (Pii + Pjm)YijYim ifl > 1 and m > j,
Lym: 9t = { (A =+ pii + Pjm)YijYim i1 >1 and m < j. (58)

(iii) Application to other semiclassical limits of quantum algebras. The same
method holds for other significant classes of Poisson algebras obtained by semiclassical
limits of quantum symplectic spaces, quantum euclidian spaces, quantum symmetric ma-
trices, quantum antisymmetric matrices. Complete proofs can be found in [20], including
the following example (introduced in [28]) covering the cases of quantum symplectic and
even-dimensional euclidean spaces:
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EXERCISE 1. For I' = (v;;) an antisymmetric matrix in M, (k), P = (p1,...,pn) and
Q= (q1,---,qn) two vectors in k™ such that p; # ¢; forany 1 <i <mn, A:= Af’f;?(k)
is the commutative polynomial algebra in 2n indeterminates k[z1,y1 .. ., n, yn]7with
Poisson bracket defined by:

{yi i} = vijyiv; (all i,5),  A{zs,y;} = 05 +via)ziy; (0 <),
{zi, 2} = (¢s — pj + vij)miz; (i <), {zi,y;} = (g5 +vji)wiy; (i > 7),
{zi i} = @airiyi + > (@ — p) iy (all 7).
<1

1) Prove that A is the iterated Poisson-Ore extension:

A= k[xl][yl]m,& [$2]Ué,0[y2]0'27(52 e [mn}og,O[yn]Um(sn?
where the O';, 0j,0; are defined for all j > 7 by:
oj(@i) = (vig —pj)zi o) = pj — @ +v)ze  6i(x) =0

o (yi) = Vjiyi oi(yi) = (4 +ij)i 6;(yi) =0
Uj(iL'j) = —q;T; 5j(7~3j) = Zl<i(pl - Ql)xlyl

Deduce that conditions (a) and (c) of theorem 2.2.1 are satisfied.

2) Prove that H := (k*)"*! acts rationaly on A by Poisson automorphisms from:
h.a; = hiz; and h.y; = hihpirh; ty; for any b = (hy,...hy, hyt1) € H,

and that the associated action of b := k™! by Poisson derivations on A is:

n.w; =nix; and 0.y = (M + N1 — 0:)y; for any n = (M1, ... M, Mny1) € b.

3) Define n;,n; € b as follows:
m = (—¢,0,0,...,0,1),
n; = (=pj + 714> =05 +Vi-15, =4 0,...,0,71) (G >1),
7)} =(=q1 +pj +Vj1s---» = + Dj + Vjn, @1 +715) (7 >1).
Prove that ny.x1 = o1(x1) and 71.y1 = y1, and for any j > 1:

nj.xi =oj(x;) ifi<j,  mily) =o05(y) ifi<j,  ny; = (g —pj)yj
L, =ol(x) ifi<j Ly = oli(y) ifi<j L= (pj — qj)x;.
T]j ) j\ =7 77] Yi Yi Js nj J pj q.] J

SN

4) Conclude that Frac Af’g (k) is Poisson-isomorphic to the Poisson-quantum field

Q3, (k) for some suitable antisymmetric matrix X in M, (k), and more precisely to
k(vi,...,vp,w1,...,w,) with Poisson brackets:

{wi, wj} = Yij WiWj for all i,j, {Ui, wj} = (pj + ’in)viw]’ if i < j,
Vi, Uiy = \qi — Pj Yij JViVj if ¢ j, Vi, W5y = (g5 Vji )ViWj if ¢ = ]
{vi, 05} = ( ) fi< {vi, wj} = (g5 + ;1) fi>
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A LAST COMMENT. We emphasized in this section on the two main cases (Poisson-
Weyl fields and Poisson-quantum fields) to the extent that they play a crucial role in
many significant situations. But we can easily construct fields of rational functions whose
Poisson-structure mixes the two types of brackets. The most simple example is the fol-
lowing (which can be viewed as a semiclassical limit of the noncommutative algebras of
eulerian operators on quantum spaces studied in [32]).

EXERCICE 2.

1) Prove that there exists on the polynomial algebra S = k[z, y, z] a Poisson bracket
defined by {z,y} =1, {y, 2} = \yz and {z, 2z} = —Azz, where A € k*. (Hint: use
exercise 1 of 1.1.1).

2) Set t = xy and prove that F' := Frac A = k(¢, y, z) with Poisson brackets {¢t, z} =
0, {y,t} = —y and {y, 2z} = Azy. Deduce that F' = k(¢t, z)(y)s0 for o = X\20, — 0,
and that the Poisson center of F'is Zp(F') = kero = k. (Hint: use lemma 1.2.1).

3) Deduce from question 2) that F' cannot be Poisson-isomorphic to a Poisson-Weyl
field %, +(k) (Hint: use (32) p. 13).

4) Prove that I cannot be Poisson-isomorphic to a Poisson-quantum field Q) (k)
(Hint: use proposition 2 of 1.2.2).

3 POISSON ANALOGUE OF NOETHER’S PROBLEM

3.1 Commutative rational invariants

Let S be a commutative ring. For any subgroup G of AutS, we denote by S the
invariant subring {a € S; g(a) = a for any ¢ € G}. Assume that S is a domain and
consider F' = Frac S the field of fractions of S. Any automorphism of S extends into
an automorphism of F and it’s obvious that, for any subgroup G of AutS, we have
Frac S¢ C FY. For finite G, the converse is true:

ProPOSITION. If G is a finite subgroup of automorphisms of a commutative domain S
with field of fractions F, then we have: Frac S¢ = F©.

PROOF. For any & € FC, there exist a,b € S, b # 0, such that z = ¢. Define ¥
[yec grias 9(b). Then bt € S¢ and x = &, with ab’ = z(bb') € FE N S = SC.

S
ol

This applies in particular to a polynomial algebra S = klzy,...,z,] and its field of
rational functions F' = k(z1,...,z,), and in this case the following problem is classically
formulated about the structure of F€.

3.1.1 Noether’s problem

Let k be commutative field of characteristic zero. Let G be a finite subgroup of GL, (k)
acting canonically by linear automorphisms on S = k[zy,...,2,], and then on F =
Frac S = k(z1,...,,). We consider the subfield F“ = Frac S¢ of F.
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REMARK 1. It’s well known (by Artin’s lemma) that [F : FY] = |G|, and then
trdeg, F'” = trdeg, F = n.

REMARK 2. We know from classical invariant theory that S is finitely generated
(say by m elements) as a k-algebra. Thus F© is finitely generated (say by p elements)
as a field extension of k, with p < m. We can have p < m; example: S = k(zx,y) and
G = (g) for g : x — —x,y — —y, then S = k[z?, %, 2y] = k[X,Y, Z]/(Z? — XY)
and F& = k(zy, 27 y).

REMARK 3. Suppose that S¢ is not only finitely generated, but isomorphic to a
polynomial algebra k[yi, ..., ¥m], with y1,. ..,y algebraically independent over k.
Then we have F¢ = k(y1,...,Ym). Thus m = n by remark 1.

Now we can consider the main question:
PROBLEM (Noether’s problem): is F“ a purely transcendental extension of k ?

An abundant literature has been devoted (and is still devoted) to this question and it’s out
of the question to give here a comprehensive presentation of it. The first counterexamples
(Swan 1969, Lenstra 1974) were for k = Q (and G the cyclic group of order n in S,
for n = 47 and n = 8 respectively) and D. Saltman produced in 1984 the first counter-
example for k algebraically closed (see [22], [33]). Here we just point out the following
elementary facts.

e The answer is positive if S¢ is a polynomial algebra. By remark 3, we have then
S¢ = Kk[x1,...,7,] and FY = k(xy,...,x,). This is in particular the case when G is the
symmetric group S,, acting by permutation of the x;’s, or more generally when Shephard-
Todd and Chevalley theorem applies.

e The answer is positive if n = 1. This is an obvious consequence of Liiroth’s theorem: if
F =k(x) is a purely transcendental extension of degree 1 of k, then for any intermediate
subfield k & L C F, there exists some v € F' transcendental over k such that F' = k(v).

e The answer is positive if n = 2. This is an obvious consequence of Castelnuovo’s
theorem: if F' = k(z,y) is a purely transcendental extension of degree 2 of k, then for
any intermediate subfield k & L C F such that [F': L] < 400, there exists some v, w € F'
such that F' = k(v,w) is purely transcendental of degree 2.

e The answer is positive for all n > 1 when G is abelian and k is algebraically closed.
This is a classical theorem by E. Fischer (1915), see corollary 2 in 3.1.2 below.

3.1.2 Miyata’s theorem

The following result (see [22] or [26]) concerns invariants under actions on rational func-
tions resulting from actions on polynomials. Observe that the group G is not necessarily
finite.

THEOREM (T. Miyata). Let K be a commutative field, S = K|[x] the commutative ring
of polynomials in one variable over K, and F = K (z) the field of fractions of S. Let G
be a group of ring automorphisms of S such that g(K) C K for any g € G.
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(i) if S C K, then F¢ = S¢ = K¢.

(ii) if S¢ ¢ K, then for any u € S¢ u ¢ K of degree m = min{deg, y; y € S¢,y ¢ K},
we have S¢ = K%[u] and F¢ = K% (u).

PROOF. We simply denote here deg for deg,. Take g € G and n = degg(x); the assumption
g9(K) C K implies degg(s) € NU {—oc} for all s € S and so n = 1 since g is surjective. We
deduce:

degg(s) =degs forall g€ G and s € S. *)

If S ¢ K, then S¢ = K¢, If S¢ ¢ K, let us choose in {s € S; degs > 1} an element u of
minimal degree m. The inclusion that K%[u] C S¢ is clear. For the converse, let us fix s € S.
There exist q; and r1 unique in S such that s = gqiu + r1 and degr; < degu. For any g € G,
we have then: s = g(s) = g(q1)g(u) + g(r1) = g(q1)u + g(r1). Since degg(r1) = degri < degu
by (*), it follows from the uniqueness of ¢; and r; that g(q1) = ¢1 and g(r1) =r1. Sor; € SE.
since degr < degu and degu is minimal, we deduce that r; € K&. Moreover, ¢; € S¢, and
deg q1 < deg s because degu > 1. To sum up, we obtain s = quu+r with r; € K¢ and ¢; € S¢
such that degq; < degs. We decompose similarly ¢; into ¢1 = gou + r5 with 7o € K¢ and
g2 € SY such that deg ga < degq;. We obtain s = gau® 4+ rou + 1. By iteration, it follows that
s € K%u).

In both cases (i) and (ii), the inclusion Frac (S¢) C F¢ is clear. For the converse (which follows
from the first proposition of 3.1 in the particular case where G is finite), we have to prove that:

for any a and b non-zero in S, ab~! € F& implies ab~! € Frac (S%). (**)

Let a and b be two nonzero relatively prime elements in S such that ¢t :== ab™! € FC. If a € K
or b € K and the result is clear. We suppose now dega > 0 and degb > 0. Up to replace t by
t~1, we can without any restriction suppose that degh < dega. The assumption g(t) = t for
any g € G implies g(a)b = g(b)a, hence a is a divisor of g(a) and b is a divisor of g(b) in S. By
(*), it follows that g(a) = kga and g(b) = k4b for some nonzero k, € K. Moreover, there exist
q,r € S uniquely determined such that:

a=¢gb+r with degr < degb < dega. ()

Applying any g € G, we have kja = kgbg(q) + g(r). Since deg g(r) = degr, the uniqueness of
(q,7) implies that g(q¢) = q and g(r) = k,r. Hence ¢ € S and ab™! = (¢b+r)b~! = g+ rb~!
with ¢ € S¢ et rb~! € FY such that deg(r) + deg(b) < 2deg(h) < deg(a) + deg(b). We conclude
by induction on deg a + degb. O

COROLLARY 1 (W. Burnside). The answer to Noether’s problem is positive if n = 3.

PROOF. Let G be a finite subgroup of GL3(k) acting linearly on S = k|, y, z]. We introduce in
F =k(z,y, z) the subalgebra S1 = k(¥, £)[z], which satisfies FracS; = F. Let g € G. We have:

g(z) =az+ By +7vz, gly) =dz+pBy++2, g(z)=ad"z+p"y+"=

Thus: / 1y Iz " "y "z
(g)_a+55+’75 and (E)_Oz +B 54‘75
R = a+pBL 442 N~ a+ L4427




It follows that the subfield K = k(Z, %) is stable under the action of G, and we can apply the
theorem to the algebra S; = K[z]. The finiteness of G implies that [F' : F¢] is finite and so
S¢¥ ¢ K. Thus we are in the second case of the theorem. There exists u € S of minimal degree
> 1 such that S = K%[u] and F¢ = K%(u). By Castelnuovo’s theorem (see in 3.1.1 above),
K¢ = k(v;w) is purely transcendental of degree two, and then F¢ = k(v, w)(u) = k(u,v,w). O

Of course, we can prove similarly that the answer to Noether’s problem is positive if n = 2
using Liiroth’s theorem instead of Castelnuovo’s theorem.

COROLLARY 2 (E. Fischer). Ifk is algebraically closed, the answer to Noether’s problem
is positive for G abelian.

PROOF. We assume that G is a finite abelian subgroup of GL, (k). By total reducibility'!
and Schur’s lemma'?, we can suppose up to conjugation that there exist complex characters
X1s---,Xn of G such that g(z;) = x;j(g)z; for all 1 < j < n and all g € G. In particular, G
acts on S = k(za, ..., x,)[r1] stabilizing K1 = k(xa,...,2,); thus k(zy,...,2,)% = KF(u;) for
some u; € SlG . We apply then Miyata’s theorem inductively to conclude. O

Another application due to E. B. Vinberg concerns the rational finite dimensional rep-
resentations of solvable connected linear algebraic groups and uses Lie-Kolchin theorem
about triangulability of such representations in order to apply inductively Miyata’s theo-
rem (see [39] for more details).

3.2 Invariants for rational extensions of Poisson polynomial au-
tomorphisms

3.2.1 Problem

Let S = k[xy,...,2,] be a commutative polynomial algebra over a base field k, and
F = k(xy,...,x,) its field of fractions. We suppose moreover that S is equipped with
a Poisson structure and we consider a group G of Poisson automorphisms of S. The
Poisson bracket extends canonically to F', and the action of G extends canonically into
an action by Poisson automorphisms on F. We can consider F¢, from one hand as a field
extension of k, and from the other hand as a Poisson k-algebra. Hence the problem of
recognition of the Poisson structure on F'“ adds to the initial transcendence question in
classical Noether’s problem. The most natural formulation is for G finite; since in this
case Frac S¢ = F'“, the question is then for the Poisson algebras S¢ and S to be rationally
equivalent or not:

PROBLEM 1. Let G a finite group of Poisson automorphisms of S, do we have a Poisson
isomorphism F% ~ F ?

Ulet p : G — GL(V) be a representation of a finite group G with V a finite dimensional k-vector
space. If the order of G order doesn’t divide the characteristic of k, then V =V & --- & V,,,, where each
V; is G-stable and irreducible (i.e. V; doesn’t admit proper and non zero G-stable subspace).

12Tf moreover k is algebraically closed and G is abelian, then any finite dimensional irreducible repre-
sentation of G is of dimension one.
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Depending on the specific Poisson structure chosen on S, more precise formulations arise.
In particular following the philosophy of a Poisson analogue of the Gel'fand-Kirillov prob-
lem, the following question appears as a relevant formulation of Noether’s problem for
Poisson-Weyl algebras.

PROBLEM 2. Let G a subgroup (finite or not) of the symplectic group Sp,, (k) acting
linearly by Poisson automorphisms on the Poisson-Weyl algebra S,(k). Do we have a
Poisson isomorphism F,, (k)% ~ %, for some nonegative integers m,t ?

Considering the transcendence degree, a positive answer to the question is possible only
for 2m + t < 2n (with equality when G is finite).

Similar formulations of the problem can be given for the Poisson-quantum spaces (see
further 3.2.4).

A useful general argument in the study of these problems is the following improvement
of Miyata’s theorem involving a Poisson-Ore structure on the polynomial algebra (the
particular case where 0 = 0 was underlying with a different formulation in [7]).

THEOREM. Let K be a commutative field with Poisson structure over k, o a Poisson
derivation and 0 a Poisson o-derivation of K. We consider the Poisson-Ore polynomial
ring S = Klz],s and its field of fractions F = FracS = K(x),s. Let G be a group of
Poisson automorphisms of S such that g(K) C K for any g € G.

(i) if S¢ C K, then F¢ = S¢ = K% are Poisson subalgebras of K.

(ii) if S¢ ¢ K, then for any u € S u ¢ K of degree m = min{deg, y; y € S¢,y ¢ K},
there exist a Poisson derivation o' of K¢ and a Poisson o’-derivation &' of K€ such
that SG = KG[U]O./ﬁ/ and FG = KG(U)a/’y.

PROOF. Point (i) obviously follows from point (i) of Miyata’s theorem 3.1.2 and remark 3 of 1.1.1.
If S¢ ¢ K, let us choose an element u € S¢, u ¢ K of degree m = min{deg, y; y € S% y ¢ K}.
We know by point (i) of Miyata’s theorem that S¢ = K%[u] and FY = Frac (S¢) = K%(u).
Because the elements of G are Poisson automorphisms of S, we have {u,a} € S¢ for any a € K€,
We fix such an element a € K¢ and develop {u,a} as a polynomial into the variable u with
coefficient in K. Let us denote n = deg,{u,a}. We have then deg,{u,a} = nm. From the
other hand, with notation u = .-, a;x® a, € K,a, #0,m > 1, we compute

{u,a} = > (an,a}a” + ap{w,alka™) = > ([{an, a} + kago(a)lz" + kard(a)z"")

0<k<m 0<k<m

in order to observe that deg,{u,a} < m. Hence mn < m with m > 1. Therefore n < 1. In other
words, for any a € K¢, there exists o/(a) € K¢ and ¢§'(a) € K¢ such that {u,a} = o’(a)u+'(a).
Since S¢ is a Poisson algebra by remark 3 of 1.1.1, it follows from proposition 1.1.2 that ¢’ is a
Poisson derivation of K¢, ¢’ is a Poisson o-derivation of K¢, and S = K%[u], 5. The equality
FG = KG(u)0/75/ is then clear. O
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3.2.2 The case of the Kleinian surfaces

We fix k = C. The group SLy(C) (briefly denoted by SL, if there is no doubt about
the base field) acts linearly by Poisson automorphisms on the first Poisson-Weyl algebra
Si(k) = Clz, y] with Poisson bracket {x,y} = 1:

g.x =ar+ By and g.y =~z +dy, for any g = (f’y ?) € SL,. (59)

Let us recall that finite subgroups of SLy are classified up to conjugation in five types,
two infinite families parameterized by the positive integers (the type A, _; corresponding
of the cyclic group of order n and the type D,, corresponding to the binary dihedral group
of order 4n) and three groups Fg, F7, Fs of respective orders 24, 48, 120 (see for instance
[34] or [6]). Since any finite subgroup G of SLy is conjugate in SLy to a subgroup G’ of
these types (then S¢ is Poisson isomorphic to S?/), we can suppose without restriction
in the determination of the Poisson algebra S¢ for G finite subgroup of SL, that G is of
type A,_1, D,, Eg, B or Eg.

Concerning the k-algebra structure, the description of the algebras C[z, y]® is a classical
topic in algebraic and geometric invariant theory. In each case, one can compute (see
[34]) a system of three generators fi, fa, f3 of the algebra S¢'.

type | generators of C[z,y]¢ equation of .#
An—1 | f1 =y, fa=2a", fa=y" X"—=YZ=0
Dn fl — x2y2, f2 — x2n + (_1)ny2n’
f3 — x2n+1y _ (71)nxy2n+l Xn+1+ XY2 + Z2 — 0
Es fi=ay’ =2y, fo=a®+ datyt + 45
f3 — ZE12 _ 33.I‘8y4 _ 33m4y8 + y12 X4 + Y3 + ZZ =0
E, f1= 28 4+ Uatyt + 48, fo = 21092 — 225y6 + 22y10
f3 = 2Ty — 342"3y° + 3425y — xyl” XY 4+Y34+22=0
Eg fi=atty + 11255 — a2yt
fo = 220 — 2282109° 4 494210910 4 2285910 4 /20, X°4+Y34+22=0
fs = 230 + 52222%y° — 10005220y — 100052102 — 5222595 + 33

Moreover the algebra Cxz, y|¢ = C|f1, fo, f3] appears as the factor of the polynomial alge-
bra C[X,Y, Z] in three variables by the ideal generated by one irreducible polynomial F' (of
degree n, n+1, 4, 4, 5 respectively). The corresponding surfaces .# of C? are the Kleinian
surfaces, which are the subject of many geometric, algebraic and homological studies. It
is proved in [34] that, for G and G’ two groups among the types A, _1, D,, Eg, E7, Es, the
algebras C[z,y] and C[z,y]% are isomorphic if and only if G = G".

Concerning the Poisson structure of S¢, the link with a Poisson structure on the three

dimensional space via the Kleinian surfaces is specified by the following proposition. Let

us consider on C[X,Y, Z] the jacobian Poisson bracket associated with F', in the sense

of example 3 of 1.1.1. For any polynomials P € C[X,Y,Z] and QF € (F), we have
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{P,QF} = {P,Q}F + {P,F}Q = {P,Q}F + Jac(P, F, F)Q = {P,Q}F +0 & (F). Then
(F) is a Poisson ideal and we can take the induced Poisson structure on C[X,Y, Z]/(F).

PROPOSITION. There exists a Poisson isomorphism between S¢ and C[X,Y, Z]/(F) for
the jacobian Poisson structure associated with F'.

ProoF. With the notations above, the surjective morphism of algebras ¢ : C[X,Y, Z] — C[z, y|®
defined by X — f1,Y — fo,Z — f3 induces a surjective morphism ® : C[X,Y, Z]/(F) —
Clz,y]¥ because ker¢ D (F). From classical ringtheoretical results, the Krull dimension of
Clx,y]® is 2, and the irreducibility of F implies that C[X,Y, Z]/(F) is also of Krull dimension
2. We conclude that ® is an algebra isomorphism. The strategy to deduce from ® a Poisson iso-
morphism consists in the calculation of three constants a1, as, az € Q such that the polynomials
hi = aifi1, ha = asfo and hy = asfs in Clz, y]G satisfy the relations:

{h1,ha} = F5(h1,ha, hs), {ho,h3} = F{(hi,ha,hs), {hs,h1} = F5(h1, ha, h3) (%)

with F(hy, ha, h3) = 0, so that the isomorphism ¥ : C[X,Y, Z]/(F) — C[z,y] deduced from
the map X — hy,Y — ho, Z — h3 becomes a Poisson isomorphism.

The determination of aj,as,as is case by case. For instance, for G of type A,_1, we have
fi=xy, fo=a"and fs =y, with F = X" —~YZ so F{ =nX""! F)=—Z and F}, = -Y. We
compute {f1, fo} = —nfa, {fo, f3} = n>f1 ' and {f3, fi} = —nfs. Setting h1 = a1 f1, ha = asfo
and hg = a3fs and identifying in the above relations (%), we obtain a; = % and agas = ,%n
Similar (but more complicated) calculations are detailed for each case in [6]. O

CoOMMENT. We deduce from this proposition an interesting link between the Poisson
structure of S¢' ~ C[X,Y, Z]/(F) and some geometrical invariant of the hypersurface
% defined by F in the three dimensional affine space. From one hand, there exists for
any Poisson C-algebra A a notion of Poisson homology ; the first term of it is just the
C-vector space: HPo(A) = A/{A, A}, where {A, A} is the subspace generated by all
{a,b} for a,b € A. From the other hand, the Milnor number of the surface .# is de-
fined as the codimension of the jacobian ideal (i.e. the ideal generated by the derivate
polynomials F{, F}, F3), that is: u(#) = dimc C[X,Y, Z]/(F}, Iy, F3). The main
theorem of [6] proves that, for any finite subgroup of G, we have in the Poisson al-
gebra isomorphism S¢ ~ C[X,Y, Z]/(F) the equality : dim HPy(Clz,y]%) = u(.Z).
The direct calculation of u(.%) for each of the five types allows to conclude that:

type Ap_1 | Dy E¢ | E7 | Es
dimc HPo(S1(C)%) |n—1|n+2|6 |7 |8

These values coincide with the dimensions of HHy(A;(C)%), the first group in the
Hochschild homology of A;(C)®, where G acts by linear automorphisms on the
(noncommutative) Weyl algebra A;(C). Hence the deformation process of S;(C)
to A1(C) not only induces a deformation of S;(C)% to A;(C)%, but can also be
interpreted as a deformation at the level of the homological trace groups (see [6]).

We come back now to our main motivation which concerns the separation up to Poisson-
isomorphism of the field of fractions.
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PRELIMINARY EXAMPLES. Following the notation of (23) and (24), we introduce in
F1(C) = FracS;(C) the element w = xy. For any m > 1, we denote by @,, the subfield
generated by w and x™. Since

{z™ , w} =ma™ for any m > 1, (60)
each @, = C(w)(2™)ma, 0 is a Poisson subfield. Hence the element z,, := %x_mw =
Lyxt~™ satisfies {2, w} = —mz,, and we deduce:

Qm =C@™)(2m)oo,m, with {z,,2"} =1 for any m > 1. (61)
So each Q,, is Poisson-isomorphic to F;(C). We also need the element v := x7 'y = 2z5;
because wv~! = 2, we have

Q2 = C(w)(2%)20,.0 = C(v)(w)o208,, With {w,v} = 20 for any m > 1. (62)

e EXAMPLE (type A,_1). Let G be the cyclic subgroup of order n in SLy generated
by the automorphism g,, acting on S; = C[y][z]o,9, by gn-z = (nx and gy = (;'ly
for ¢, a n-th primitive root of one. Then g,(w) = w. The algebra S := C(w)|x]
is such that FracS = F1(C) and g, acts on S fixing w and multiplying = by (,.
Thus it is clear that S¢ = C(w)[z"] and it follows directly from theorem 3.2.1 that
F1(C)% = C(w)(2™)na,.0 = Qn- By (61) we have proved that:

IFl((C)G = C(yn)(®n)oa,, withz, = —%yml_" and ¥, = z".

e EXAMPLE (type D,,). Let G be the binary dihedral subgroup of order 4n in SLg
generated by the automorphism go, acting on S1(C) by gon.x = (onz and go,.y =
C;nly (for (25, a 2n-th primitive root of one), and by the automorphism p defined by
p.x =iy and p.y = iz (see [34]). We have Fy(C)% = (F;(C)%2n)* = Qb . Since 22 =
wv~!, we have 22" = w0 ; thus Q2, = C(w)(2*)2n8,.0 = C(w) (V™) _2n4, .0, With
{v"™, w} = —2nv™. The action of & on Q2, is given by p(w) = —w and p(v™) = v ".
The element s, := 5 (v™" — v™)w satisfies u(s,) = s, and {s,,,v"} = 1 —v?", then
Q2n = C(v")(51)0,(1-v2n),»- By a last change of variable t,, := (v" + 1)(v" — 1)~
we deduce that C(v") = C(t,,) by Liiroth’s theorem, and the action of y reduces to
w(tn) = —tn. Because u(s,) = sp, we have C(s,,v,)* = C(sp, tn)* = C(sp,t2). We
compute:

{sn:tn} = ({sn, 0"} o™ — 1) — (V" + 1){sy,0"}) (v — 1)72
= —2(1 =) (1 —ov") "2 = 2t,,,
and then {s,,t2} = 2t,{sn,tn} = 4t2. It follows that Q) = C(t%)(sn)OAt%atQ.
Denoting finally x,, := (2t,)"2s, and ¥, := t2 to obtain {z,,y,} = 1, we Concluge
that an = C(yn)(mn)o,ayn;
We have proved that:
FI(C)G = (C(yn)(xn)o,ayn

2 Ty 2
with: @, = & ((z7ly) ™" = (7 1y)") (%) ry, and y, = (%) .
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The positive answer to problem 2 p. 41 given by explicit calculation of generators in these
both cases is a particular case of the following theorem (see [7]):

THEOREM (J. Baudry). For any finite subgroup G of SLy acting linearly on S;(C), the
field F1(C)% is Poisson isomorphic to Fi(C).

PROOF. The proof is somewhat formally similar to the noncommutative case in [3]. Let G any
finite subgroup of SLs. The cyclic case being solved in the first above example, we can suppose
that the type of G is D,,, Fg, F7 or Eg. In these four cases, G contains the involution e defined
by e.x = —x et e.y = —y (see [34]). As seen for the type Aq, we have F1(C)¢ = @2 with notation
(62). Take any g € G. There exist «, 3,7,0 € C with ad — v = 1 such that g.x = azx + By et
g.y = yr + 0y. Recall that w := zy and v := z~'y. From g.z = x(a + Bv) et g.y = x(y + dv),
we obtain:

0
glv) = 2 e k(). (1)
Moreover, g.w = ayz? 4+ fdy? + adxy + Byyx and then:

gaw = (651;2_’_(0454-,37)’0-{-047)“). (i)

v

It follows from (}) and (f) that the restrictions to the algebra S = C(v)[w] of the extensions to
[F1(C) of the elements of G determine a subgroup G’ ~ G/(e) of AutcS. Because e € G and
F¢ = Qo = Frac S, we deduce that Fy(C)¢ = Q§ "

Denoting K = C(v), assertion (f) allows to apply theorem 3.1.2 with S = K[w] and Q2 =
FracS = K(w)o2va,. Since S ¢ K because [Q2 : QS'] = |G'| < +oo, there exists u € S& of
degree w > 1 minimal among the degrees of all elements S¢ \ K¢ such that S¢ = K¢’ (U] s
and QS = K (u)y 5 for suitable o/ and &. Denote u = ay, (v)w™ + ap—1(v)w™ " 4 - 4
a1 (v)w + ag(v), with a;(v) € K for any 0 < i < m and a,,(v) # 0. For any h(v) € K, we have
{a;(v)w', h(v)} = a;(v){w, h(v)} = a;(v){w, h(v)}w' ™! = 200, (h(v))a;(v)w'~!. Therefore:

{u, h(v)} = 2mva, (v)0,(h(v))w™ ! + .- for any h(v) € K

In particular, if h(v) € K&, then {u, h(v)} € S¢ because u € S and S is a Poisson algebra.
By minimality of the degree m of u among degrees (related to w) of elements in S¢ \ K¢, it is
impossible that m — 1 > 1 when 9, (h(v)) # 0. So we have proved:

if h(v) € K& with h(v) ¢ C, then {u, h(v)} € K.

By Liiroth’s theorem, C(v)¢" is a purely transcendental extension C(z) of C. Since z € K and
z ¢ C, it follows from previous calculations that m = 1 and {u,z} = 2va;(v)d,(2(v)) # 0.
We introduce t := {u, 2} 'u in order to obtain {t,2} = 1, we deduce QS = K (u)y 5 =
C(2)(u)o 50 = C(2)(t)o,0,, and the proof is complete. O

We complete this section by a short application of the previous result:
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EXERCISE ([7]). Let G be the Weyl group Bs over C, of order 8, generated by three
elements €, €', 7 described by their action on C[z1,y1, 22, y2] by:

€. T+ —%1, Y1+ —Yi, T2+ T2, Y2 — Y2
€1 mea, Y1y, Tabr —T2, Y2 —Y2

T: X1 X2, Y1 = Y2, To — I, Y2 =

Check that G acts by Poisson automorphism on S3(C). Denoting by V' the subgroup
generated by € and ¢, prove that C(z1, y1, 22, y2)" = C(uy,v1, us, v2), where u; = z?
and v; = %ylx; 1 satisfy {u;,v;} = 1 and the other brackets are zero. Introduce p; =
%(ul—HLg), G =v1+v9,a= %(Ul—UQ) and b = v1 —vy. Prove that C(uy, vy, u2,v2) =
C(p1,q1,a,b) and 7 fixes p; and ¢, and maps a — —a, b — —b. Denote ps = a? and
g2 = %bail. Deduce that C(z1,v1,22,y2)¢ = C(uz,v1,us,v2)” = C(p1,q1, 02, ¢2)
with {p;,¢;} = 1 and the other brackets are zero.

Conclude that FracSo(C)¢ = Fo(C)¢ is Poisson isomorphic to Fo(C).

3.2.3 The case of finite abelian groups of linear Poisson automorphisms

We start with a group G (finite or not) and an n-dimensional representation p : G —
GL(V) over k. Let us denote by (ey,...,e,) a k-basis of V' and by (xy,...,x,) its dual
basis on V*. The canonical action of G by automorphisms on V' defined by

gv=p(g)(v) forall ge G, veV (63)
extends into an action by automorphisms on k[V] ~ S(V*) ~ k[z,...,z,] by:
(9./)(v) = flg ) forall ge G, fek[V],veV (64)

whose restriction to V* corresponds to the standard dual representation. Hence combining
(63) and (64), we obtain an action on W =V* @ V:

g.(v, f) = (g.v,9.f) forall ge G, veV, feV” (65)
whose dualization allows to define an action of k|W| ~ S(W*) ~k[z1,...,2n, Y1, ..., Yn),
with (y1,...,y,) the dual basis of (z1,...,x,). In particular, this action satisfies, for any
g€ G:

g.x; €Kz, ... xn], gy €Kyr, ..., ynl, forallg e G, 1 <i<n, (66)

Denoting by (8;;) the matrix of ¢ in the basis (y1,...,y,) and (v, ;) the matrix of g~* in
the basis (x1,...,2,), we can calculate:

Bji = (Z 5m,z’ym) (z) = (9-y:)(z;) = yz‘(gfl-xj) = Z/z(z ’Ym,jﬂlim) = Yi,j-
m=1 m=1
It follows that, if we consider the Poisson-Weyl bracket defined on k[IW] by standard

relations (3), then {g " .z, v} = {0 . YmjTms Ui} = Vij = Bii = {x5, > 01 BmiVm } =
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{z;,9.y;}. We deduce by linearity that {g(z;),9(v;)} = g({z;,v:}) for all ¢ € G and
finally that g acts by Poisson automorphisms on k[W]. We summarize this construction
in the following proposition.

PROPOSITION. Any representation of dimension n over k of a group G defines canonically
an action of G by Poisson linear automorphisms on the Poisson-Weyl algebra S, (k) =
(Y1, Yn, T1, - .., x,] such that:

{9.xi,y;} ={wi, gy} forallge G, 1<4i,j<n, (67)
or equivalently
g.r; = Z{xi,g_l.yj} T, forallg e G, 1 <i<n. (68)
j=1

ExaMPLE 1 (diagonal action). The most simple situation is for G acting as a subgroup
of the torus (k*)"™ by Poisson automorphisms on S, (k) by:

9.9 = Y, .1 = ai_lzcl-, with g = (aq,...,a,) € (K*)". (69)

(i) Suppose that G = (k*)". Any monomial u = yI'...yrz" .. zir is an eigenvector
under the action, and any element of S,, (k)¢ is a k-linear combination of invariant mono-
mials. For g = (A, 1,...,1) with A; of infinite order in k*, the relation g.u = u implies

11 = J1. Proceeding on the same way for all diagonal entries, we obtain:
if G= (k)" then S,(k)¢ = k[z1y1, 22y, - - -, T,

with trivial Poisson structure. In particular, FracS, (k)¢ is Poisson isomorphic to %, (k).

(ii) If G is now a finite subgroup of (k*)", the invariant algebra S, (k) is finitely generated
over k (by classical Noether’s theorem). Since every monomial in the y;’s and z;’s is an
eigenvector under the action of G, it’s clear that we can find a finite family of k-algebra
generators of S, (k)¢ constituted by invariant monomials.

If n = 1, denoting by p the order of the cyclic group G, we have S, (k)¢ = k[zP, y?, xy],
with Poisson structure defined from {z?,zy} = px?, {y?,zy} = —py? and {zP,y"} =
p?(zy)P~L. This is just the first example p. 44, so FracS; (k)% is Poisson isomorphic to
F1<k) - y1’0<k).

For n > 1, the determination of such a family becomes an arithmetical and combina-
torial question depending on the mixing between the actions on the various subalgebras
k[y;, z;] ~ Si(k) in S, (k). We shall solve it completely at the level of the rational functions
at the end of this this paragraph.

EXERCISE. We consider G = (g) cyclic of order 6 and G’ = (¢’) cyclic of order 2
acting as Poisson automorphisms on So(C) = C[z1, 22, Y1, y2] by:
g T =T, Y1 =YL, Ta e T, Yo > 5Py,
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/.
g r1itr —x1, Y1t Y1, T2t —T2, Y2 —Y2,

G

Prove that: Sa( is generated by 22, z1y1, y?, 73, T2y9, Y3,

C)
SQ(C)GI is generated by .’E%, T1Y1,T1X2, T1Y2, y%7 Y112, Y1Yy2, 1’%7 r2Y2, y%7
and that Frac S3(C)% and Frac Sy (C)% are Poisson isomorphic to Fy(C) = F2,0(C).

EXAMPLE 2. We take k = C and n = 2 ; any finite subgroup G of SLy(C) acts by Poisson
automorphisms on the Poisson-Weyl algebra So(C) = Clyy, ya, 1, 2] by:
= Xy = 0x1 —
9.7 ayl—i_ﬁyQ? g.1 x Y2, fOI' anyg: (:g) e SLQ(C) (70)
g-Y2 =YY +0y2  g.x2 = —Pr1 + any,

Using the classification of finite subgroups of SLy(C), one can obtain a positive answer
to problem 2 p.41 in this case proving that FracS,(C)% is Poisson isomorphic to Fy(C).
The proof (which is a Poisson analogue of the rational equivalence of differential operator
algebras over Kleinian surfaces studied in [4]) is somewhat long and technical and will
not be developed here.

We concentrate now on the case of abelian groups actions, obtaining positive answers to
problem 2 p.41 as consequences of the more general following result.

THEOREM. We suppose that k is of characteristic zero. We consider a representation
of a group G (non necessarily finite) which is a direct summand of n representations of
dimension one, and the associated action of G by Poisson automorphisms on the Poisson-
Weyl algebra S,, (k). Then there exists a unique integer 0 < s < n such that FracS,, (k)¢
is Poisson isomorphic to %, (k).

PROOF. By (32), the integer s is no more than the transcendence degree over k of the Poisson-
center of .Z,,_s s(k) and so is unique. We proceed by induction on n to prove the existence of s.

1) For n = 1. Then G acts on S1(k) = k[y][z]o,9, by Poisson automorphisms of the form:

9y =x(9)y, gx=x(g) 'z, forallgeC

where y is a character G — k*. The element w = zy is invariant under G. Using (24), we can
consider in Fy(k) = k(w)(z)a,,0 the subalgebra S = k(w)[x], 0. We have FracS ~ F;(k). Any
g € G fixes the elements of k(w) and acts on = by g.z = x(g)x. We apply the theorem of 3.2.1.
If S¢ C k(w), then Fy (k)¢ = S¢ = k(w)® = k(w); thus F} (k)¢ ~ Fo1 ~ F1_, s(k) with s = 1.
If S¢ ¢ k(w), then S is a Poisson-Ore extension k(w)[u],s s for some Poisson derivation o’
and some Poisson o’-derivation ¢’ of k(w), with v € k(w)[z],u ¢ k(w) such that g.u = u for
all g € G and of minimal nonzero degree. Because of the form of the action of G on x, we can
choose without any restriction v = ™ for an integer m > 1, and so ¢’ = md,, and ¢’ = 0. To
sum up, F; (k)¢ = Frac S¢ = k(w)(2™)ma,, 0. This field is also generated over k by #’ = 2™ and
y' = m~ Ltz ™w which satisfy {z/,y'} = 1. We conclude: Fy (k) ~ Fy(k) = 7 5(k) for s = 0.
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2) Now suppose that the theorem is true for any direct summand of n — 1 representations
of dimension one of any group over any field of characteristic zero. Let us consider a direct
summand of n representations of dimension one of a group G over k. Then G acts on S, (k) by
Poisson automorphisms of the form:

9.y = Xi(9)yi, g.w; =xi(g) 'x;, forallge Gand1<i<n,
where x1, X2, - .., Xn are characters G — k*. Thus, recalling notation w; = p;g; of (30), we have:

gw; =w;, forany g€ G and any 1 <4 <mn.

In Fy, (k) = k(wi, w2, ..., wn)(21)a,,,0(22)8,,,0 - - - (Tn),, 0, let us consider the Poisson subfields:
L = k(wy),
K = k(wi,wz,...,0n)(1)a,,,0(22)8u,,0  (Tn-1)8u, ,.0
= k(wn) (w1, w2, ..., wn—1)(1)0,,,0(22)04,.0 *** (Tn-1)a,, 0 = Fno1(L),

and the Poisson subalgebra S = Kxy]s,, 0, which satisfies Frac S = F,, (k). Applying the induc-
tion hypothesis to the restriction of the action of G by Poisson L-automorphisms on S,,_1(L),
there exists an integer 0 < s < n — 1 such that: Fn_l(L)G ~ Fp1—ss(L) ﬁn—(s+1),s+1(k)-
Since K is stable under the action of G, we can apply the theorem of 3.2.1 to the ring S =
Klzyla, o- Two cases are possible.

First case: S¢ = K¢. Then we obtain:

awn )

Fn(k)C = Frac (S¢) = K¢ ~F,,_1 (L) ~ Z,_(s41).541(K).

Second case: there exists a polynomial v € S with deg, u > 1 such that g(u) = u for all g € G.
Choosing u such that deg, wu is minimal, there exist an Poisson derivation ¢’ and a Poisson
o’-derivation &' of K¢ such that S¢ = K%[u], 5 and F,, (k)% = Frac SY = K% (u), 4.

Let us develop u = frz™ 4 - 4 fizn + fo with m > 1 and f; € K€ for all 0 < i < m. In view
of the action of G on x,, it’s clear that the monomial f,,z]" is then invariant under G. Using
the embedding in Poisson field of Laurent series (see the proof of the lemma in 1.2.1), we can
develop f, in:

K = k(wla w2, . . - >wn)((l‘1))8w1 ,0((1‘2))&”2,0 T ((%71))810 0-

n—1°

The action of G extends to K acting diagonally on the z;’s and fixing w;’s. Therefore we can
choose without any restriction a monomial w:

w=2z{"...z% with (ai,...,a,) € Z", et an > 1.

By (29), we have {u,w;} = aju for any 1 < j < n. Let us introduce the invariant elements:

I -1 /I _ —1 / _ -1
W] = W1 — Gy AG1Wp, Wy = ApW2 — G, A2Wnp, vy Wy = GpWp—1 — Gy Gp—1Wp.

They satisfy {u,w}} =0 and {z;, w}} = {z;,w;} = 0; ja; for all 1 <i,j <n —1. They generate
in K the Poisson subfield

F =k(w),w),..., wgfl)(m)aw,l ’0(372)810/2’0 o (Tn-1)a,, 0
-

which is Poisson isomorphic to F,,_1 (k). More precisely, F' is the field of fractions of
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A=Kkly,.. ~ay§L_1H$1]0,ay,l ~~[$n71]078y/ ,

n—1

where y} = w,-a:i_l for any 1 < ¢ < n—1, which is Poisson isomorphic to the Poisson-Weyl algebra

Sp—1(k). The group G acts on A by g.z; = xi(9) ‘@i, g.yi = xi(g)y; forallg € G,1 <i <n—1.
We apply the induction hypothesis: there exists 0 < s < n — 1 such that F& ~ Fn-1-ssk). It's
clear by definition of the w}’s that k(wy)(w},wy, ..., wy,_1) = k(w,) (w1, w2,. .., wy—1); since
{wy,z} =0 for all z € F, we deduce that K = F(w;)o,0. The Poisson algebra S¢ = K%[u], s
can then be written S¢ = FY(w,,)[u], 5. The generator u satisfies {u, w’} =0 for any 0 < j <
n — 1 as we have seen above, {u,z;} = 0 for any 1 < i < n by definition, and {u,w,} = a,u.
Therefore the change of variables w!, = a; 'w, implies: S¢ = FG(w;)[u]aw%. It follows that:

Frac S¢ o~ F1(FC) ~ F1(Fp1-s(k)) ~ F_s 5(K). O

COROLLARY (Application to finite abelian groups). We suppose here that k is alge-
braically closed of characteristic zero. Then, for any finite dimensional representation of
a finite abelian group G, we have the Poisson isomorphism F,, (k)¢ ~ F,, (k).

PROOF. By total reducibility and Schur’s lemma (see the notes p. 40), any finite representation
of G is a direct summand of one dimensional representations. Therefore the previous theorem
applies. The finiteness of G implies that, at each step of the proof, we are in the second case of
application of theorem 3.2.1. In the initialization of the induction, we have Fy (k)¢ ~ F; (k). A
the end of the proof, the Poisson isomorphism Frac ¢ ~ Fy(F%) is for F' ~ F,,_;(k), and then
FG ~T,_1(k) by induction hypothesis. Hence Frac S¢ ~ F,, (k). O

The last corollary proves in particular that for non necessarily finite groups G, all possible
values of s can be obtained in the previous theorem.

COROLLARY (Application to the canonical action of subgroups of a torus). We suppose
that k is of characteristic zero. For an integer n > 1, we consider the diagonal action of
the torus (k*)" by Poisson automorphisms on S, (k). Then:

(i) for any subgroup G of (k*)", there exists a unique integer 0 < s < n such that we
have the Poisson isomorphism F, (k)¢ ~ %, _, (k);

(ii) for any integer 0 < s < n, there exists at least one subgroup G of (k*)" such that
we have the Poisson isomorphism F, (k)¢ ~ %, _, .(k);

(iii) in particular s = n if G = (k*)", and s = 0 if G is finite.

PRrROOF. Point (i) is just the application of the previous theorem. For (ii), let us fix an integer
0 < s <n and consider in (k*)" the subgroup:

G = {Diag (a1,...,as,1,...,1) ; (aq,...,as) € (k*)*} ~ (k*)*,
acting by Poisson automorphisms on S, (k):

Yi — ouYi, X a;lxi, pour tout 1 <17 <s,

Yi = Yis i — Ty, pour tout s+ 1<i < n.
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In the Poisson field Fy(k) = k(w1,wa, ..., wn)(21)a,, (22)8,, *** (¥n)a,, , we introduce the sub-
field K = k(wi,ws, ..., wn)(Ts+1)a,,,, (@st2)o,,,, - (Tn)a,,- Then the Poisson subalgebra
S = K[:L’l]a

w1

-+ [zs]a,, satisfies FracS = [, (k). By construction, K is invariant under the
action of G. If S¢ ¢ K, we can find in particular in S¢ a monomial:

dido

u=vr{'zs? xd, veK, v#0, dy,...,ds €N, (di,...,ds) # (0,...,0),

then a‘flagz ~wads =1forall (g, o,...,as) € (kX)%, and so a contradiction. We conclude with
theorem 3.2.1 that (FracS)¢ = S¢ = K¢ and so F,, (k) = K. It’s clear that K ~ %, +(k);
this achieves the proof of point (ii). The first assertion of point (iii) is just the case (i) of example
1 p. 47, and the second one follows then from the previous corollary. O

3.2.4 The case of the multiplicative Poisson structure on the plane

We summarize here some elementary observations about a formulation of problem 2 p.41
in the case of the polynomial algebra C[z,y] and Laurent polynomial algebra Clz~1, 3]
for the multiplicative bracket (5) parametrized by some A € C, i.e. :

{z%", 2y} = (ad — be) Az qybTd for all a,b,c,d € Z. (71)

We recall that the corresponding Poisson polynomial algebra is the Poisson-quantum
plane denoted by P} (C), its localization into a Poisson algebra of Laurent polynomials is
the Poisson-quantum torus denoted by T5(C), and their common field of fractions is the
Poisson-quantum field Q3 (C).

THEOREM. Let A be a nonzero complex number.

(i) The group of Poisson automorphisms of Py(C) reduces to 2-dimensional torus (C*)?
acting by x — ax,y +— Py for a, f € C*.

(ii) For any finite subgroup G of Poisson automorphisms of P5(C), the field Qy(C)% is
Poisson isomorphic to Q' (C) for ' = \.|G].

PROOF. An element z € Py(C)* is said to be normal if the principal ideal zPo(C)” is stable
under the Poisson bracket. It is clear by (71) that any monomial 2%?° si normal. Conversely,
let z be a normal element: there exist u,v € P) such that {z,y} = uz and {z,2} = vz.
Denoting z = >, fm(y)2™, we have {z,y} = >, Amfn(y)yz™ and the first equality implies
that u € Cly]. More precisely > = fm(y)[mAy — u(y)]z™ = 0. Hence u(y) = mAy for any m in
the support of z. By assumption A # 0, we deduce that z is a monomial z = f;(y)x! for some
nonnegative integer i. From the second equality {fi(y)z’,x} = vz, it is easy to deduce that
fi(y) = ay’ for some nonnegative integer j and o € C. This proves that the normal elements of
the Poisson algebra P} (C) are the monomials ay’z’.

Let g be an Poisson C-automorphism of PQ\(C). It preserves the set of nonzero normal elements.
Hence we have g(z) = ag’2' and g(y) = By*z" with o, 3 € C* and j,1, k, h nonnegative integers.
Because A # 0, the relation {g(x), g(y)} = Ag(y)g(z) implies by (71)that ik — hj = 1. Writing

o1



similar formulas for g~! and identifying the exponents in g~ !(g(x)) = z and g~ (g(y)) = y, we

obtain easily j = h =0 and ¢ = k = 1. This achieves the proof of point (i).

Let G a finite group of Poisson automorphisms of P3(C). There exists for any g € G a pair
(ag, By) € C* x C* such that g(y) = agy and g(x) = Byx. Denote by m and m’ the orders of the
cyclic groups {a,; g € G} and {B,; g € G} of C* respectively. In particular, C(y)“ = C(y™).
We can apply theorem 3.2.1 to the extension S = C(y)[z], of P3(C) = C[y][z],, where o = Ayd,.
We have S& # C(y)% because 2™ € SC. Let n be the minimal degree related to  of the elements
of S& of positive degree. For any u € SY of degree n, there exist o/ a Poisson derivation and ¢’
a Poisson o’-derivation of C(y) such that S¢ = C(y™)[u],s. We develop

u=ap(y)z" + -+ a1(y)x + ap(y), with n > 1, a;(y) € C(y) for all 0 < i < n et a,(y) # 0.

Identifying the terms of greater and lower degree (related to x) in the two members of equality
{u,y™} = o'(y™)u + §'(y™), we deduce that &' = 0 and ¢/ = dmndym. Hence Q3(C)Y =
Frac S¢ = C(y™)(u) Amnd,m is Poisson isomorphic to Q' (C) for N = mnX. We just have to
check that mn = |G|. Denote by p € Z the valuation (related to y) of a,(y) in the extension
C((y)) of C(y). The action of G being diagonal on Cx@®Cy, we deduce from v = a,,(y)z"+- - - € S
that the monomial yPx" lies in S¢. So we obtain Q(C)¢ = C(y™)(yP2"™) xmna,m - We remind
Artin’s lemma [C(z,%) : C(z,y)%] = |G| and the extensions

Ca,y) =C(y™)(yPa") S L =C(y)(y"z") = C(y)(z") € C(y)(z) = C(a,y),
which satisfy [C(z,y) : L] = n and [L : C(z,%)¢] = m to conclude that |G| = mn. O

LEMMA. Let A be a nonzero complex number.
(i) The group SLy(Z) acts by Poisson automorphisms on T3 (C) by:
gx=az" and gy=aza"y" forg=(2%)€ SLy(Z), (72)
or more generally for any m,n € 7,

g.(xMy") = gmttryemtdn - for g = (2b) € SLy(Z). (73)

(i) The group of Poisson automorphisms of Ty(C) is (C*)? x SLy(Z), where the torus
(C*)? acts by: x +— ax and y +— By for all a, 3 € C*.

PROOF. Point (i) is a straightforward verification (see exercise 3 of 1.1.1). Point (ii) follows from
the fact that any ring automorphism of C[z*!, y*!] stabilizes the group of invertible elements. [

The classification up to conjugation of finite subgroups of GlLg(Z) is well known; the
description of the twelve types (classically denoted ¥ to %3) can be found in [24]. In
particular the finite subgroups of SLy(Z) correspond to the four (all cyclic) cases:

g’] = <X> >~ CG, gg = <dS> >~ 04, gg = <X2> >~ Cg, %10 = <X3> >~ Cg,
where x = (1 '), d = (%) and s = (9}) are the three basic matrices used in the
description of any finite subgroup of GLy(Z). Explicitly:
x=(179), ds=017), *=(12), *=(3%)
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REMARK. It is easy to verify that the property for any finite subgroup G of SLa(Z) to
be conjugated in GLa(Z) to a 9; (i = 7,8,9,10) implies that G is conjugated to ¥; in
SLy(Z) (see [7] p. 73). Denoting by h an element in SLg(Z) such that G = h=1%;h,
the assignment P ~ h.P defines a Poisson isomorphism T5(C)¢ — T5(C)%. In
conclusion, in the study of Poisson invariants of T3 (C) under the action of a finite
subgroup G of SLg(Z) we can suppose without restriction thet G is one of the
Y, 93,9, %0.

Just like for the Kleinian surfaces for the case of finite groups of SLy(C) acting on S;(C),
the invariant subalgebra T3 (C)¢ for each type of finite subgroup of SLy(Z) is generated
(as a commutative algebra) by three elements with one relation. From [24], we have:

G generators of T3 (C)® and relation
Go~Cy | G=x4a3t, SH=y+y ! O=azy+aly?
0616 =0+ + &5 -4
Go=Cs | ny=z+y+aly™, no=a+ytay, p=wy’+a Py fay "t +6

engn— =n3 + 02 + 9> —9p 427
Go~Cy | o1 =& +&, o2=8&, p=ay’+ay 2 +2%y '+ 2%y + 304
p? = poi(oa +4) +40i0s — 0f — o2(0y + 4)?

G ~Cs | m=np+n-, m=n4n-, o=nrp+n_(z7 'y 2+ 2’y 42"y +6)
0?2 =T11(ra+9)0 — mo(m2 +9)% + (17 — 47m2) (3172 — 77 — 27)

The surfaces in the 3-dimensional affine space corresponding to the algebraic relation
between the three generators in each case are studied in [7] (in particular the type of the
isolated singularities are determined).

COMMENT. These first results open the way for a wide program of systematic study
of the Poisson algebras ’]I'%‘ (C)% in parallel with the Kleinian surfaces. This program
is greatly initiated in [7], concerning in particular the finiteness of the underlying Lie
algebra structure of the Poisson algebras T3 (C) and T5(C)%, and the comparison
of the dimension of HPy(T3(C)%) with the dimension of HHo(Cy[zF, y*]%) for the
(noncommutative) quantum torus Cy[z*, y*].

Back to our original motivation for the rational equivalence and the Poisson-Noether
problem, we can give here as an exploratory result (see [7]) the case of the type ¥4 o:

PROPOSITION. Let A\ be a nonzero complex number. For the subgroup %o of SLy(Z)
acting multiplicatively on T, (C), the field Q3 (C)% is Poisson isomorphic to Qy(C).
PROOF. Here G is just {I2,e} where e := —1I acts by (72), that is e.r = 27! and ey = y~L.
It is known that T3 (C)Y is generated by & =z + 27!, & =y +y ! and 0 = zy + 271y,
submitted to the relation 6&1& — 602 — €7 — &3 +4 = 0.
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Step 1: field generators. In C(z,y)% = C(&1, &2, 0), this algebraic dependence relation rewrites
into:

(20— 616)* =616 —AG +6 —4) & (20-66)° = (§ -4)(& —4)

20 —&162\2 .9 §2+2
MR R e
: _20-86& G ot &2
Let us introduce 7 := ) € F¥ and p:= Fo1 62 e C(n,&).
We have: & = 2('“_—1_11) € C(n,&1) and then 6 = 3(n(& —2) +&&2) € Cn,&).

We conclude that F¢ = C(n, &;).

Step 2: Poisson structure. We compute:

{&1,6) = AM20 — &1&2),  {£2,0} = X261 —0&2) and  {0,&1} = A(2& — 0&1).

Thus:
0 — 0
{n. &}—{2 £ 6= (2+§;§2{52 2,6} + 521_2{29—5152,&}
_ _err A
= A( &_2 )? +52_2(2(252—951)+f1(29—§1§2))
=P+ (= ) = W A+ (8 €)= SN0 € + 4,

Hence: {n, n’ =& +4} = -Xa(n* —&f +4) and {&,n* =& +4} = —M(n* — & +4).
Therefore: {n+ &1, n? — &2 +4} = - A(n+&)(n? — € +4) and then:
lote 7 — &+ 4} = ;5 (0 — & +4).

Step 3: conclusion. We define 2/ := 77-&51 and v = n? — &2 + 4. From the first step, we
have C(z,y)" = C(n + &1,m — &) = C2'~1,2'(y —4)) = C(a/,y'). From the second step,
{z',y'} = Az’y/, and the proof is complete. O

3.3 Invariants for rational Poisson automorphisms

We can naturally take in consideration in the problem 1 of p.40 not only Poisson auto-
morphisms of some polynomial (or Laurent polynomial) Poisson algebra S extended to
the field of fractions K = Frac.S, but also Poisson automorphisms of K himself. We
concentrate in the following on the first Poisson-quantum field.

3.3.1 The case of rational triangular actions

We are interested here in Poisson automorphisms of Q3(C) = C(z,y) with {z,y} = Azy
which preserve the embedding C(y) C C(z,y), that is which stabilize the subfield C(y).
We fix A € C*.
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PROPOSITION. The subgroup of Poisson automorphisms of C(x,y) = Qy(C) stabilizing
C(y) is (o) x (C* x C(y)*), where o is the standard quadratic transformation y — %, T

%, and C* x C(y)* acts by: y+— ay,z +— f(y)x for a« € C*, f € C(y)*.

PROOF. Let 8 be a Poisson automorphism of Q% whose restriction to C(y) is an automorphism
of C(y). Hence there exist «,3,7,0 € C with ad — By # 0 such that 0(y) = ?‘ygig Using
the development 6(z) = > .. fn(y)z™ in the extension C(y)((z)) of C(z,y), with m € Z,

fn(y) € C(y) for any n > m and f,,(y) # 0, we compute:
(0,000 = X LG 00)} = T fal)le B =0 T n B e

and identify it with A0(2)0(y) = A", 5, %ig n(y)z™. For any n in the support Supp (), we
have n(ad — Bv) = ayy? + (ad + Bv)y + 3. Therefore ay = 35 = 0, with ad — By # 0. Only
two cases can occur. In the first case, § = v = 0 then nady = ady; hence Supp f(z) = {1} and
O(x) = fi(y)x with 0(y) = aB 1y. In the second case, « = § = 0 then —nByy = Bvyy; hence
Suppf(z) = {—1} and 0(z) = f_1(y)z~"! with 0(y) = B’y‘l -1

For any a € C*, f(y) € C(y)*, let us denote by 6, ¢ the Poisson automorphism of Q3 (C) defined
by 6(z) = ax and 0(y) = f(y)z. Such automorphisms constitute a subgroup ¢, isomorphic to
the semidirect product C* x C(y)* since 0y, 00/ 7 = faor fo(s7)- It follows from the first part
of the proof that the subgroup of Poisson automorphisms of Q%‘((C) preserving the embedding
C(y) € C(x,y) is precisely the semidirect product (o) X 4. O

THEOREM. For any finite subgroup G of Poisson automorphisms of Q3 (C) stabilizing
C(y), the invariant field Q)(C)€ is Poisson isomorphic to Q3 (C) for some X' € C*.

PROOF. In Q3(C) = C(z,y), we consider the Poisson subalgebra S = C(y)[z],0 with o = \yd,,
see (26), which satisfies Frac S = Q(C). The automorphisms of the form 6, ; : z — az,y
fly)z with a € C*, f € C(y)*, which constitute the group denoted by ¢ in the proof of previous
proposition, act as Poisson automorphisms on the subalgebra S. For G a finite subgroup of
Poisson automorphisms of Q4 (C) stabilizing C(y), we set GT = G N Y.

First step. We apply to G the theorem of 3.2.1. Since [C(z,y) : C(x,y)]¢" = |G| we are
necessarily in the second case of application of the theorem: there exists u € SGT of minimal
nonzero degree m > 1 such that S¢° = C(y)¢" [u]gr 5 and Q(C)" = C(y)°" () 5 for
suitable o', §’. Because of the form of the action of G™ on y and z, we can suppose without loss
of generality that u is a monomial u = h(y)x™, with h(y) € C(y). The group of restrictions to
C(y) of the elements of G is isomorphic to a finite subgroup of C*, hence is cyclic. Denoting
by k its order, we have C(y)¢" = C(y*). We calculate {u,y*} = h(y){z™, y*} = Amkuy".
Then S¢" = C(y®)[u]or o with o’ = )\mkyk8yk. Consequently, Q%‘((C)GJr is Poisson isomorphic
to Q3 (C) for N = Mmk. Observe that mk = |GT| by Artin’s lemma since:

[C(z,y) : Clu,y")] = [Clz,y) : Clu, ))[C(u,y) : Clu,y*)]
= [C(z,y) : C(a™, y)][C(u,y) : Cu,y")].

When G = G, the proof is complete.
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Second step. We suppose that G~ := G\ G # ). We fix some automorphism ¢ in G~. By the
preliminary proposition, it is of the form: y — ey, 2 — ggx~! with ¢ € C*, gy € C(y)*. Its
action on u is given by 0(u) = O(ha™) = 0(h)gy'a™™ = g5*0(h)hu~'. We set ag := g§'0(h)h to
obtain 6 : u +— agu~!. We claim that ag € (C(y)G+_ Let v be an automorphism in G*. Define
¢' = 0~1v, which lies in G~. The identity u = y(u) implies that u = 8(agu~") = 0(ag)a, ',
then 0(ag) = ap. Similarly, §'(ag) = ag. Finally v(ag) = 0(6'(ap)) = 6(ag’) = agr, and the claim
is proved. We conclude that:

0 acts on Q)(C)¢ = C(y*)(u)or o by: ¥* — elgyik, u agt, with eg € C*, ap € C(y*)*.

The element z := uy* where u is a square root of ee_k satisfies C(y*) = C(z), 0(z) = 1 and
{u, 2} = p{u,v*} = pNuy® = Nuz. In particular, the element ag is a rational function ¢(z)
into the variable z. We have #? € G*, hence §%(u) = u, then 6(ag)a,' = 1; in other words
q(z) = q(2) in C(2)*. Similarly q(z)~! = ¢(2)~! and by a classical argument (comparing the
zeros and poles, or transforming the question by the change of variables z — ¢ := jﬂ into
the question of writing any even rational function b(t) as a product c(t)c(—t)), there exists
p € C(2)* such that g(2)~! = p(z)p(1). We set v := p(z)u which satisfies C(z,u) = C(z,v),

0(v) = p(1)q(2)L =L and {v,z} = {p(2)u, 2} = p(2){z,u} = p(z)N'uz = N'vz. We conclude:

1 1
6 acts on Q%((C)G+: C(z)(v)gr 0, where o’ =Xz0,, by: z+ =, v —. (74)
z v

We denote to simplify Q := Q%((C)G+. From one hand, it is clear that Q¢ = QY for any ¢ € G~
since 00’ € G*; therefore QY = Q3(C)®. From the other hand, it follows from (74) and the last
proposition of 3.2.4 that QY is Poisson isomorphic to Q%‘, (C). O

3.3.2 The Poisson Cremona group

(i) We recall the following subgroups of the Cremona group Aut C(z,y).

e The fractional linear transformations are the automorphisms:

ar + Py + v odx+ Ply++
o't + Bny + ,y//’ Y o' + 5”1/ + ,y//’

mr(%%”)epeuacy

vy
The subgroup of such automorphisms is isomorphic to PGL(3,C) and denoted by A.

e The Jonquieres automorphisms are the automorphisms:

ay)r +b(y) ay+p ﬁn<mwmw

aly)z +by) »
)z +dy) T yro dwaw)EPGUZC@D,Qé)ePGMZC%

The subgroup of such automorphisms, which preserve the embedding C(y) C C(z,y), is
isomorphic to the semi-direct product PGL(2,C(y)) x PGL(2,C) and denoted by J.

e Defining the transposition 7 € A and the standard quadratic transformation o € J:

1 1
T:xw—y, y—x, and o:x+—> —, Yyr— —,
x

Y
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the classical Noether-Castelnuovo theorem asserts that Aut C(x,y) is generated by A and
o. It was later proved by Iskovskikh in [21] that Aut C(z,y) is generated by J and 7.
Recently, Blanc proved in [10] that Aut C(x,y) is the amalgamated product of A and J
along their intersection, divided by the unique relation o7 = 70.

(ii) We consider now on C(z,y) the Poisson structure defined from the bracket

{z,y} = 2y. (75)

As observed previously in 3.2.4, the groups (C*)? and SL(2,Z) act by Poisson automor-
phisms on T3(C) = C[z*, y*] and then on Q}(C) = C(x,y) by:

w = ety y = paty?, with (g, p) € (C*)?, (¢}) € SL(2,2). (76)

We denote by H ~ (C*)? x SL(2,Z) the subgroup of such automorphisms in Aut C(z, y)
(a systematic study of the embeddings of SL(2,Z) into the Cremona group can be found
n [12]). We introduce the rational automorphism 7 defined (see [9], [11], [37]) by :

1
W:xr—>y,y~—>&. (77)
T

The somewhat surprising following property is related to the mutation in the cluster
algebra of rank 2 associated with the Dynkin diagram As.
LEMMA. 7 is a Poisson automorphism of C(x,y), of order 5.

PROOF. We observe that m = uy € Aut C(x,y) with u: z +— (y+ 1)1z, y > y in the subgroup
Jand and y: 2+ vy, y— 27! of order 4 in the subgroup H. We have:

{n(z), 7))} ={y. 2 '+ 1)} ={y,a Y+ 1) = -2 {y, 2}y +1) =z y(y + 1),

hence {m(z),n(y)} = 7({z,y}). Now we compute:

) =y e+ D +1) =2 +y a7 4y

By =y + @+ D) ey y+ ) e =y Ny + D)y T+ ay) =y (14 2)
)=+ ) el +y) =@+ )1 +y)r ==

7 (y) = m(x) = y, and 7°(z) = 7 (y) = . d

The key role of this automorphism appears in the following important theorem.

THEOREM (J. Blanc). The subgroup of Poisson automorphisms in Aut C(z,y) for the
Poisson bracket {x,y} = xy is generated by H and .

We refer to the paper [11] for the proof, which solve a conjecture formulated in [37] and
gives moreover an explicit presentation (3 generators and 5 relations) of the subgroup of
Poisson automorphisms generated by SL(2,7Z) and .

(iii) Concerning our motivation about the invariant field C(z,y)“ and its Poisson struc-
ture for finite subgroups G of Poisson automorphisms of C(z,y), we don’t go back to the
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case of finite subgroups of H (studied in 3.2.4) and consider the case where G is the cyclic
group of order 5 generated by the rational Poisson automorphism 7. Reformulating in
terms of affine coordinates the last remark of [9], we decompose as a sequence of changes
of variables the conjugation of 7 with the canonical transformation X + ¢X,Y s (1Y
where ¢ = exp 2im/5.

Step 1. We consider in K = C(z,y) the linear automorphism:
o —x, y—y+ 1 (78)

The elements u := v (z) and v := 7, (y) satisfy K = C(u,v) and the expression of 7 is:

[

m(u)=1—v and 7(v)=1-——. (79)
u
Step 2. We consider in K = C(u,v) the endomorphism:
u—wv v-—1 Ju—wv 1—u
Yo i U , VW (80)

u—v w?v—1 u—v 1—wu’

where w = %(1 +/5). We check by straightforward calculations that 7, is an involution,
and therefore an automorphism of K. The elements s := ~o(u) and ¢t := 75(v) satisfy
K = C(s,t) and the expression of 7 is:

-2 -1

7r(s):1—°"T and w(t):1—“’t8,

(81)

0 —w7lo
which corresponds to the linear fractional transformation with matrix L = ( L 11 ) :
—w 0 O

This matrix is diagonalizable with eigenvalues \; = w™(, Ay = w17, A3 = w™! and

associated eigenvectors e; = (—w(,w(?, 1), es = (—w¢ L w(2 1), e3 = (1,—1,—w™),
where ¢ = exp 2im/5.

Step 3. We consider in K = C(s, t) the linear fractional automorphism (deduced from the
above diagonalization):

—w(s +wC?t+1 . —wC s+ w41

3. St
K s—t—wt

s—t—wt ’ (82)

The elements 2’ := 73(s) and ' := y3(¢) satisfy K = C(2’, ') and the expression of 7 is:

r(a') = G’ and () =7y (83)

We conclude that the invariant field C(z,y) under the group of order 5 generated by 7 is
C(z,y)™ = C(2'y/,2”®). The automorphisms 71, 72,y realizing the conjugation of 7 with
the automorphism z — (z,y — (~'y are not Poisson automorphisms and, to the best of
our knowledge, our main question remains open in this case:
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PROBLEM. Can we find X and Y such that C(z,y)” = C(X,Y) and {X,Y} = AXY for
some A € C* 7

(iv) We consider now the first quantum Weyl skewfield D{(C) = C,(z,y), with noncom-
mutative product deduced from relation

Ty = qy, (84)

for ¢ € C* fixed not a root of one. Some partial information about the quantum Cremona
group Aut D{(C) can be found in [2], for instance a description of analogues for Aut D{(C)
of the subgroups A and J of the classical Cremona group, but without general theorem
describing Aut D{(C) as generated by this subgroups.

From the deformation point of view, the theorem above is enlightening: from one hand
relation (76) also defines an action of (C*)? x SL(2,Z) as a group of automorphisms of
D{(C) still denoted by H (see [2]), and from the other hand it is easy to construct a
quantum version of 7 (already mentioned in [37]), that is the automorphism =, of order
5 in D}(C), defined by:

T rey, yea  (y+qh). (85)

Then at least two questions naturally arise:

(Q1) is Aut D{(C) generated by H and 7, (up to the specifically noncommutative role of
the inner automorphism subgroup) ?

(Q2) is the invariant skewfield DY(C)™ isomorphic to some DY (C) ?
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